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MMM (Po OF‘H'\Q sovg  Sigh 0&‘\

(i) For Bl ond heR, S is gy y) convex ond
Jr\nus has G waiguwe alol:ul minimam  wWhch
knds to 0 Wen h=0.

\J
[i)For B> and h=0, S hos two qlobal mint
)t‘Poﬁ)ﬂ‘OG ond 08 h=>10 ’rlacf\sxaic‘w Dlo'waj
minimawm tends to P, #0. \/\)

i loba) wini | Nble in h
(V)Tm bl \g(l%‘ls dffetioble in h
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Rk of fhovem. tis immedicle from fhe fuo
T
FhB0Y
=~ & [ 3~ lgycxh(9 )]
“lg nlep (5 5

were Fo= %([3)\\) 5 e wngue (h>0) soluhen
fo the self- (®V\S\‘$\ev¢ e(’uch‘on,

T @ how M (B) fuds fo O as P, nele
fh(€p) = £ § (GpP + 0(EpF (fp~0).
Thus He slf -congislent e(lquom R comes
% (1) = 5 (GpP +o(€p)  (®p—0).
Mnr ‘PD(P,Of)>O for B\, we con divide )03 b
30p) = % [I+o()) a5 %0 (ie BL1)
S G0 (BU-R)  os PLI
Thes Hy(p) = fouh (& (p,0r) B)
v (p,or\ v [30p (B,
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M@ The &VLSCQPhb\l\

Fw\ttt {;0( it (l W\

B>|. rQevef
X(rJ O) ‘p ’3 (‘}1\ ?c)
Lo Ty (B,

-#O i

Rk The pouws in the behovisus of Hhe

% ol \ a
’cvr? & SQx{Jomv\ mphb‘\ »ﬁ g\q ﬁ‘cus“qeg?ec}d

g B~ A (B~p) (BLB)
M, h & A 'S (h40)
K(p,0) x A (ppY™"  (BTR)

for cheol ex?omn\‘s B S X, .-
e hove sean thal for He Cune-Weiss model:
B=1, §=3, g=|
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M
Thm

QXPOV‘QV&
P

The lSing medel ov\Z with d2S has
e Song Cn& ol exponants 08 The (W medR).

W:. Sma W\QAQ\ o Z2° hos cnfical

=4 = =2
-3, 8‘31 ¥ ¢ .
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3. On) models

3]. Owervipw

Detn Lot G=(AE) be o Finite gro h. for
h=1,2,3, ., the (vederl Qi) model (wath fres
bomdwa ondiRons) is the probabiliby massne

oL - L
‘Pfg\”‘ do) = 3, e’ p%eg Cythg, Ot Degﬁx
whee €=(1,0,,0)€R" boy) and doy, is the

nnifom (Hoar) meosue on

« n=l is e lsmemodel.
¢ n=) is kncmnéS XY of rotater made).
* n=3 is the classicol-Heisen beg model.

Faz2 thek models have eonhnuous symetny

Let ReONY ond Re)= Rox for all xeA Then
(Flo)%,, = FlRe),

T exlerna| Feld is said fo breck Hai
expliec)\(H; 08 q)[)csmdﬁfo ss)oﬂvi?xmouilﬁ MW‘U

»

= RY: xR2=1,
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ety . gpom’ruvwws %mm}va breukmj (SSB) hads if:
.W\ hmwp (o, e >O Note: (- QXQD-O)

An o‘“ermi‘\\ze (L&uv\\\\om woucl MYO|Y? bouv\c\(wi)) COAd
(t\MSuP (0 Q>P w20

mkarel " efers fo Cawswlaw’r bouvndavg Cmd\h@n&
e Py ol xeZd (omoﬁws + be)

Rk. Berh e erfm\ for H lS(vB medel.
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3. Corm|af'\ovx Mequal hes

o St 1), The "ki"Gaffibhs
i T B ke b o) ol 21

For ol P20, K20, for ol xieA, agedl,,n®
(O O Y, 20.

Ph
The ‘Ao Grffibec ety (> monotonicity in B)
(Oar 04 3 00y, (abicdEN)
helds also \&\m n=2, buF remoins o
conedure n23. For n=2 it is a
s?eao\\ CaSe GF “Q G«mbre w\es‘m‘ ’B
for N2 wnfe Gx=(cn By, sinby), B.€lD,2M):
{Flohy, ~ {Fles 8, s e)>f:"

a § @PeoslOty thaosd piehy 6in 6) 0B

PAmA
ThQV\' l;‘/\ de
(Ux e> B (COSBX>P'\”
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Tl (Ginibre vaeqmluha)) Lot n=2. For any

B20, h20 ond abeZ?,
(s 66»/\)1,, 20
{cos (06) ; cos(bb) 7\
ware &b = ZO\,CGx avxd bB ~) b.B«.

