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#of ov4"0o\"8 \Inks ~ s~ 

~ pn~til~ ~ ~ Jl.l''T m ~ ~ sb-\ ~~ \-~ . 

• Fr~~ fkq_ ~esbr+ ~-k 0, jUJ~~~p> ~F to Dl\ slks 
Wil-l-I ~Lla.\ prob.bli~ d/N . 

B~ Q, tko~IV'I \,\)~ ~ill pre~, tk prolxt\Ji li~ to IY< a!- a 3i'R.V'1 
sit.. t e {I, ... , N1 lcr ~ ~9nrf 5~ ~) COOvefcr ~ ~ 
1\U.\IVI~ ~f skp~ ~ ~ if\~l{,b Cil\~. ~ sM ~): 

lP[ X" ~ l.1 ~ 'IT v · 

1Wz. Pa.'f Ra.nk i-:. ~~ o.<;:, PR.G) = ~ TI~ . It tm~ lnih'0-\\~ 
~~d ~ ~~~ u.s u rrm.~we ~ IM~~t\- o. ~f-f 
\<; . 
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1. D?hn\kQ.Ils, oYic\ bAs(c pro~(hes. 

Ir-k w\l\ (ro!Uko_ ~ tollov,)vts s\u.~\"'j Q<;~W\p~oVl_s: 

• I is Cl camio..ble ~, ~ shtQ. Sfc.Q .i ofk n I" 11 J :2) .... J. 
o CO,~ f) ~ o. ~bil;!tsf'CQ on w~lch 0--l\ td'E\ro.~t 

ro.ll\d~M Vdr\\1..6(-eo;. Ute d~~. 

tgfo. A ~v.Q.V(Q. Ef rM!011 w_rb_bl~~ ~ Jn=o,r, ... 1:1 0. thr-k?\f 
lhu'IVl \f for o.l\ rl > 0 QV\d Lo~ ___ ,J ~+' E I:> 

) 

P[ Xntr "' 'rlltr [ 'Xo = 1., ·- , X~.., ~1 "' fl Xrt+l = i~+l IX"~ in] . 
It i<. hoM~S if. fu oll irj e I) 

IP[X~ .. '< i I X~ "'l] d~ mf ~ rn n. 

froW1 Y\\l.v \9rl) we w~l\ Cl c;,c.W"'.Q. ~ o..ll Huskov Ch11l n ~ OJ~ 
hoM o f.I\O.OU.5 . Thu\ o. t"'orl<ov Ga.i r'\ I') c ~ro. c.ki ':l~ IDj 
~ toU&J.irV\~ 0.~ · 
lo.\ k i~lho.\ &tsl-0~01 ,\ ~ l\);er JiWVl b~ ~.'" f[~"di 
Lb) ~ +ro.VIs,h~ wuffi'( P~ (p~);,jEI 5i'leVl ~ rij = f[Xr .,J 1 K=~j 

F0-cf -· 
• ~ i~ u J·,~+r\blA~on J i .~. > A~~ 0 fof o.~ll ~~d ~ ~l = l . 

ce-r 

• P i-s a s +o c~~h c_ N>..tri ')(, i _ t ·; (P~.i \- i ~ a. c\i~f-n· b~.~.h' o" 
ht' ~~~ } c I. 
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Defn. (~ \ r~ Ck Hackcv Gu:l~ tN·\~ '[v\\ k<i\ di~tv1 ~J)DI) ,\ 

a.~ Ttekrv~' ~QV\JfObQ~·~~~ P, ()' (~\ is MGrlov(~}) tEr 
S~or\ ~~ l ~ U! lb\ \JJ. 
~- ()(,) ic:- Mo.rkov CA > pJ iff fot o..U n~ 0) lor ~L., E T J 

IP[ Xo"' lo, ---· 1 X""" l.,] -= ~lo PLo L, .... fi._,l'l . (~ 
~roa£ . Suppo~ LX,) k t'brkov (\f). ~ 

IP~)(o"'io 1 - .. , Xr- ~lllj "' iflXn'" l11 I )\, = lo 1 ... 1 ~-<" l~ -• ~ 
x !Pl Xo ~ Lo, . --) X"_' "'~-. 1 

l~kov ): IP[ ~"' Ln I X n-1 ""L.,J r [K, =-~, ... I Xn-. "'ln_J 

Co VI w. ~s~ \ J) O$~Mq, (f) ~lds for a-l\ n ~ lo 1 ... / ln . 
SWv\Wti] owr Ln, 1-kn lo-1, .... , tkVJ L, 3he.s 

fl X~=~ J :0 ~i... L P i.e~, ? Pl.i .. --- ?. PL~-·t" = )...Lo 
'-r l,'2- Lfl 
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Ld ~ ·, , C~r i E I\ k fk llhi+ tvp_s~ oo- L t I : 

~~- ~ J ( -~ 1 ~~ 
J I () If i 4-j ' 

~ ( Mc.rkov fXE1Je~). _k t LX.,) be Horkov ( ~}) . ~Vl) 
OOv\ d i H o Ll\o-1 ()r) ~"" = L J (X"'tvl \ ~o is MarKov ( k, P) OviCI is 

i'\~~jQ_~dQ.v-J bf X,, -- J ')(,.,. 

Proof. Let A be a~ ewvtt ckkvVVLi~ ~ XoJ' .. J 'xm. 11-

SlAfti(Q_~ to ~~DI,() ~t ~V\ 

ft LX:-., l'" , _ .. , Xm+"l = ~J'\t., I n A I X:.=: i) 

111[{ X,_"" ~ ' ... 1 x..,tvl" LM~) n A] si~ 
rrtv -(] * 0 ':'. c. . p. . ~~- R . fPLA () {V -.:: 'L~J 
~- ()lLIV\ LM.l..Mtl L~tvl-\LfV'+~ \ 1\.wt ( • 

For O.V\ ~+u:\ ~e.vd- A '" [X>- in, -- .. ) Xw." L~ l this 

~ HoW) froW~ ~ p~vitJ.Lc::. ~~. 

A<; ~~ ~vevtt A CO.V1 ~ Lo~tk¥'1 as. u. co.Mb.ld~ dis. jolf\+ 

v.vt;on c! e..~WII2vtfu~ eve¥\ls) 

A= U~, 
~ ... , 
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Nofub'o_Vl : 

\N~ ~oo.rd d ishi bv..kettt<;, ovJ ~Ute) (\); H 0. (', f'o._U Vedor$ , 

HeN> CX..J. is a- f\'\e o. ~u w I{ A., ?0 ~t o- II l . 
'~! 

If is co.l~d a. c\r~h\ \:u~'c9(\ i+ in (k\cl; t-IC>V1 I>--: = 1 , 
\f.f 

MCltr\x fVIO.fh pli cuHoV\: r P~) , 

~P\ ~ 2: Atp~i (f)..= L PiKP~<i (P3J. " ·--
\~I J lj ~I l 'j 

wi ~h P" ~ i f4 I xI !ckrAh '} MolY\ )C i~ : &~ . 

~ A;> 0, LVrit. HlA~ .. ~~ll\ I Xo~LJ 

fud. BJ ~ furkcN ~~) LXn)nw ~~ lioAcx{Si, P) 

~mel~( lP~ . ~ 1-k k~vla.u cl- c~ l U~Qf IP, ~ vcl 

~ 01\\ 

~ . kt ()(,.) n2o be 1-\ukov (/\ P} lhLV\ k o..l\ Vl, V\t 2 0) 

(a) ITXn ~ j 1 "' ~po)j 
(b) f~ V<n= ~ 1 ,. tP[Xfl+w~ "J I ~ ~ LJ ~ p~) . 

