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Gnce Pis IQCUTFCV[",

1= PLXS for Whnitil oy V']

i i) J
=B LX) for somg nZmil ]
] K%I 'P;‘[Xn’k for some n2m | stkj [ij_x,fk]

|y S

FPK[Xv\t.J Fo(jS})W Y\Zl] Pj")
= ‘FK[T) ‘<00]

* PV <0]= snc zk?s(?)" omd 9”>D

L
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6. Racurtencg de tomsienq. of ndom walks
EM (S\W\P'Q FOMAOM w&“’\ on Z—).

* (q_. P) A- Pa O<P=l~r[<\
L-) ) L4)

=0 gna fle wak comdt whun do O ofer
av 0dd number of Skps

(1“’ 2.n - @)l
) T (n)? P

S}rl\nas fomula © 0! ~ (T e "
where AnB, i i ’E"n |

@n) I YT @h)z" ) C
P Poo v T ()= = (4pg)”

(ose p=g-1. Poo~ & = Pon 2 {T‘ for n2n,
* I 2 E P“"” L3 n b0

2 Wy

(,'D\ﬂ)

= Rmndow\ ma\k Y reayrrent.
(o p#q. r lt[x]ﬁl = P.fﬁ")s r for 2Ny

= 2 P <00 = Raudom walk i tnded
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E&Mp\_e (Slﬂ’l#@ %MW\Q}V\C rordom wolk on Z )

.............. g lisy) =
e Pi1p oo

T &Wose X0 ond unfe

............... ,.. H\Q OT’H'\O OVIQ\
pmjetg\ons oo 13\& \\ws3=ix.

Oloservahon X e
: &vo‘ S g)\e mw\w?jc
Vi 02 3 2 Z
e X{, ‘0 \W Xv -0, >
3 sz;) - 2“) (Z)LV\) L

both )(* (lvo\ X mugt 16\\«2 I

S X
Hpo :f X goes ond mug

ﬁf po 200 < The mndon wik i eturent
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Ezggm?k (SlmP)Q vindhie rondom walk on 23).
2\ it G<il=

P §Oe ‘OH\U{U\W

Ve will dow He random wak iy huvns'l@,wjr_

Aﬂu‘m P%'OH) =0.
M wolks fiom 0 %o D must take The sowe pumber
o skps in direcion (1,0,0) oy 1 direcj‘iorﬂ (”,“adO))
and ama\oaowdﬂ for o ober two coordinales.

m) I h! n n Ry
o ap B (S (Bl

k20 LV

hpk=n T v YRy rks Ay
(50 ()

ng'_‘ H: h=3m "'NLV\ (,? k) < (mnm m for i)j,}\

(Suppow e waximal (;?Q has 15>+ .
Thon 30> (i-0! (4! ' ‘
Thug (7)) < " )0 (3 )'t) Wash? mx.)

NERURS
} o .‘)“ -
‘fJHL-‘-"\

(The LHS is the toha prob. of divibu
b b ekl . o didmiafy
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S8 < (MG () (3) TC?}, -0

?rov}d\elj n=3m Skir ""3
Sinee. pl 2 () 12 up to duming C,
2 < Cn 2 for all n.

= 2 F(zh\ <CZ hB)z <OO,
2 The random walk i fransiend:

-
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7 Invanont measires )
A=(NDier with N 20 for allicl]

Defn. A meoswe A’ is invanant (or SHw'osnag of
N ec‘wnbrium) i

AP =X
Tm Lot (Ko be Markov(M, P) and Uppose hat

A\ I5 IV\V(M\M ":Of P kam (xmm)nzo IS Cl\&D
Markov (\ ,P).

Proct
PLXm=i] =(AP™): =N for all (€1
0 the ‘M‘IHO\] cignbuhon o (:xnm\nzo s A

Nso, condibonal on Xem=t, by the Markor prop.

be (Xn) xm-mﬂ‘ is M Xm) X'”'Hr-'z Xnﬂn

ond i+ hag didnbidion (py):es .

