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Problem 1. Find the unique strong solution to the SDE

𝑑𝑋𝑡 =
1
2
𝑋𝑡𝑑𝑡 +

√︃
1 + 𝑋2

𝑡 𝑑𝐵𝑡 , 𝑋0 = 𝑥.

(Hint: consider the change of variables 𝑌𝑡 = sinh−1(𝑋𝑡 ).)

Problem 2. Show that 𝑑TV(𝜇, 𝜈) = inf𝑋∼𝜇,𝑌∼𝜈 𝑃[𝑋 ≠ 𝑌 ] where the infimum is over all couplings of 𝜇 and 𝜈.

Problem 3. Let 𝜏𝑖 be i.i.d. Exp(1) random variables. Define

𝑁𝑡 =

{
0 (0 ≤ 𝑡 < 𝜏1)
𝑘 (𝜏1 + · · · + 𝜏𝑘 ≤ 𝑡 < 𝜏1 + · · · + 𝜏𝑘+1).

Show that 𝑁𝑡 is a Poisson process of rate 𝜆 = 1.

Problem 4. Let 𝑁 be a Poisson process of rate 𝜆 > 0. Show that 𝑁𝑡 − 𝜆𝑡 and (𝑁𝑡 − 𝜆𝑡)2 − 𝜆𝑡 are martingales.

Problem 5. For a compound Poisson process with Levy measure 𝑀 where we assume that 𝑀 has two moments,
show that 𝑋𝑡 − 𝐴𝑡 and (𝑋𝑡 − 𝐴𝑡)2 − 𝐵𝑡 where 𝐴 =

∫
𝑥 𝑀 (𝑑𝑥) and 𝐵 =

∫
𝑥2 𝑀 (𝑑𝑥) are martingales and that

the generator of the process is

𝐿 𝑓 (𝑥) =
∫

( 𝑓 (𝑥 + 𝑧) − 𝑓 (𝑥)) 𝑀 (𝑑𝑧).

Problem 6. Let 𝑋 be a Markov jump process with generator 𝐿. Let 𝜆 > 0 and show that

𝜆𝑈 − 𝐿𝑈 = 𝑔 (𝑥 ∈ 𝐴)
𝑈 = 𝑓 (𝑥 ∉ 𝐴)

can be uniquely solved and that the solution is given by

𝑈 (𝑥) = 𝐸𝑥

[
𝑒−𝜆𝜏𝐴 𝑓 (𝑋𝜏𝐴) +

∫ 𝜏𝐴

0
𝑒−𝜆𝑠𝑔(𝑋𝑠) 𝑑𝑠

]
.
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