POO' (a) lf[X""' n ~ L IP[ ~"' i.,' ... , xh-1 ~ Ln-1 J ~ '< iJ 

6



FxoWI~~ _ Tk ~etoJ ~ du.ie. ftu-kov Ga:1111 

P~ ['~~ ~~~J 
hr Soi'A!! d..) ~~ [0) rJ. 
p n+t ~ PV\ p -:=} ,{11\t-t) ~ ntV') I\ t (II\) ( - ) 

rh nl r-- Pu I l). 

p:' + p~~ 1 "' I -.,} p~I\Tl\ .. (1-1{~1 ) ~ t p~"1 (ht) 

~ lf.l(l_ 1). - ~) t ~ 

SiWJ~. p~~J-.:. I, tws ~ifNI ~bh&VI 1-o.~ UYI.\~ £0\u..hflt'l 

Rl•\ ~ ~ t- .J.L ll -rx- fl.)~ if lx.+-R > 0 
II (At~ <l_ ~ \-' r" 

I if ~ t ~ "' 0 . 

n~-~<kd I th~ fflrtv~~.~.l~ Is fv1.UI. ~r h = 0. A~u.'-1'1 i~ ;f hdd) tor 

~~e n) ~H~. ffrld p~~+-1)"' ~+~(I-:_ lll-)j} + ~ + ~ ( 1- o.- ~ f'"'j 

~ 
(}+~ 
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E:xo-~p~ 

~ 
0 ' 0 

P= 0 1 I W~a.t ·,s p~~J Z -2... 2. 

1 0 I < , .2. 
... 

I 2 L. 

l. 

GenQfoJ rvdh~ t-o fivd p~) for a.V\ N sb.:tR_ Mo.rkov Chair). 

I fiJ jk ~crvoJIAQS ,\, ---) ~N of P, i-~) f~ors of 
ckt(A-P)~o. 

o If 0-ij e{~lllvo..\LRQ.~:, ate. dt!>hvtc±, ~ p~l ho.-~ ~ f'otM 
~l = 0)\~ t --- + 0." ~~ ~Dr 'ilDMi? ~o.vtfs CAL· 

lf aV\ eir,-V\ VCll~AR >. i~ ~e~ded ovtU2. ~ fu ~~ 
torVV\ .I ~c\ v..de.~ CA ~~ La tbn) \ n . S\Mi h.r hrnJos he 1d 
k e.i<fV\Y[Al\AQ_I) LV(~ ~B~( V\1\\,~.l~ip\tO~. 

• P\s roo h. cl <A po~ no MiQ! . LVl ~ • reo..( cod~i cie.V~ ~ C\.Vlj 

COIVIr kx ti~vu.llA.Q...~ COV\1\!l. IV\ CDn~ l.l sa-~ fWS u.i1~ 
a~ ~t v.JV\ ~ In tervY\~ ot S\v'\ Qvu:i a9S. 

Ju.s~flco.hon .. if P fu_s dishnJ ~f'vCAl~ 7 i~ rvu~ be 
d i a. 3 oho..l is{)d Q<; 

P ~ etl~'Z J u-' =; Ph= lA l~ --, >-~} lf' 
so pl;> is ot fl,Q desired \brrY\. 

If P ~s ~eee-a.~d ~~~V\\,O,.[~J,QS, fk Mm Fo.l cbiM follM 
tro~ t~ JordC\V\ VLorvv\UJ ~OV\ ~ P. 
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~ 

'- I I- ' l . (li\) ( 
V\P'\CiT IS p II • 

~ 
( 1) 

I 2. 
l. 

O~ det(A- P) 

0 
P= 0 

1 
2 

I 0 
1 I -2.... 2. 

0 I -L. 

Eir- lt1 VCA IIAQ. ') c} p ~ 
, >-C>--lY-- ~ c 4(A-I)(~~+l) 

-::} A= I ~ _L 
)~) 2.· 

"* p~~' =- Cl + 6( if t c l-i)" h SOWYIQ (DVI~bv.Js o., b, c, 

(+~f "~)" e± Lu ntl -:(l )" ( ca:.(i11h) t l SiV) U lfh )) 

=> p~~1 = or.+ li)'' l~ ca.. lh~) + ¥ SiVI(~ 1\h )] fei SD~ IX
1 
~~ ~. 

No~: I ::o p~~) =- Dtt-~ o._ = ~ 

0 "P~:' "' IX. + i r :::} ~ = ~ 
0 :: p~ == ~ - ~ ~ ll "- - ~ 

lVIu.~ : p ~71 = ~ t- (i)" [ ~ ca:.(hn) - ~ ~vli ll~ l] 
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2. Class sbc\ure 

~. ~ iljEI> 
. ~ kad s to j ) lNn HeVl i ---7 j ) if cr Xn = j fa s~ n 1 > 0 j 
• L (OIVII'v\Ll~lcu..kc:. VJi~ j J wr&Vl i ~ j) if i ~) (.\11\d j ~ L. 

~- for itj, tk foll~\1 a.K> e1u.i~~~~h 
(o\ L-4 j j 

~) P~,it --- Pi.._,i., > 0 h SQii'\Q ~ , .-, ~ w if-h L, = L o.~ ~::: j ; 
(t) ~~ '> 0 -for s~ h. 

~co~f. ~u.i vv..klt\CQ of [o.) o.vJ lc 1 -follcx.v~ f..-oM 
0\) 

p~~' <0 !Pi ( X" ~ n ~ \~ t x\1 ~ i fDf ~OM.Q n J ~ I r.\") 
n~o ~ 

E91k; ~~Y\U. cl Co.) urd lb) fo~!X.ll~ froM 
(r\' I 

Pi\ ~ . , ?~Lt.--- P ln-tl · 
h·-- \,..lf\-1 

~- ~ re.b.OOVJ H is 0.111 ~v..i \IG...~IIl ~ ~t~~\9'1. 

p~. ~ 1'<\U.~t shoUJ tY ~( is ~f~><ive) ~(1'\iV\(lms CW\.cl 
~~ i hw . T~ E--> i) ~fk l<i '(~ ( L ~ l ) O.Vl.d S~MM.civ\C 
( l~ ~ ·w~p!ies i {-1 n i) ckur. kt f7 i~ tra.V\9h\rf 
li H \ {).V\d ~ t-7 k. .iW~pli~ l ~ 1:..) fo[\~) frOM ( b) 6f jhQ 

~\I ! l)lA \ tkl_ ~I"(_ VVl 
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~. Th~ ecp:\va.~'tCQ ~c;c;ec;, .m ~ ost ca.\\~ ~(!)l'llMLI.nlco.hj 
~e.s. ~ Jo.:w, ts lfte_d\l..uble ~ ~~ f) a_ s~~~ 
COMn,l}..~·~cu..~, cb.ss1 i.e.} i H j ~ Q\\ i1j E I. 

~ . A SlAb~ c c I ic; d~ -~ 
' 

~~c) l4J =-> ~E.C. 

A sltt ia. L E I i-:> o.bSCfbi~ if { l~ is d~~ . 

tx~~:;. 
t i 0 0 0 0 
0 0 l 0 0 0 
~00~~0 P~ ;) ;:) 
OOOii~ 
000 00( 
oooo1o 

1\t c_oM'Ml.lV\,ICrJi>'~j do.l)')e~ o.~ {1,2,3L ~4~, {S,~l. 
011IJ {5, ~ \ Is c.l0s~ . 
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3. H;t+fn~ tifY\OS oro\ a6~ph'CJVJ pmb-Jh'l~'Hes . 
De fv1 ' ler l~ ~ be n Mo.rlcov Ch(l'l (\ . 

• 1\w h".\ti1 ti~ cl C.\ ~ AC I is ik rnVldCfVI vavhb~ 
W : fl.--+ { t>, IJ., ... ) lJ ~~ \ :JIW""" 6j 

HA(VJ) =irS f h~ 0 : Xn(uJ) E A~) \rtf¢= too. 

• Th~ hdti rob6d'1 &f A is 

h~ = ~ [ H A < tX) ~ IP ~ [ h·, t A] ' 
If A is \A cl~d da.s<; > h~ is eo.li~J (\Q _Q.~~ hf!.Q . 

. nw 1\t\12.0.1'1 hlt+IV\9 tiMll is ~ ~ckd tl~ fo li'O.C~ A: 
k~ -= IL[HA] = lf~f ~~ tc hl A). 

\:l(o_iV[r'g. 

! 
2. 