T rt \

_min;SUPPOSQ T s flmtv. for Some tGI)' SuPPo&Q
P:s — Tfj as N—0, for ol JGI,

Then UTQ; is on Invanont didrilouh"on.
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Proat. () i o dis"\rﬂomﬁon
ZT\‘E'\M -l\MZP)"

Jel eI n~>oo Kh-m Je

I *Mft?,

) i ‘.mvwion’r
)

T = P(m\) [‘M z Pm)Pk) g i Plk P*—J “(‘I\'P)

)nm

Tl'

& TFor the swple sﬂmwm}nc random wa\k on Z
we have p —>0 as >0, for ol |jeZ?
The linif d s invanant, buf ot o chs"nbuhon

Eawgle P_[l-a o }

Lp P
We fourd earlier thot i
AL AT R
| otherwise

o if \M‘PWZ{O,\']) we hoe D(::)"’&E'B. S;MHGV‘&

pr_ [ B/ 0(/0(‘\”5 |
Bt Aop ]

39



ho fhaotem, (Bfop) , a/otP)) |
lv\va%v\‘r d\ShLmOV\ P 0‘*‘5 >

g |

1 | P = 2T
2 ar=n < Wz:ﬁn*:‘aWL
< Mz=3W+l7
3 ‘z 9 37 2 "27T2N1%
Tt +T, =l =2 T~

for each shfe kel et K')QH‘Q d tme
s?emL IHH&S‘R'[:QLbQ+WA+WOY(S o k:

- =E l Ay
= EK nz" i)(,,:b NL k#l:
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Thm Lot Phe ineducible and recwrrent, Thon

@) Ktﬂ;
B ¥ = ()i is 0n invanant measwre: g*P<"

@ O< ¢f <0 forall (€1,
P, (o) ebvious from definihon.
(b) Since Pis recurMM BT Yo=Y =k]=1.
=¥ = E Z L=
=, l ixna)ond ns T«
,,-i, lﬁ[)(,\ =, e Tk]

8

Nis

P [Xnﬂ‘b hs Tk] [P[X“’J I Xn-l ‘d

blj Ba Markoy 0
sincg < Tk ovx\; cﬁpqnd& on X X

¥y = lP[Xw‘L n< T,
h[ix,” ¢ h‘T»J
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Te!
- k
i E;LZO ix“=;]' ZI Py 80> O P)
¥
() Pineducible =+ Fn,m20 st pilop osp

k O _m 6 _m
+ ¥ 2 \(gbl)c Pri = Px 20
@) k () k |
=Y 28 P = ¥ 2 pE <00

Thm, Let P he ineducible and N b an invanant
meagure. for P with Ac=l. Than A2 ¥' for oll ¢,
f in addibon P is recurtent, than A=y¢*.

Prod Snce A s ‘lnvom‘cwntl

T (-.%3‘1 Pty Pe )&j P

= .- 20
S — ~~
B LRy T )

3



= for ik, A2 RIX), T2 )+ R 0=y, T22]
iy s L]
= ‘E‘L\Z‘ 1XM:3] =E‘[%=oi;(m=)]
. k N >0
= )\j 2 6\) : — 6?
FPis recurent, §° & invangnt, so ;4=/\~ggk20
s invanant,

: . . ")
Pis \rmcﬁuth = Vi gh S.Jr. PL‘L >0.
)

h)
S0 pe= 2 WP 2 i @ =0
J =0 3 A=
howde. The Simple symmatic. fandon wok on 2 s
ey o

imeducible and we Fave also sen is
ecuned, T waagee T=(1) wohore

T =| fa all eZ
< lnvariont: Y
T :TTP S :-; Tin *%_\TC-H

B‘(f e ﬂ,«zorem, QVQJS arioutt MRGSINE S G
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muX‘QGSfTr Smaz I(l =00, there s O
NV IGN

m@ﬁ The swy)e 'a&mm mwo\om walk on 2°

kﬁs an M\lanavxj‘ we bat o s Vlo !ENHQNL

Ral: i is eantet iF P [ X fof\vg Moiny nJ)
&P LT <v
This does net wn ‘3 JFM H\Q QXPQ Yehva\ W‘Q
m; =, L T:)
3 fm\te

Den_ <1 is poshie recsmendt § ;<00

AN mll tecurreuf 1§ 1 s ecunent bt
M, =00,

Thm. Llef P bq veducde. Than th %['O;?

equvlnt: (o) Lo dzf(a s psiive
U Somo dale fo postive recumed.
) P hes on mVOWObd dts)f’nlauhbv; N

Mocowr Whan () holds then w; = b7 .
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Pt (0)= (b) dear.

W= () If§ is poshve recarventt, if is vecurent
in [urc“ncu‘a; | lkﬁftsk‘\oﬁ ' lswm\mn@w’r gh&

LY, =m; <oo
yel

Thus T = UJ /m: debines an iwvanaut dishb .