XEN

(. {0x Oy, s incressing in 120, heR A

Pf_ﬁﬁ The idenr s H\Q avg o for e GnfRThy

l:jc‘:‘ |'\‘25 e O'\ wonsidet flo Second Mq]uq\u’&
% it pmo? N HAQ vore dfFcalt ong.

Renole b B on mdqpev\devd 0P3 of D © thal
(s ae cos 190 = 3 (s o - cosab Nos bB-cOsbe)}
Whert on e RHD
(FeB)y « | e HO+HE] Fo ) o df

with HEI= B3 cosByB)th 20886, ph20.
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EK‘MV\C“V? e &meha\, ¢t skbay b dow
Sdﬁ d@ TT(COS(MIB) s (bs(thg)) >0

for m; € 2" ond on i- dQPQV\Jeu\* Slan + et
wf = L6t )
© fhet

Cos M+ (os Mé’ = Leoy(mi’) cos(moy”)
ws mB = cos MB = Lsin(mof) sin(mu)

Therefore
S db 46 ]T(COS(MBHCos(m ))
x Tf (cos(m B) - cos (M, &)

= 2 {dode TT cm(m\u*\cos(my\)

<TT sin (o) sin (m; )
— J
— _)

Jd& dB Fo) F«")
% (o' doc Fat) Fo)
= (§du" Fo™))* 20
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Becise, Bded the Ginbre mequah Nes fo
cose Fat fle Ox foke values  fe discrete

urcle 24 €S @
Re Neo fret - Buclitedzd e A

oof is Hhat OQ) W) is obely
[()’:V\f)on‘ovv\u}nc idewhRes). Lo

Rk Usmg, mprovenents o the Ginibre inequali Res,
S0 'he daon Hhef te ifint Molume

hwu d‘ f 0(2\ modd with Dirchler \:ow\dav»
condiBon (37 e ¥xeZ4) exists.

Baslence. of the nFinte volune [md is nd
Q&vﬁe! g D‘(V;\\nmojj wuﬂnmmg, but 0
Can olboo\ﬁS conshud sub Qc‘w | s

codiben 3 lor fras o pencd.t

FOF Cw\
wﬁms) ond /\ 2 (h
for pef\wgac be.) thae 5 a %5«1\;@1& ﬁf . 4.

v Fe 2= R lech
L\m < )"wi

41



? , this o coaséqwznuz 6.{ fe (Weck-¥ co mwmdmss

cowupq spac, S“"Z
Qg&v\ We fren sa onﬁ,’i = 03 = Jim 1)

o SAbs (s ‘on \v\tmfte v::lum

I\wua of the

e n now ask Hhe ome qwsh‘onsasv“crﬂw.
|Sm8 MOCQQ‘

* b fe mogreheohion (% Pfh nonzero
© For which | (b, does 4T:: Ux =0 as K00
- If (Uo GO0 oS pdaw, s .{— ey]pommhc.l

E(Q(C\ S&t\' 2\ ln wean Feld ‘rLQoJB
wm&;\l ) S\hmhon & esentiall Y

swg model,
j&‘& (EWV\ e Jat )). Hta\n Pemd'ure
RKpansion 0‘50 Works, Yery gimi o.rlg Thus for B<R,
(03 Q>P° =0, <G O;P C'ge‘ x\
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3. Aside: H\eGauss_*\gnFmReld (GFF)

Defin  Lof /\Cg or k¥ A be a torus (égn\od\“c
bouvxc{m\\j con01Rong). The Gaussion FM
S H/\Q ptobah M‘b MzalOe ON YR’\ Swen b3

Mo sllo) w e s S BRI 2 R gy
|elbesque on W

T"lﬂ quavm.‘u m>0 is called themass, For
m*=0" the sanve dehn. with =0 GPP||€S and
0R S P is P(N&d x=0.

Stvvx\‘ma ly, the GFqul‘\r\ bOU\VlC‘O@ and. ;GIRA
DNIEMPESRUINEE DI

x@- n \'\f\Q a
o F e e ey o

fod zsxgc&ﬂ" 320y A
‘£{:xZJx3(£' ;) _if“xCAJ‘F)x
@_,___v
Defn. —(AgY),
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(or. The covanone & GFF with mass M50 &
Coe (xy) = (AN em™)(x9) , xyeh
= S(QMt)(X/j) Mt db
(/J\O-\‘Q N AJ (D\H" S“‘GV\dGrC\ LoeiaWS J)‘U:A‘XN\\’ ixae/\.

The covonome of the GFF with Dinchlet be. is:
CMO k) = (A)(xg) | xge
wharg (AMOF) = (), - 3%;\3,(, K.