S\-o.rh(\3 holY\ ~, w~t- is k pm bub'1l;~ cl o.b~otbl-iO"l i 1\ \t_. o.VI.d 
hoVJ lo~ d~s 1f fo.k Lmhl ~ ~ill\ IC: ()bc;or~d if"l I or 4 ~ 

L~ t h ~ = PI~ t ~J o.J kt , t \.fii"-Q. to h:1t {Vt I] . 
Nbte. ~t h I ~ 0 ) kl -:: 0 ) 

hlf-::.1, k~~a, 

h~ ~ ih, t3_\t3 , ~=I+ ik, ~ik~, 
~ CUU'tf t'dl\!1 of t;tf ~ 

h, :: t h:t d h~ , k~ :::. It ~ ~ t i ~ . 
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ThM. The wehr of ~ilti~ prclxilll; h~s hA "lh: )i .. r iS tW2. 
Min·, tv\a.\ t'\OVH\e.~h V€. &jt.J) 0\'\ fa 

t
ht ~ r l\ eA) 

(f) L ~ ~ l p·. \~ u ¢ A) 
n" jfC:r \~ J 

M",n•l rv\~ fv\Q_O.V\S ttat If X ~(KJ {s ()VLO~ solW1cA VJ(/-f;J Xi >0 
~r ~u L MV\ x~ > hL fer ~~ ~ . 

P& C()f. ~~ : h A )<; Cl so!IA-h Dlt\ fn €f.) . 

It K = l c- A, tkQn dertrl'd' I-tA "'0, ~o h~ = I. 
lf X": i. ¢ A) tkl'l ~ ~ fvbrkoi p~~l 

IP.( 1-JA <.oo I X1 = ~J : P: ~H"<~J =hi\ 
~ J J 

h~, 'R [\-1~ {0() 1 , ~ ~~[ll"' (00 0 x~ = n 
J 

= 2: IPJ HA (OO I X, ~jj ~)(~-=-~ 
J ~ 

-} hA \~ () SD'lA ~ 0~ 1-o {f\ _ 

Sk~ ~. hA \~ lv\.llf\.I'MO.L 

hf Pcj 

L~+ x ~ ().vt~ sdu-~ on ~ ~\. If i e: A, cl~rld Xc"' h'? ~ l. 
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So if X i) vtDI'\~~oJ) vt ~ 

x~ ~ IP~ [ HA~ n] fDr Cll\ n 

-) X; ~ [;WI p J w~~ 1 '= r, [ W·<oo 1 "' h~ . 
h~ 

ThlAc; hA rs rY\.IV\\V\\o.L 

tlloMplf Ccovk1dl. Reco.l\ +ho.t h" ff wi~ A: t 4\ . l:t) i~ 
h4 = J [[IE:A) 
h, = h, 
h~ = !h, + i h~ (i¢ A) 

h) ~ ~ hi *" i h lf 
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9 hl?. = :i n, t- ~ h2. + ~ ~ = ~ hi ,_ i 
h~ = i h:L 1- ih~ ~ ~ h\ +~ . 

lht ~.,fe~ C+l doe.., ~ dekrrvtiv'll h, , bl.lt ~ ~ minirnoJ; ~ 
to~di\\011 we IV\U.">t t~ww h, "'0. So Q~lr'l ~ fire\ 

h - l 
2 - ?> ' 

b<oW~p\! (toM bkrS hllh). 
Cf f 9 p q p 

• ( • -, ---- ( • 1> (~o > ---- O<p= 1-9< I 
0 I L L+\ 

5+ur+i"O w'rf~ o. fDrfuV\11. ef ll_, V-l~t is ~ prd:n.b il1~ of 
~a~~3 bm ko.? I. e. J !NkJ lc;, h-, "' IPJht t 0 J ? 
~ ~ tl.oo~IN\ (nL).· \<, to f'tliflirvo..\ sol~·~ 1-o 

J ho ~ \ 
l h; ~ pb~ '\- 9hh li "()) ... ). 

AsY.Atv>R. pf 9. lkV\ ~ ~ soiJJ'vt to t\AQ RCUss\~ Is 
h;, A+ B(~Y, 

I~ p < ~ (\'1\cJ Cll~lV\cs) ~ ~ (( ~; < \ for ""\\ L '=* B ~ 0 ,. A~ \ . 
=> h ~ = \ tc r oJ l i , 

h., -::I => B = 1- A. =} ht, (~)l + 1\ll- (~)i) 
h l ~ 0 ~Of cJ' l =i A ~ 0 . 
Min'lthO.Ii~ ~ ~ "'0 q hl "' c~r . 
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If p~ ~ l\U1r co. ~iV\o) , 1-k ~ ~ u.l soiW1oY~ f.o ~ rec.uJ') i oVl ~~ 
h~ ~A+ B L 

o~h~~\ ~ B~o 
ho -=--I ~ A ~ r 

lh.t~ tvev~ in u. klr Cfl..s'll'\0, ~oo wd up ~ CGa~~-tbkxs' ru.lr~). 

~rk ( ~·,rfh a.~ cb.~ ckll\) . 
Ct f\ 9 ~ p~ qit1 p ;1", 

• < • :> ---- < • ~ < .. o > - --- 0 < p. = 1-9. < I 
0 I L L+ \ .. \ 

h, " lf.[h;t 0] Is ~ ~iV\d1D.A prcho.b;\;~ ~~rh~ fmt~-1 ( 
h -r (f(\ 0 -

h ~ ~ p L h; H t 9 ~ h ~ -t li ~ () 2 ) , -- ) 

~~iv~r u.,"' h;_, -k:. Th.e.n 
p, lA,~o, - qi U.L ::: p~ hl- Pl k~-, -qJ,, -1 t ql k =. 0 

"" ...) - r 

- h' I.. 

~ u\+-1:. 9i u~ -:::. (~lcrl-\ ---q,) LA. = x\u 
~L p, p. -.. n ' u\ ' . 

L. L-\ fl 
~ 

()~ 
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Th. .rr1ea~ h; ~~ h<~A.Qc;, k~ : . L ( H A 1 s~h. ~ ~ o s.i rvt ila.._ r s~ ~{eWl 
or [IVIQ_Q( e~Lio..h(}tl~;, Q~ ~ h'th"J ~bt\i kec.. 

~. nw ve.c.br rf IWLCi~ h;tf,vtj ~v1'1.o.<; kA ~ (~\d ic;, ~ 
M1V\I ht\_u.l ~0~~ h1 

()1/1 t-o 

I 
ktA -: 0 (it-t\~ 

( +\ k A -, i-t ,L p· · 0 ( j ( /\) 
L t,A 'J J . 

frocl. ~: lkA) ~S~f.) (t) . 
If Xb = L ~ A, \4.V\ HI'' "'0 c;.o d~u.r\.~ k!t_ ~ lf:j}-1" \ ,_ 0 . 
If X()::i~ f\ ~ H"'21 ~' ~ ~ ~ rrq~) 

E[HA, ~ ~n = (,.. ~~ lf-tAJ = 1 t k~ 

o~ lt ~ IEJ~~'~1 = ~ ltJ H"'l x~~i 1 ~t x~~n ~ 1t I Pr k~ , 't .L ~ K~ 
JEl A • • ~ jE-l 1 J Uf/A J J 

It kl P~ 
~~s KA \) G\ solt~oV\ to ~+\. 
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S~p l . k,A \') rY~iV\iMD-[. 
s~~ X is Q\'\.d ~t>IJ\Wl to lt\. ~ Xi = ~ "'0 bv ic--A. . 
for itA

1 

X. = I + L PI' X. ~ { + L F .. (I t- L (). X ) 
v i~ A J J jf:A 'J ~ r J~ \( 

~ rL[HA) 11 + fc[~t > 1J-~- r L r,( Pj~ ~ 
J¢A fd!A J 

~CA~~ b~ tQ.peokl ~shhJiDI'l 1 fa ~~ n) 

l\ ~ ~·l ~A~ 11t---* f..[HA-., f'l1 + L ---I R· P· · --- o. · x· 
c. L. j Lffft inEHlr Lj, 1'~1.. I j.,""' Jfl 3~ 

?() {t KJn > 0 
So ~ Vl_;tOOI 

Xc => ~ IPJHA> n] -=- IE,~A-1: kt. 
~llS kA i~ ~ M.{V\\~a.J 5oiJ'o~. 
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i. ~rm~ Mo.rkov Pro ~frtc 

~. A rGV\do~ vanrtbl~ T: D.. ---7 { D_~l}l) -~- 'u ttm~ lS ul\-ed 
o. skpp,~ hiYI~ if ~ e~OO { T =VI~ OVl~ ~vds on 
Ko) X ) -_. ) XY'\ h n =0) r.) 1 J . __ . 