(1). Firg nok that for eveny keT, 7,>0.
|“‘Q&d, gn@ T is vanaut and P ineduab)e ,

Te=2Wpn >0 for some v

Nowo st Ai = e Then A IS on \m\l&n&v&
MQQOSW¥ w\H/\ /\3 M&(:Ore A’b’

K<
‘ZI 5 !%1 Tr_ Wa <o GF)

Thus k i< Posﬂwe et
f a" faf P + hooe
Syt

Vuowsl inaviant poasui X

= Iy Sahseﬁ\;g%\ 5 Thus we hoe

= (v\ (‘4‘)

3 M =

41



Cromgle

vanawnd  Measure equabion: ;= Z"'P&‘

3.0.8.0 <P

UF\

P"'Wrﬂ

This veaxrremm elhon has e Lo"Ow\bﬂ M

solubign
T=A+ B(P/q)

So Hate K a too- mwok: FCLMLJ OF mVanovf}

MOASUeS, Uvuﬁwzmqs up o Mnlhp ¢ dos not holl.
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8. Con\(ercagmw fo eguilibn
=
3P4 = P"=1 gnd PP

> P does not convergg

Bt note frof P hos jnvanant dignbuhon =(,3).
Dby A defe €T is gpicdic W pI >0 for

n sufFiciently laae. P is ogenodic. if all delos
o 0{)@/\0&[8& i e e

3L g e
>0 for n &A@EdQMHH, arge.

In porficulor, ol Sules ae apevedic.

Peck P ineducible < Frs sk, pil o0 9250,

= B 2 g0 Bl Pl >0 o n st e

S | 1S C«?Qr')odfc‘
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T Lef P be ineduchle ond apeviedic and

%:W?\Wbe“ IS WF&%&'\V& i sﬁ% mcpog\a (i 0
PN ong di ,

s Markov O&V,u&). S " WQCOD/V) qﬁm [ G%WO&Q

PIX=) — T, os n-w0.
In parficlay
P@‘f‘)

)
Preof. The procf fs by couping.

(Yn{ he Morkov (T, P) and indQ’)QwJQn”‘
o (%). Fix o wlrence Jale beT 'ond s

T= b n2l: X=Ya=b],

Clim: P[T<00] =1

Wa= (X, V) is o Markov Chain on skl
spae Ix1 and |

° ‘,T(M/‘Sl F\OV\ Probﬂlmlfl‘beg "\),("'k)(sle): P,) P\:Q

* inihal dighbuhon Ay = N T .

Snce P j ‘@o\‘c) e lemma implies thok
o ol 1,081, LR

> T oS 2o, fof ol \’)GI.

/
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'[‘)'UT)Q.Q) >0 for n &&Hdew% hrae
=)(|§ s irmeducible .
P l«(\gs nvanod dismbhon ¥oo=T;T.
> P i poshw rarient.
Tis the first Pogenge he of W) fo (bb).
Sne P is ireductbe ond wecument, Herebere
PLT<oo\~ 1.

from the dam, it Solows thet
PIX=i3 = PDG=i, n< TI+RIX=E, 02T

dhong Hoskov PLY%=i,n2T]
= '?[\(ntt

T = F[Y,=, T\

2 PU6 =310} = IPDsi <t =P Y, =i, 05T
Pln<T]1—=20.
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mpg(m'd) (017, T3 3)
It Xis Morkoy(&,P) ond Y is Mastoy (T7.9)

fon it pobelilhe Vs one has ¢ <!
o 2T fopeeilly 73 ong hes Nty

Wha happcws Wan (X)) is anDw\\C

levwva . Lot P bo iveductble. TWuQ exisTs Qv

infecer d2| (te panod) and Q parkion
T=CGv--—-v(,

Sch Wa} seH‘mcb, Crd ~Cr

() p5>0 ody i 1€Ce ond jeCr«m for some ¥
(it P‘,““>0 for sufficiewt

fo 0\“ \JGCb fof a\' r,
Bk + Noris,

T . Lot P be !HEAuUL'Q o oc\ d uo\Hv the

correspondi Gu Q8 lV\ Ho lewmma.
Lef >\sz (g’mfw‘non with ZN =1

% (%) is Maroy (X, P)
&‘WZ‘:D(\'O))d jf'r
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ﬂxndw ‘-5}—_) d/mJ- (V\“)w)
Wher M i Ho e;?ecfetf ehun e o It

