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Problem 1. Find the unique strong solution to the SDE

1
dX; = 3 X;di + J1+X2%dB,, Xo=x.

(Hint: consider the change of variables ¥; = sinh™'(X;).)
Problem 2. Show that dtv(u, v) = infx., y~, P[X # Y] where the infimum is over all couplings of x and v.

Problem 3. Let 7; be i.i.d. Exp(1) random variables. Define

0 (0<t<1)
Nz:
ko (ti+ +T StE<TI+ -+ Tgs1)-

Show that N, is a Poisson process of rate 4 = 1.
Problem 4. Let N be a Poisson process of rate A > 0. Show that N, — At and (N; — At)?> — At are martingales.

Problem 5. For a compound Poisson process with Levy measure M where we assume that M has two moments,
show that X; — At and (X, — Ar)?> — Bt where A = fx M (dx) and B = /x2 M (dx) are martingales and that
the generator of the process is

Li) = [ (Fr42) - 70) M(d),
Problem 6. Let X be a Markov jump process with generator L. Let 4 > 0 and show that

AU-LU=g (xeA)
U=f (x¢A)

can be uniquely solved and that the solution is given by

U(x) =E, [e"lTAf(XTA) + /TA e Yo (Xy) ds} .
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