Em~~~. (u\ Th~ FiM IP'~ h~ 
~ ~ lttf{ Vl~ r : ~=j~ 

is o doppl, tiWlL siVI.(Q_ lTs =VL ~ .. [X* j )" -.) Kr~r\ X~=- j ~ . 

lb) 1te h;~ H~ HA d- ~ led- ~OV\ i~ 0. <ofqf·,~ HYW( 
~CCA.lA~ l H" ~ n~ " {\~A, ·--, KVI-1 eo A) X.._ f-A~. 

(c) ~ rllbt ex~t tiMe 
l!' " sup t VI > o ~ X., E: A ~ 

j~ i VI riO.! rd. 0. ~~~ ~ bu.s~ {I!' ,. \'t ~ ~~S 0V] 

wlQ \-kr ~ntM )VV\~, v·1s\fs A CJ vtct. 

~ ( Sl-ro~a Ma.(kov PrD[J?(!~ I, !.2\- C'Xn ~~ ~ ~hw (\ P) 
1 

en\ ld 
T be C1. ~p>\~ n~ 0f O<n). Tren) c011dlh 01101 CY1 T <co t1rd Xr =-~) 
(XT+n \rw i~ R'o.rk.ov(bc. P) c~nJ ~~J~~t of x~) -- J XT. 

Pr~. Le+ 'B ~ M e. Yell\t ckkr!V\1v\.Q.J ~ Xo, .. )(,.. l'\-IQ.n B n tT =-t11. ~ 
is d~n·vl1V\Q.d ~ Xo, .. , XIV\, so ~ tlQ l'hrkov pro~r~; 

W[tXT~jo) X-rt'\i' 1 .--) XTtn ~~(\' n Bn lT:.M~ f\ {XT:~!J 
~ lP\ Xo ~~(), X I ~ l\ r- ") xf\ -:.·l~] IP[BC\ {T=M~ n {XT ~LJ]. 

19



&rnml~ ~'lei m 31\JQ. <:; 

W[tXr"'jo, Xrt' .,_J, ,---, Xnn =~n \ n Bn lT<o0~ (\ {XT~~!J 
= !Pr Xo "-5o. X I ~ j, '- "'j xf\ "-i,J f[ B (\ {T<.OO ~ n {Xr =L}J • 

DtvicHI1J bj f[T<.oo, Xr""' L] 3ives ~ dW~V~: 
W[tXr"'jo, Xrt, _,_J, ,---, Xnn =~I\\ n B I T<oo, Xr = Lj 

~ lPf Xo~~O, X1 ~j\ r--·; Xn ~·l~] IP[B\\~cl1JXT:L}. 

w{ ~w_ p~vio~A.-sl~ fbu.hd PJkJ I)]_ ~ ltOl.U firJ tk dfhibv.h'tlJ of 
tk ti~ fD hlf 0 froM (. lLt 

Hj ~ .lvtf { n ! o '. Xn ~ ~ J 
~ls) "' IE,[ sH•] = UsKo ~n<oo] "' ~ st\ ~[ 1-V nJ ( SE: [o})) 

Cla.i~; b LSHo]: t(s)2. 

Cere(·, h~l ()!I H, -<oo w-t~ ~l. w~ en.n UJn-k. H."" H, f- Hu ~ ) 

l,J hn. ~ H~ I~ ~ t\ IY\Q_ a. fkr ~I k taka.~ Q~f Hu to tea. cYt a. 
~1\CR. H, i\ o.. sto?pl~ 1i~ b~ ~ sfro~ H016v: Pr~pt(t q_t ~~J 
Ho I\ ·~~~pevtdeli\1 o~ H, (lt o\1\IJ ~) vn ~1-\~~20). 
~ {~ [ sH•] "'£,_[ s.H, I H, {{)(\ 11E1 ( s H. I ~\ "00 1 fl~, <.oo J 

lft i~ i~e.~vtt froM H,) 
I\.. 

"" t [D H, iH,<O'l1 !EJ ~H~ I H, zool -= IE,_[sH']1 
::: ef'Lst. 

" 
lf

1 
[ sHlj 
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Cla\t't!: ps ~lc;)2. - ~(<;) -l- 9 ~ ~ 0 

CovcLKOV'o.l DVI X,=-.1 J we h!kve Ho = I+ Rb L\lbte Ro is ~ hM.Q. it 

kb_~ o.fk.r I to (f t- 1o () _ AcjO.'"', ~ \:k ~~ tnrkv pr cpQr~ J 

Ho ~ ij· \X1::2) ~) ~ ~ di~h;~~o~~ Qc, f-lo ~Jx t 
:.1 <Us\'" EJsH•] = ~ t [.sHo \X,~ 11 t 9l (c}-to \X,= D] 

= p ~Js1+H;, I X, -=2.] * 9 5 

.6: Ko LWk fR L IX,,11 he;_~ ~ s~ di~lhbJJO') 
:: ps. 11:.2 [ sl-l• J t 9S Q'3, ~ll ~ef f~_. 

~ p'} ~':>)2.. t ~ s 

=> ~la)~a ov-d ~l~\ ~ 1 1 ~r-:--,_s-:--4-pq-r:F fer <;> o. 

SiVIQ ~ls) ~ 1 cwul ~\vu:n_ ~lc;l is C0vtti~u.ou_s) (!)Y\\~ 1-J...e ne~o..tl~e. 
~f \r, ~os~~~le foe cJ\ ~~[())I). 

~ 1:\>ls) :0 1 - J 1 -4-PJ~e 
lps / Jr+'X "'l+h-~x2.+ ·--

== ~s [I-ll t H -4p,~2_) - ~ r -4p9 !;1_)\ ·--)] 

2. !. = q) t P9 b t a•• 

~ ~ IP [H D ~ {] t ~2. fPL Ho =- 1] + -- -

So If l W~ ~ I] = 9 
1\L~o~ 1l "- pcf 

• 
4 

I 
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A~ ~ f I) WQ \-n.Ye ~Is)~ ~l ~o(~]. 

~ ~ [ 1-lo < ~a J " I - J I- ~P9 ~ j I if p ~ 9 
Lp i 1 ~ \f p ~ 9 . 

. --
{1-~ ~ /1-4pU-p) = J Ltf-~p+ ! ,. II- 2.p I ~ ll-lql 

1\\s\)) .\f P~9) 

~JHo1 ~ iJ~o ~<:ooJ = ~~ ¢'ls). 

Difkr~V\hcJ)"fl ~ 9vad~ e~I.U),HDV\ fer qls,) 5lve) 
1 ?S 4( ~) ql(c;\ t p q{c;;jL - Q!(s) t9 "'0 · 

=> c}'(c,) ::: pq,(s)1. tg ~ __L ~ 1 

l-1ps¥s) i Hp ~-p. 

(p{9) 

~ ~JI-\ol :> ~ 
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5. ~eUA~V\CR ovd trall\~ieV1CQ 

~. Let ~I be ~ kwkov c~q\f\. ~ sht. lEI is 

• te.cuttOO if ifc tXn = ~ frx- ivJini'W~ ~ n} "-[ 1 

• tro.VI5·1~.vd if lfc tXn = ~ b ivJini'W~ ~ n} ::Q_ 

To sk+e. ~ next f\..Q~, teco.l\ ~ ~rs\- ~f D~ b j..: 
~ "' .11\f{ Vl ?. I • Xn ~ j ~ . 

Tim. The fvllowil'\~ clid,do~ holds: 
(a) If ~ ll <001 = I tkm ~ is recu.rwvtf and i n~J-= oo. 

> n~P 
oO 

(b) W rJ t < ~] < I ) 1-kn ~ is fro.w~ie.Vl t- avd ~o p:) < W. 

Itt purl-ic.o.la.r, e.w.~ skiQ_ is Q;~ te.Ukrrtvtf o- tm.~sie.vf. 

In pte[Xkro.hon of ~ pro~ induc.hv~ dJ\~ ~ rth jb~~ hMQ k }: 
T(O)::: 0 T-ll) ~ ~(. T~ft\) : ' rf > T(r) r v ':.. ( 

j ) J j 1 l 1\t\.t V\ - l t \ , /'fl J J. 