)

frool. = Nois,
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9. Tirg Reversal

Thm. Lef P be imeducible and have wvangnt

disfnbubon T. @ (Xp)ocacn 16 Markov(mR)
m&} Yn’XN-ib.‘P Ofn;o;,nib:»\ S N&M(ﬂ)g))

T B = Py ) |
ond P s ireducible with mvanant dignbubion .
Pock. P s woell-defined by ) oand 5 o dodehic

ma*nx Ince 4“ is inv. for P
A
- = -L' T[L ;v —) I_I} -
‘gl Pi t VJ% % T: |

>0 s P i 'I(NduJC;HQ ond T invonoott
™ i }nva;iav& for P
;\zqu i glm & ?Ts‘s“; dodashe metnx
(%) is Morkev (7, P):
PYolo, ., Yomin)= PLXorlyy, -, X6=io]

Xis Mk 1o Pl Pl
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A
1K " “iﬂﬂ PLN-i UN Pin-n i qutfo
T A A
= n"D Pbobl PLI\HLN
Pis ineducible s by ineducibi k- of P,
for oll i el

Pwo, = Puria 20 for some G,
\«)\‘H« l«o l/) '-3

A LU ,
= Ptol« Ptn-tln ':“.'" Ptob\ Pimm >O.

Defn. A e‘vcl«ashcw? P and a mooyre A

e (&dm

NPy =APe for ol el

lewma. ¥ Pod A ae in deleuled bolonce
ton A is mvanomt tor

Preck. (AP); = 2 X -32:1 NP >N

Debn, let P ke ineducible apd (Xo) be MoskgulAP
Tl\w/\ (Xl is reversible |€ Fo( ol N, O(s-n)osnsu
is ako Markov (AP).



M lef P be reducible anol lot A be @
didmb uh%o Suppose (%) s Morkov (3 ,P)
ow\««% ONC ec‘uuv alent

(,ll\ LX«\ 15 R 1ble
b) Pad A o &dﬂikc& bolance |
E(Exf (ﬂ) w‘d [b um M A 15

\mfan \nowg ﬂsaem thus
Em»ﬂple.
op wpaze - qM  O¢pelq<y

Aond Par in doboiled balonce
& X P W >\u-\ P"N,L ‘\‘O&' L"D,--')M"'
& N P ”\\ﬂ(\
& A = C(P-) bor Some congtavt C
Thus T, -I = C(B) tor son sulable C
g s on vaviant diir
Honcg the dmvx dared from m ok evers bl
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)
G = /] V3
"} 3 q y3 Ir2 3
graph diagiom obloined
df\o%mg« heibhbows ™

wn| QOrm g)ro‘oc«b'\ \;H €S

et v; be fhe val (or X U
Le,,vi]v\a WMVBQ%Q‘JQUS InC| g}l quovfrk ”

LY 1147 s on ed
Fi {O otherwise #

G conneded 2 P irrducible

Pis i detailed blonce with v=(v{)ier:

Vi ==y

b1



2/3 ( 3) '37

’ 0 % %3]
2/ P=|"z D %3
A | %3 3 ()

52



0. Ergodic, theoom
Then (Shong fuo of luge nunbers). Lot (¥, be

Q_Rqunc of i.l-d. ‘non-hegahv random vanabley
with ' E

Y; ’}AG[D,OOJ. Than

“3[ Yo'f":\""Yn-l__) M as n— w]: l

et Vi) =§ Ly =i =% o viaks to L before n.

T (@%thc Hooem). Lot P be imeducible and
bf A be' oy dicdnbufion. I (Xo) s Horkox(h,©)
e

V:(h

[F[——- H;,,L,t. s h-—)oa]‘—(.

I
N =ET; = expeced vebum

e fov
In POYHCAL‘OUI/ i? P IS Pos§"\\lewr‘2€C\x?1{y\+ (w\{"‘)
invanont didnibuion T = Vm;) then

ff[\ﬂv?l — W 0S n—»oo]=l,
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Post  Cose 1+ P g +fwASIQV\\‘
=) ﬁDl:\/L (00] "'"' V. = Z ixn—u 'S H"Q +O\°v)

nanbe of vigls to b
o ﬂ’[ g\_lﬁ—-)O

mo] =|
os daimeg.