RE The GFF woith be 2 hos the dishibuhion
of o GFf wifh be.0 +a deemnishe funchy
sohshying (AW, =0 (xeA) ond he=3. (XEA).

Mn. The @tinuous=time SRW on A oth jump
oles Jig=dy 20 for xy€/A can be defined as
follows &f ‘c(n),\em be Ja ;isaﬂitb;ﬁw SR%A with
W no b‘\lHQ5 = Jx lx wherg g\xt Jx.
TN b on mdepindet ey of Sa(Jv.)
mvxdom Vaﬁa‘o\QS, €, / m:\"/\ C\QV\%N“& Jv, e“*‘Ynt dt
ond this meon Yy, Then (Xt)t\zo (S C\QRNLQ\ laa

Xe = Yne > Nes rhax{n : Zta St}.
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’

T (40) X | hnusus R mri ht ~confin
er ot . spanir (0 farnd &

VAR, & ERX) = EAHX).

Ex. The covonomes of the GTF ot mass W™D is
Cralxy) = U)Q( Xﬁa\ ™t gt

The @wonane_of the GFF wHy Ddilet be
€2 (xg)~ | EZ{dxicy Aot ) ™

QJMR T = ‘IV\H tzO" Xt¢(/\(‘ A\&o
CoP(0x) _ )
Pop) - W)
nded, bijMW\Q\\ﬂ%t fhe song Markoy properly

(8 0n)~ (2600~ | [ Ao Lt )
) ‘Ex(oi 1X|:“0 J-t('(,\c) N IE(T0< L\°> C:/O(O/ 0.

)
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becd® Sna SRW o 2 s fransiedt ds) .

[ AR2PA . = | UAL0 |=co  (d<2)
w\q\o L”—vr\m< GFFm LLWo\o(kPO >GFF,6 {(00 ( 1> ) )

Moreover, in d23 )
Co (X’fj\ B v[\\’b:’l‘,o \l‘.g\o& <Q€(\P‘6)G/;F';ml exgts 6(0)00)
- [, (D = (RRDE,
C(xu)
’@mdg dp z‘(ﬁz@s )
ooy (PL

(=
900

X

C“? °(K-3)

R 1 ipley) &)
@ fup i &7 -G by

whartas, in A<D,
Colg) = Jy, L, 08 )
- fm [{G0A0~AEW2 ] exists.
= (fomula For Gley) in d223).
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nd=],
G ("/3) "~ }ﬂ k{-) (x-g\
G Gy - Gl yre)| <2

CQ‘”(O,X)% | wxe2d
Co-20,0)

AR

47



A4 Mervv{m-\\k%bmﬁu&m
The ned thegamy Sow thef o Pe«eﬂg orqumeaf
conner work for n22 |Mw\'\ve\ Cdv\ JAUOMS

hfg“ ﬂb«fsr ﬁ?&;& :\\ucs&\\”\ @ @

Eml.g&d-flnll%wbo?eld @
Then for eve m(:\mtq volung Lt f
(-} ond ew:g cond. loca) F:(SYYE5 R

VReSO(n): {F(Re)) =)

ie., oll ifite volung hang o D) ot
Por ol [_%70' In Porh af, He MQDV\QH&\‘\OV‘

voan | S,

(0, €Y = {C-e=0
Rook  Fix some oxis of m*uhovx in K and dencle

by R He Poi‘ahonm% vm Pelo,21) o\bovi‘

s axis, eg. R(?) fabov

let P€10,2M) be angles Htcd‘ o wd eV)
S P20 A g

48



Hee ! NCCA mogns 41(326 i} KG/\\) 3¢/\

B e (€2 define
RP)o), > Rifs

3 (FROHN? = 4 5 Jdo FiRHo) &P
S do Fo) e-ﬁ HAREP)O)
A cc/x /v ZAS C
ow be.  =(F) o POHENWNS
we Halo) = =) ooy ond

&eE

S - @4&(-%\ He(0) - =0 for XN

Sin@
RIBIE * REJT, = 0 RBIRIEY S
=00, * O’ U%Q(‘Px-‘f;s))ﬁJ
We howve

SGE %qu (- R oy,
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Sin §¢H is a locel fw\c('loﬂ for Qv&lﬁ infinde
Vdume limit e obtan ngd 7

AR = {Flo) e B

Gool: Choose P st P— o fix ol xemﬂoF
&H@) — O

Coim: [5H©) < CX_(P)".