~ k"~~ dr ~ ~ e.KC1l..ffi,i0lt1 is ~~I\OCI loj 
rtn 1~' _ r;u-4 l .. r '7it-'' 
): =' a, L (\ \; ( lX) 

l I. 

D o+LeJ ~\~~ . 

• 
l~t-l~----~--~--~--~ 

I 
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bflla _ for r=l)j' .. , CDVIJ; hovJ o~r~ -e-1) <oo) fu. e.KcLLn.io~ 
k~~ S~' .6 .IV\d~~~t q. {~: m< rr-l)) OVId 

IF[s~) =hI ~-q<ao] = ifJl =hJ 
Praf_ B~ ~ d-~ Markov rror~) COtl.d;n(j\a.l Or) Tf'-'k~ 
CX1~t-')+n ) n~ is ~ (~~, P on.d ~t- 0f 
Xo) --·) XT~-q' t{0\A1 

S~t) -::: irS{ n? I : X1~ .. ) +\')-= L ~ 

Is ~ fifb~ ~f- tl~ ~k 0<.11[-<l 1-n tzc tD sfu.fa_ L. 

l£.t v~ d€.VI{) iQ. ~ \'\liMb~ tf vls·l~ to l: 
001 

v~ = L ix.,,L . 
rr~::o 

TkV\ [~ 1 ~ 0() 

f.JVd : b f:-~ ix,"'~j : ~u IPJK--=L] = ~~ r~~ . 
lit h ~ ~ ~lum prck b'i[;~ to l,: 

f; ~ fJl <MJ. 
lfrvtil"\Q _ fe1 r"' D, I, 1) ... ) 1.\e. ho.w PJv~ > d"" It. 
PrMf. Nott f\tut {Y, > r\ ~ { nr' { oo l if ~., ~- A-lso ~JY1 >0] ~ l. 
Bj IY\dv..di~n) ~i,(Y; >t-H1 :c IPJ nH) '(~] "' PL 

= ~~ t tt'< (X) slrt\) ~o() J 
~ PJTt', o0 \ K~~rt\) <oo l rt~!1.\J ""t ~r . 
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Pfd of ~~. lv) lf ~ [l <~] "-l, ~~ bj N !d kmm~ 
fJY, :ao)'"" liM P~ [Vi >r] =-I. 

r~ 

So L is ttC.WWAt ovtd 
i p~~1 -=-l~ry.J =- o0. 
r\':c) I.L. 4L l 

(b) ~ r~ [T; {oo.J <I} ~ 

f p~~1 ~ [. [~tJ : ! P[\t. > r1 = f ~'.'" -:: 1 ~ t <.co 
, 'C.l) I.L ~ ( '( ~ J T II • • 

r-:::o r=v " 

So P~[V~=oo]~O o.vJ Lis ~sievlt. 

~ . Re~V\CJL oYd frahS.I€V\Ul ae ch.c;s p~dies : lU n~ 
com lVI lAV\ i c_~j c:k; C 1 eithw o.ll sbto.s lc C Qle. recosrev1 t 
or oJ\ rut ho.V)s1evt~. 

furl. L~ i,j E( ov0 o.~rl'IQ tl-of L i) hoVls'Jevf. S\V'(Q ~ rud j 
COMMlA\\\c<A.tu., ~ e.x£1+ '\ M s .t. ~r' > o (}.\1\.d B~1 ;>O. 
fa~- Jl p 0) ~111 

0~~1-r+M) > p~~~ ~~1 0~~) 
' u, 'j P JJ r) ~ -
OQ 00 

::? 2 p.~l < I L p~tl"tY>I) <DO 
r-=-o kt p.~) p~~) r~~ Lt. ' 

'J J t.. 

~ } is tra.~sRvtt OS ~I' 
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~- Ew~ ~~ d~ r; d~-
Jmi. W C be o. do.gs fM is nd- d(J)e ~ , l.e) ~It ~ 
~ e: c) Jrt c o.~d tv\) 1 d-. 

lPL [~ = j] > D. 

Sinm C i<> o. CoMMu.vl1eoJi~ dQ~ cmd j¢'C; 

I~[[Xm= i~C\ [ Xn" ~ fq- ;Jivt;~~ 1\"aVld- n l] =o_ 
~ t[ Xn -:::~ for i~fivt;Th_l~ 1\IIUvt(j n] 

= ~I IPJ{X" -=-l m i 1\~1 V\; Mlj rYO~J V) t (\ ~ Xm -i 1] 
< ~ IPJXm-=5] = I 

lti 

Thu.j i is rd ~ro- ~ ~~(Q re<:.Wl'€nCCI. Is a.. do.~s 
~~r~o- f-h~ f\'\ro.rtS f\,ut ( is ntk l'e.ClArt'tV\~. 

~. Cw~ f;l\;t_ cJO":fJ cb.csc; Is ~Vlt. 
~. lcl C be ~ ~vtit d~ doss oM &.~.p~ f.oEC. 

~ o"' ttl Xn .,~_ fDr 'rrfl~iei~ rmn~ n1 fo( ~orWL ~~c 

'0 KXvA for s~ n1 r~exn~c fq ivJi~~ IYlm\j VtJ 

b~ tk j)tr0'\_3 ~rkat rofrf~. 
-::} P ~ CXn ~ l b ivJi ~ ~ rvtrMj Vt J > 0 9 ~ f~ nJ tfaV\~ie_vd 

~ tt (S te.~h 
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CQr. f(,./~ do.%~~ o~ te.currtVL1 iff cloSeJ. 

~: !h~V\;{Q_ dad do.sse.s rvu~ be ~Sevl. 

~. SuffW- P Is i-tk_ cmd tec.wrevt+. TNIVJ Wr o.ll je~ 
IPLTj <~] ~L 

furl. [t suJfiCQ.) fo 3~cm ~ fP~ [~ <~] fer ol\ LEI slvtea 

IP[ ~ <oo J ~ ~ ~[Xo=~J \~[Tj <ro] bj tk t-hfbv ~· 

Sit\lQ_ P i~ -,~1Aci8~) ~ iCS> M s .t. pj~ >0. 
SiV\_~ P rs ftCLl~nt 

) 

I ~ ~ [X," j for iVI.fiVliTh~ ~ n] 
,.,pj [~ "'5 for &1YlR h :2 mt 1] 
= L rP: [K, ~; fDr ~ Vl ~ MH I 'X.v. ··f~ leO<rn -=-k) 

kEI J J J ..___,....---

R[ X"=j b som~L n > l} ~:J 
: rk c Tj < O(Y J 

-4 ~- [T· <..oo} ~ { ~~~11"" L F{Wl) ~ ( o.nd p~) > 0 
L j 

11 Jl r lUL k. \"~ k, J" . 
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Do~) ~ ( ~) Pl19V\ Clvl) ~ ( )n 
\<v " :::; ~2_ P9 

PGLVI' rv ~ ==> pl1.L-l) > C for V\ > n 
Oo {() Ob QJ"n • 'D ~ 

00 00 ~ ' 
=} I o(n) > I o(~n, c ~ I n~i =(X) 

n-=o r 00 f\'::.r\o f ()() 2 "~no 

::} RoM.JofV\ ~k rc; te.c.unenf. 

p~' ~ r" h nz flo 
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( 

I 

I 
-- ~,. - - • I - - - - ' 

I I ( 
' 

i{ li-j\~r 

Q~{~j~ 

~ppos~ X, :c 0 uv0 ~it X~ fa- thu ~~~ projech~rtS 
(}\ k li V\JIS ~ " + X : 

0b92fmHM : ~ ~ iVlckf\.\<kq_t 
si"f ~ ~""' rvJvi c. nw:ll!lM w:>..l k ~ 

I d X f\ ·rr xt 0 01 ff l. UV\! o = U {IT b '== • 

~ ft') j ( (~n) (it)?- N ~ . 

~ f oM) ::=oQ bol-~ xt and X~ ~ 2n 5~ if 
n~o rm X does 4vtd m.u.st ~hrY1 to CJ 

9 Tho_ faYI.dOWI vnl~ is ~~t. 

~~ ~~ ()jM f~~ ~IV\Me.fvlc to.rdOVl v:nlk_ Ov\ 'l_
3

) . 

p,i ":0 J Yb lf li-t" I 
l Q 0 ~ICN\fR . 