(ose L: P is ecurment ond A=§;, ie,
f\’;[ﬁ\% M 0% nqoa]gl,
lef SY be the th exawsion lenat behican

Gk 1o 1. e hae sean hucd:
s fe 87,57 - o '\wéepemdwd
e e SO o ‘léevacau% didnbyled w\HA

ll

()] n)

+ - .
’”P[S n * 5, — M 0S r)‘m]-l,
o)

\Sﬁ@w% [N
To gt e Joim, nole:

ES0=m;,

H4



()]

S + Y S(.:/\'('\)) Z n . ¢ i e“ vj

0 Sm Vit n
Sm . S(v;(n)-n <n-l
" S(:) _ S(\I (W) N
V (V\) Vc(n)
( \'} :(n~1))
g \) 5 %C ! < n
(") \; ()

Sng  PLV.w— oo }"l |aj (%), s
(FL\I lV\) — M ] ‘

Gose 3. Pis recurrent with 3&@&’ mihal diety. ).
Bxé \QwﬂQV\C!Z, PLT<o] > 1

M{@V ro /20
%waﬁm?e A@Q(T@{) \SX

TM%QVOJGJ w now Tolows gnee

\\M \L“]

I moing ﬂ\g save 1§ oo 15 rePhcao’ bj
()20 .
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Cor. p the posh
o )t frhe, momend e, o ony

e

=3 TS,

€T

Plock. WLOG, 1FI< 1. Tian, for ang JCT,

E i@(m‘” =12 (¥ ~m)¥z,’
4!% (i/i%) ﬂn)
—Z T
=~ 3 (4o, t25 T
s:% l\'—‘%) -m|*l'fdwr

¢
(hoose JcT finte such Hagh %Tr; <&,
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Qroose N=Niwa) largp emauﬂh suth that

f

2

<

Thorefore

{

1"5";0@

ANESY

Vi) _
N

Tio\<£ for W?N]zl

-f‘d&fz fer \nZM)?—)(
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Il._Ancthor apolicahon and cutlode

Queshon: Trom tha dozervalions of o Markov
Chan, how Con o ehate e tronsihon mahnx!

Su()‘x)gq Q,(L)i:o,---, n 14 Coiveﬂ (DEQNQHOV'\S).
tor any P‘*(ﬁ:')) cleting

Uﬁ) = 103 (Sx,,»(. F«)'x.x2 ﬁ(..-. Xn)

whare

m=|
Ni,'(ﬂ) i{Xm’L, Xmﬂzﬁ 2#'\\‘\(]\\43\4'\'0”5 ffOVV)

ks o
T moximum likehhood eshmator P =P (n)

is e maximiser of £=¢€,. -

Viln) =2 A4 o
o A y= Nin) \ £ XL

(Hind: Use Logronge multpliers e,
first max Mizse ¥

6('[3) 1 %M;ﬁa& for ony Si\(en M

ond thon Fit (1) using consfroints
2 Py = for ‘all ¢.)
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Uaim: W Pis pesihive vec:umnt then
\?[6‘.3(n)—> Py 0S n-+oo} =],
Y;
Preot Ny=2 Y, whare VY=l it the wm-th

mel tromsihon §rom | i ‘roj
OVld \’WFO O\'L\QﬂtJ\SQ

drong Marko He Y ore 1i.d woifu
E\Jaan QJ ono \{h&?ﬁ\%* from Viin). »

Makov Chain pos. rec. = PIVi0) @ o6 nw))

Shog LN = PLRW = 2% — . as nafs)

V:(n)

Oubock: For an O‘Pm'odfc imeducrble  Fnile
dofe Markoy Chain, we hove gan that

FIX=il— 1,  (h=w).

Thas, Conversely, Ho Scme|e from o qiven digh. T
o0 sy N shides), ow mag twy o Fim? NC.
as oﬁo\/e with T a8 u@ inanont did hwhon,
and then wn it fo & g bne .

(Mokov Crain Monte Girlo — MCNC)

— Wefopdis & llam.
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Ther ore dffeent ways to find sudh o Markor
Grain . The mogt ?amgi% 5 He Hehopolis
odcaon’r‘nm (= \Ali‘{\PQdia .

— Mefropolis | Rosenblth, Rosenbluth, Tellef & Teller.

(RAS3),

Question of theoehl ovd pmricod elevancy.
o fost is "n—von’ 2 E’S'
minn: ?lptﬁ=b]-wt\ <gp=1¢

Desonds verg mudh on e parhicnlar Shuchure
@FPEM Y @\a\n? It s apagrbged‘ of
crret  10seady inlerest.
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