~~ INi l\ ~~OQ fko ro.vJoW~ ~ 1':. 1-mAs~tvf-. 
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~iVI, p~m ~o o.~ u\\ lMllkc, ~ 0 to D mu.~+ ha-w 
fnw tk ~ t'\U$\W ci- &~<;. i" dirocko, 0 l) .o) Qc; iV\ 
di~C~0ft\ (-LO~O)) o.~ OV1Q[DQ0tdd fur ~ dkf hJ'D 
com J·, V\D..t~ _ ~~ 

(lvl~ ~ 0-vl)! ( l'Y-"- ( lv\) (l)ltl ~ (. t1! \l ll \2-rt 
Poo -=-. !- i.'.J~!i-k\kl, ~GJ - \_ n ~ . ?-> \ l!J! k~ J ~) 

L,J,k~o ~.. ,. !,~,L.._o ~ 

L+ltk-=-n f. ,~~ \ Li1tk=n (· ~ )2. 
~~Jjk.k.) LJJ<.. 

fo-d- I. If- h = 3tv~ ~ ( 1 r k) < ( 1¥1: t\1) for Q\\ ~~J~ k. 

Th!A.~ ( i j k.) ~ CD j H f;_ J so U,1l) li,)O..~ nflt MO.-JMoJ. ) 

fucJ 1- _L tc~i~k~) ~f ~ 1. 
L•j 1k. ~0 
i+iH~-=-1"\ 

(Tilt LH~ i~ 1-k ~ prob. of dimibJi~ ~ W~ i~ ~ b\lts.) 
SH~i11~1s ~ n! (\) J21rn e-"n" 

~ o~lrt) < (2.n) f l \2n( DrY\ )(1)3'"' t ( _ffi I[ =- C n-36 
rO\) - n \._2.) Mf\ll M 3 ~2. rn~ 

prov·,J~J #.at h "'3rY1 fer $~{ IV\~ N 

SihG. pC:) > ~j p!'-l) l"{l +o ~~~ C i~ foA 

p:' < cn-3
'
2 fer ~u t'\ _ 

-::} L ?ln' ~ c L n-3t2 < ao , 
~ at> n 

:=} jk to.~ OVV\ d is hM~{~f, 
30



7-. \n\1\Ano~t- cti<;tr\bWicoV1S 

RQcoJ,: 0 J\1\Q.Q~~te i~ a. rov.) VQ.cJo( A= (~l);~I ~'th ~~20 V:L. 

lMn. A twmS~rt -\ Is lV\~mio.V\± (cr Snhoro.~ or in ~v..a;bn'~ ,f 
t\P:A. 

~- l£t OC,)n~ ~ MlrhNCAJP) o..vd ~~ iin+ A is 
iV\va.nuV\t h P. lkn (Xn~n~o is ul~ ~v {Alp). 

Prud~ 
f[~ =- L 1 ""' (.A PlY\\ ., \ fit o.ll L 

so tk 'Wful di<JribvHI9V) of- (Xt~)n20 is A 

1\\\){)J ~J:,h~o.[ on ~tvl =~) ~ ~ ~ pto(R(~ fD( .c><J_, 

Xnt""tl '" ~~~ J ~, Xrnt-~J ·- 7 Xntm eire\ ~<) distn~~ 
~~\. 

Thm. ~~~ I .,':> iln~. fu SCML L~ 11 5Uf~ ~ 
~l l\ p;l ~ ni tl':l n~ ) ~ o. ~E-L 

~ l\{J\ i~ ()V) iVI'ro.v\0-1\t d,~b~m. 

ermJ~ llT) is o. dib~on ~ 
'\ 1T ~ l' lVI) ,. ~ ~~) ' -?. j ::. .L \M p;· :: lM L Pt\ ~ . 
~n . ~ET ~ ) ~J • • • 

(IT) IS I~VOJ\OV\t; /I IS fi~-ttk 

l
. ~111-1) \' I. (n) ..;;, ' ( r {"]) ' 

Tfi: ~~ P~ = i~ ~L Pil<. P~:.j = f£r ln~ Pi~:- Pl<.j "' i if~:..P~ 
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~. fu 1k r~ ~ks OA ~~ ~ 1--a.w p~)----t D as. h~~J 
for aJ\ Lcj cl( Thl. li~lt 0 ~~ irWClriull\f 

1 
bot not a- dl~ bAh'DL'l. 

~e. -[-1-\).. Dl 

p- lb [-~ 
w~ folAvd €afll er fkJt 

R(•\ - ~ t- ...!L ll -{)(-fl.)~ 
II - lA t~ (j._ 1> \""' 

r 

if IX.-~-~ )' 0 

if 11.- t ~ "' 0 . 

)o i~ ~t ~ ~ { 0, 1\ 1 ~ ho..ve p~1 
--4 4. Similo.rb) 

P" -1- ~ /~+f>) o/(Dl~ J 
~I (l).+p 1 IX/ (OCt-~) 

So \PI~tP->) _. DI/(IXt~)) is Ul'\ ~va.ri{llf\.t di\t-rlbu.lf0r'l Clcrercli"j 
to ~ N.o~m, 

3 

11, ~ ln?, 
11'2.. = Til t i Tiz 

ll; = i_ 1\l -t i TI ~ 
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lhM ~1- P ~ kred.uc; tk attd ~t. ThlV) -· 
( u) ~ ~ "" I ; 
(b) t-=-l~)LH is OVt 1~\ttlvlo.V\t ~~: tp, 0~ 
(c) 0 ( ~r (0\) ~(1 ull ~E I. 

JM, (o.) cbvlou.s fr~V\1\ clef-\ n~ h\9Vl 
(b) Si'lUl. P (:, ~\ ~T"-<061 Xo= Xr~:. "k.j =-L 
~ ~:.U:: t~·-' 't\J '~ 1"\=1 ~-J 

ro 

-=- ~ ~ 11)(" ... ~ onrJ I)< T~c.. 

~ ~ ~kt Xn1 en-) n< Tk.] 
0() 

= ~ L ~Jx~-~~~, )(n ~) (}nct n5 r~l 
lti n-=t 

SinCQ n~ TK ~c;. ~~~ f)t') Xo,·-) X1-1, b3 t\-.Q l'hrkt9v pm~ 
p Jx..-1 ~~)~,-=- j o.J n<TKJ:: PJJ<n_t ~ n ~ TkJ f[Xn ~j \!n-l = Ll 

T 

k ~ . -- 1 p( ~ l~ == r Pij 2. ~"'[~-1-=- lJ h ~ 11<-j l 
'e--I n -:t -----------... "'I 

~ l1 l<"n-1 =- ~ o."Ci niT J 
Tl<..-1 

-=- ?: ?;i IE"-I ix,." L ~ L. ?ii ~~ Lt. {= '(("- P. 
\cl f\":.() let " ) 
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~- W P ~ irreduci~e ovd ,\ ~ C\V1 invo.r1uvtf rrmsute 

fu P ~iitl ~ "'L ~ A~ {. If- iV\ o.ck!ifiOl P is. te.cune.vrt 
~V1 'A= t 
furl. Sinu >. Is i V\ ,,oio.v( 

\ "' ? A;. P;,j -=-;I \ P. .. j + plY 
1 t~!. l1 fk. 

~I (2:. A~ P· ' + p . \ P· I + p ' 
~~~" L;tik_ ~;,. \..:~.li\ k.(,IJ "''J kJ 

~ ~"- 2.0 
,....._ -'----~ 

- ' . A' p. ' --- P· .. 
- L "" linLtt-t LIJ 

j lr··JLf\tk. 

t ( p . t I p . ~ .. t -_ ~ t ' R , .... r o, .. o, 
"-J i(fl<. ~I rL,J . ~ kl.rH [to_~, f t.rJ 

L1 1 • ··{,1'\··\t~ 
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P irre_J!Jc~blt ~ Vl Jn ~J. p~~ >Q 
~ ' (V\) lr)) _\ f\ 

~ \J ~ p,~ ~ :L ~l Plk. ~ ~~ r~~ -=t ~" =- v 
l~l 

k. 
-=> ~ -=- G ~> A-:. ~ . 

~ . ThP. S1+ ~Mrvw..h\c rill\.dol\/\ w.ulk OV\ l 1i;. cko.rl~ 
\r~duc\ 6\J( ~vJ ~ ~Vf CA.(~o &QJL~ \r '~ ~c.umV\t. 
~ l\1\Jl ~Stk~ l tr ~) li)~rQ_ 

\t ~ = l for oJ\ Lt-l 
i) \V\ \Jw\CAL\t: 

1f "' p II <t=:> 11 c "'" i 1( L-1 t i.. TlLtl I 
~ t4 ~rn~.MJ eve.~ it\YO..r'u.L\t . rw211&~ ~~ ~ ,f\1\<A-l~ipk of IT. 
Swll ~ lf~ =~ J ~ i~ 1\0 1f\'1o.nCAYtt d.1s~buhOI'l. 

~. 11. sMf\~ S(r~c. ro.~dOM d ~V\ ~ h6.~ CAY\ 

\V\VC\V\U.V\+ fY\QQ~uR J but is f\t)t ~lLl~V\t, 

R~co.ll : L is recunevd- if I~ [X.~~ hi iJ. tvo.r\~ nJ " I 
# ~J T~ ( t» J ~ I . 

Th\) cb_x; nof- iMfld- Y ~ ~ ~ fl~ ~ flvU~ 
LUkre ~ _:xr edeJ 1eJum t\MQ. is d~ o. s. 

IY\; ~Lltl 
Wn o L is fXhl nve rerunwt if- rll~ { oo. 

• L ~~ hlA.II teCl.lO'gvtt If l Is re_cune~t but rn, = oo. 
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ThVVl . Ld· P ~ irRdlk~ ble. "Thell1 tk to!\~~ ore e.\Lti~: 
(CA\ b&_na sh~ i':- ~~h\R ~~-
(b\ ~1'1\Q_ shit is ~~n\R te~ll\t. 
(c.~ P ro._~ Oil\ ·~(\~no..V\T d·l)\1\~oV\ n, 

MortovQJ lA'lk.V\ Cc l h.dJ ~ tk"' !'\-\~ "' Yrr~ . 
' 

Proef. (~1 q l6}~ ~ _ 
(b) ;:::) (c): I~ i is r\k~ ~(J}J1€VIt, it Is ~~~[~ ~w.~(l\t. 
Tht~to~ 0~ \~ iV\VQftQV\t, SiVLUL 

• 

L. ~~ :: tyt~ < oC\ 
t~I th 

nj ::: ~~ /M~ d~hnR.s o.r' lf\va.~rAlt\f dish-\bJ·OV'I_ 

lei ~ l~ . C!o.im : fur ~ k.c-I, lfk. > 0. 

I~, ':l\ttcQ 11 ~ OV\ iV\VQ~ruA{- di®bJ1D.t~ cw! p i> irreduc1/d~ 
- lvt) 

1r"- ~ ? lf~ Ptk '> 0 mr SOfY\Q (\' 
lEI 

~ ~ \ = iL. ~ A k QV\ ~\JO.~QV\~ f\'\QO-~ ~ VII~ 
A~""\. ~kre. A~f. 

-==>- Mk. =- L ~he I ..!i.. ::: j_ ( ro 
\e-r v ic-r 1fl<- TK , ~) 

fus k is pc&i Hv~ ~U.~.r~t _ 
flroll~ ~~~ ~ P 6 re..w~t-) w~ h_oJi~< ~'Jlew;6 
olsC> ~ ~ ~~ ·11-\VO.~Cllflf- ~ ~ ~~ ~~'"'I fYlu.i 
SCA. h c.~ )., : ( . Thtt~ I.Oe. b. I!< = IY\ \f) . 
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q .p '\ p 
< • ) ( • - --

' (, tl 

1\t\VCu\~t rv'Q(}S~ e_ollClh&; TI · ~ 2._ li· p., -=- TI· D t ll\ Q I \. · J J " ,_, T ~t' l 
J 

'!hi<:. ~~ CA. ~~- ~~ IN;~ ~\ sol~ 
1f, ;:: A T B qv" r 

~ ~ j.; o. fwu-jDJ0~ ftwt;[~ tl~ lr-v~~aU\+ fV\Il.o&L~s. 
lli\9V-Q.~~ vp W ~hp~~ Joes V\0~ ~~. 
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MD. A shti. L i<; ?r.Jal tc. ~ pc~ >0 for n .su.ff.ic.i~vt~ 
hr~. P is o.ren'cdic if oJ\ ~tL~ o.l€ o.friak. 

L~W~ma . L2.T P ~ ·!rredl}clle cwl no~ ~ u.pevlc:dic_ ~l{l L. 
"lkY1 -foe o.ll ~ll E I ) 

(~) u 
P)~:. > 0 h n JwtilieY\ltf 10-f[f-. 

~~ r-hclk.!o.r, Ull\ ~~ ~ or~~ic. 

&om. P ilr€n~·~blf ~ 3 rl s ~J p~~) ~o I p~ :>0. 
-~ p~rtVlts) > ~t) (n) (S) 

- Jl P3 ~ Pi.~ p~ >O 

S1~01. t is o.JRO~xk, 
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~. L~!.t P ~ irred[A(·~~e 0rc\ tAf€:d~ic Clv-c\ Su.ppo~ it ~o.s 

IV\YC\vio.V\t dittn bL~-h'on IT. let- A be ~ di<;tv1 b\A.~OVJ J O.VLc\ 

So.ppos.q_ ~t (Xn) ~~ l'brkO'V(~))). "fuV1, ro, o..ll j f IJ 

IP[ X"~"' j] >- nj o.~ n ~ ~ . 

lVI fb.rt;cJo.r 
1 

r\;' ~ lf} fDr o.i( i' IE I.. 

Proof. fu pra:f i~ b~ cov-pll~. 1.i lYn) ~ l'hrbv(TI) P) 

C»\d l~vdwtt cl- LXI\) . Fi~ o. ~ 8hk 6~ I Q~ 5Rf 
T: \ret { n~ I ~ Xn = Y., = 6 ~ . 

C(oim: IP[ T <oa] ~ ( 

W~ -=- l Xfl, Y "~) i<:. o . furkov"' cb;" I!\) I~ ~-Q_ ~ CQ I x l OJtd 

• ftoVIsi HOI\ ~~~ ~ke.s ~,l)~,tl "'- fur~ 
• and 1~; h'o.l di ~fv\Wi~f\ A ci,l' = A~ lC~:-. 

Si \'\CR.. P is ~vi o1tc) fk k:i\'\IV101 'r""-pll e~ fi.o_.f-; fq- oJ \ I, j J) Q 
~ t~) = ( n) l ~) .. . .. J 

~"- P L;,klli.~) P .:.; P~:.~~. > 0 ~ n 1<:. Sl.kQlu~vt~j 1~. 
~ P ;s irt€dlAC\b\€, 

p 1-o.-':1 \\1\Va.~o.ll\t dts~b\A.h'mn 1fci ,k) = \fj n k 

~ P is ~i/1~ ~Ul!tQ\At_ 

Si"-CSL T is tk ~r~~ ~SQ~ hi\\Q ci -tk ·,r~. oJ ~cu.r~vrf­
M~rkov d-a.i V\ ( W~\ to ( bJ'b)) If[ T <-

00 
j :: 

1
_ 
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Frof\il ~ da[M, i+ foflOl.Js ff..uf 

IP[ Xll:: L] = ~[XV)=< n <T J t fP[Xn "'L
1 
n ~ T] 

\. ...... -
fPCYn'"'L 1 h~ rJ (5.t~ N.o.rkov) 

-=:. l?[yh "-~]- f(Y\1 "-~I Vl ~ T J ---...--
1[~ 

~ [II(Xn '= L] - lT J = (IPCl\. -=-l, V1 < T)- IP~ Y11 = L n <1 ]/ 

~ IP( n { T] ~ o . 

~ (COlt
1

d), p ~ [~ ~] J 1T ={i i 1 

If X is ~rkov {~tl, P) ovd Y Is l'hrkov (lf
1 

P)
1 

~ wH·h 

prol:o.b; ~~ h ~ ho..') \::I buf Xo "'0 o.vd X owl 'i 

w; \1 neVQJ fv'l&.t. 
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9. 11f\t\.Q ~\rcev<A( 

Thrrl ~t P be in~do.C(~ o.vd ~\~ iV\Vo.hatAf di<d-~b\AhD1 TT. -· 
Supp~~ (~)~<N ~ 1'-hrkov(TfJJ) ClVlc\ ~t Y""' XN-n. 

Th~ lYn)0~~~ i-; Markov liTJ P) IN~ 
1\ 

1[· P·· ~ IT· P·· 
~ j\, " '0 

o.vd ~ i~ irreducible witlA lVI \JO.~CJ.V\+ dldhJxMoV1 Tf. 
1\ 

Praf P is u. sfa1a.'bhC wu.mx Svt(Q 

~ Pj~ f t ~ n.p:j f ~ =I. 

n1 >o siV\CQ. P r is i111va.m.4- for P 
Is i n~d(Acl b~ a~ 
i\ \V\VO no.nf 

1\. 

\\ i~ .(V\\(QnctVl.t for p s\raz. 
~ 1\ -
?. 1Tj pji. ==- _L 1ti. p;j ==-f 1r ~ 
J~I Jf-t 

P is a s~~~ m~ 
(\. 

( ~") is Mub, (it/ P) ~\V\C,t 

IP[ Yo =c ~ J - -. ) YN :;_ ~] ::; IF [ Xo ~ ~ ) . -) XN 0: ~ ] 
= IT Lt. P~LN-t --- P~, i-o 

" = If ~N-1 P~,Lr. Pi.N-ILN-1 --· P~Lo 
1\ t\ 

~ --- ""'ifto r~~~ --· P~-~~-
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P i<, \m~dlAC~b~ &ivtco._ ~ lr~edu.t;b'tl;~ of ?) fcr nil ~jc IJ 

~.~ --- fit,..,~ ) 0 fer SOIV\l_ lb , ___ ) ~ wl tk ~" C, Ln ,._j 

=;\ R- . --- A- . - ll'W p 0 
~Ln--( r h ~o - 1fi(\ Pt.o~ -_, ~.n-,~ > .. 

MD. A Mo..d-c rvu+nx p o.vJ 0 IWlO.SO.te )\ ~ in 
deJuil~~ 6b.vtdl l~t 

.\_ P•J :A.} p~i. tu- oll ~.~ EI. 

~WIVVtU. lf p OV\.J ~ Ole iV\ Jehi ld b:Ja.V\CQ. fun ).. is 

i V\ \f~rlClV\ t for P, 

fucl. lAPt '"'~ \ Pj~ ~ ? .\ p~ = ~L 
JE-t jE-l 

MD. t.e_t P ~ 'tt\e.dv.c\6~ uJ l~)h>o be MCl.rlov l\ P). 

lXn) ~~ tt'R{s,ib~ 'fJ tt1 o.\1 ~ l~-t1)o1..11s.~ ~~ o.~ Mo.rl~o.{A,~). 

Thvvl_ w- P be lrredut~ ~e o.V\d le\- A ~ o_ &'i)~ b~DV). 
Sup~~ oq i~ ~kovl\ P)_ Thm tk fd\ou:l~ a~ sr~~: 

(a) (~Jn~o ~ te_w~;8e 
l b) P C~.~\ A o_~ '1V\ Me.~ ~d bbV\.m . 

fum. Po~ (o.) ~ (b) .1Mf~ tkt A Is lfiVctA~t. B~ ~ 
pt-vi0w;, tk~ both 01{ ~ ecf~ ro p : p. 
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~ A;, p,,Lr1 -= A i-1-1 P~+' .~ for L "'0) ... ) M -l. 
~ Ai p .,_ ~Lt-1 9 Ll 

~ \ == C(~) ~ for s.oMJ~. w~~VLt- C 

Tnv.s 1[;, = !'i == C (£\~ fur su.ib.ble C k o.n iV\\Jo..v\ovU z~ 9J _ 
~ J d\ ~ ~b\,\. ti t)V\ . 

~ +k cki~ F.. ~Y\1~j~~ i~ shrk! frri\11 lT-

E\nMp~. U:undoM ~k 0r) 0. s1 J 
I 1 I ~ ~ 1 

G= l/ !f} ~ 
0 0 7 ( • 

'1: 3 '1: v~ Yz. 3 
3r-op\t dlo.~10.~r~ d:YI-o.;l\ed b~ }Xclci11~ 1\eitl~bouri~ 

edr-~ ~IV\ e~~\ prnbo Bdl~ 
Lcl v, ~ 1-lq_ ~ of Vetkx L, itJ l-ku. n~fl.\~ cl edfS o:t L. 
P;j J Vv, ~ li-1) b Ot\ eJf 

l o otkf"'i'\"'(. 

b ton~tck~ ~ p r{f~d~\~t 
P -~~ ·rt\ ckbl \d ~V\CQ.. ~~~ V== ~: : V· D- = \ = V· P· · .J l r~ J J~· 
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I D. Er~od ic tkoR>V\1 

~ Cstror:9 ~w ffi- lar~ ~\W'\~rs). W ('fi-)i~l,2,. .. 
~\J.21.\C£ if L.Ld. n0'\-~3oBve fQVI.dom 'lo.~aHes 
[ Yc = e· TreY~ 

~[ Y,t-~-tY~ ~ ~ ~ f\4~ =I. 

w- n-1 

VJ~) = ~ i~,.~ (~ n~ ~ -visl fD l ~ n). 

Thru (~~lc tkoon) _ liJ P ~ irredllli 61€ Q~ ki A ~ 
n di)h\tJi011. ~ (~) is ~(\P) ~~ 

o [ ~{n) J ] 

n ~ - ~ i\ O.s fl-7 co = I . {k) 

w~ M~ ~IEJ'CJ Is ~ ~~ tefum ~IY\9, to L. 

IVl pnrhcv.lur 
1 

·,f P Is ~~ hw ttcU!W'\+
1 

1kr\ 

r [ '*'' 7 iii (}<; V\ --) ~ J -:o r . 
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Proof. G:M~idQJ fird fk Cct~ ~+ ? l~ ~i€VIL \fw_V\ 
oO 

IP[ Yl <oo] -==-I ~~~£ VL == l ix.,,L is ~ kbJ V\~~ 
n-=o 

[ {)t Yi) i \-~ to L . 
-==> f ~I < y_, ~ 0 ~ ~] ~I 

V'\ - V'\ (\'\II 

o.~ dQi rr\QJ . Thus frt'RV\ 0') ~ ~lckt ~ eo.~e fht- -? 
f~ Rlllr~Vt+ _ 

Oo.iM: i\-- sWti~ to CDhSid~ A'""&i 

IVlckJ, IF[ T~ ~oo] : ( o.~ O<r~~-n )h?O Is tio.~v ( k_, P) 
o.rd ·~vJ~~Vtt. ~ Xo) ---) X-rc bt ~ ~~ M~rkov 
pro~'~- ~ ~~ follol.\& sir'\(Q. ~tv) WV\)jo 'fe1nn.~n~ .~ 
So!'\Q ~~ D<n)n~o \s ~fUI.d bj (XM+o ~~o for- a~ fin1"ta rYl 
(~~t{ M ~ T~). 

Ou.!M ._ 1ft[~\ ~ M~ o.s Vl-700) -::.1 • 

Le+ ~) k ~ r-~ ~ ~~~· ~ ~ve S&L1 W: 
• .u - ('~) C'(i.) I ( J-

I Nl. JL ) ~~ ) . . . Ott {V\O~V\00 

• ~ st' o.tt i~JrJJ di&~-nb(Ak~ (})i~ q s~ ~ m~ . 
( 

S( 1) ('(t'\) ] 1 R i t-~ T .) ' > 1'\'ll -::: I. (t) 

stfon~ lLN 

NcVJ: S~1 t -- - +- ~~'(")) ~ n 
('~n + --- i S\\/~ln) -I) ~ n- I 
J.., (, 
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~ ~I owl f L "4Jn) ---7 (}') 1 ~I) thv-J 

f[ {Jn1--* ~d : I . 
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