XyCA'

Rogh of chm‘- WLOG .h-2. Then @ view SCC:
Gx’(RQ Q\@,() Im el@x\) GKE[OIH‘)
G)«'OB = CDS(.Bx-e‘,S\ = RQ(Q"B’( G—,E‘i)

() 0x= (Re (/€] Im (7))

= Z Oy - (V-RE:P 5“%'

XSC

"B, Rel w- Rl]e );
X

<3 (\P -‘P \ Provcho\ l(?x \ﬁ& Gﬂd\

XaCN
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( M:
Define & H=1 SHR() +3 §HE)
with &)= HRGEPI -Hy (o)

Than fhe dam | c“ bt e fingl part
o He proct ‘vt\,\us Sbv.w::od&lec ﬁLFUEPQ

|(FREa6)—{Fio)) - w:é-[ss..m_, )
Tis an be bounded b‘%

IFlbo §)eP8eH-)

{l('F)S*I‘D (e Friedli-Velemk @)

"Jl (B SHF{pSHD
L [P<SeH)’ &

ond the RAS 3025100 as before.

(") iy Piaskeds | heg. hich s et fivial
= Faedlin = \elenk (3.11)

) is ef><8v“>*“‘"<¢-r>%*'-> | = (5H)20
Ead of k. [The Fx i et Qxamw\aUe.]
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/\,D
Noto doose i = gj‘ O(O’x)) for somp xeR

0\\\'\0."{ CA‘/O(OJXl = (.AA')O). (OJX) .

Then:
NP, =0 for xeN'\Mo§
¢x=0 fo x¢N
Yo =X
VxeZ $—=x o N/Z*

Threfore
541l CT eyt

*C zwx(A“°?)x,
=0 ynless x=D
=CY, 2(? )

{-’le‘talg muvld kI‘MS

As N2 Py— 0¥ Thereforg 9H—0

umcorm\\& in o

H2



In conclusion, since T iy corinvous and iocq\)

4F(Rmcy)> l.w GGON),

e hw {Flo) e p8?“>

. <F(U \> {‘ W

X Qbow
SoH — O/

Cor&c!'\on order of

wanbRers
/ )
Il?m(HcB an-Spemar). ek d=) ond n>2 {%xong
£>O f},_ (2), ek ore Cpe st

ip 0 0" < Coe by

st WLOG n=). Wite Oue (o8B snBy) w thet
(0: 05" ={e &'6*7‘ (becoust. (v (Bo- B, Y=0)

gexp(&iws(% ) +il O-B,J) do

Nowa dO ﬂw. Fo"l)w cowP\ﬂx "’W:Sbhom
euH euﬂuu )‘Z‘UE/\ 0,=0 Y UgA
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(N ’r\z\cd' Ha negrond s holomerpknc (_1

V\d Y "\(.al @{‘ H«,Q VL‘"CU‘ © 2%
S(W\I Sl/l 3QprQV\Oo\tc:%;zs ©

(©-0x) = Zlg‘b"‘“x qur([ﬁms 8a-8) coshlo m)

X Q,“e © \ d%
(lo~(kx <Qx{i’51 (B, -%\(Cc)s\'\@m -8,)" \)>

=0(0y-0y) 2
Assong o [0, =0u[<§ 15 svell vaouﬂl'\ Hhat

cosb\tau-ay\ -| < 2(kHe) (0w -0v)?
3 {0, 6 0'¢ @ e +50+0)T (0w-0)

(0,-NV Q\
Choose (0= (A'“’Y‘(So -60). Thon 0,0yl < £<§
C’é"(O ){9‘(* ) for B2 &(2}

and (o, N8 =10.-0,)

> {0, oW‘ U Qé 0
o)k 3[C200)-¢L K- o))

~ L loghd L&)

H4




35, Infrored bound
et A=A be o discrele omsiof sde lenghh L esen

lef  be o meoswe on R [eg., the wnifoim maoyse
oN S"") ond consder the S?IV\ mode) )
‘2 (AP): = (A\f )x

B | Tun) e i %‘31/ et
(any\ -.%.E'P Q) +) ’;é/\{x. t

Mg, assume Splcf] @ Her < 00 Ferod\xel)k

Ncal ass on
RK. lnverse ky'(\Pqu\m ﬁohcl eckimal fidd h can be
odded by sulakle choice & p. for He O0)
modle) ) Fake to be He M‘lfOLM MEAQYNR
N JT?: §" ond wb =% /Ap. To add h#0
Hen g]milarl& )

An@e) - u(dp) e*NT°C < ige) MBI e

Thon . (6 Widr-Smon -Speneer) . For ang f: A= R
ﬁ"\ z%x=0)w“ %’Q‘“ Qv\%

Xen

(FP) ¢ ot3lh,(A)'F) Gayesian dominetion
(oot noxd HW;)
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Here nole it ker CA) = { conshout ?ug\d%@mg on N§
Thus =D con be inverled when rgded fo oo

The conghfion gjﬁo is qud‘\d e {ongate™
(£,£)= 24 Tk =2L%=0.
Qeodowk funchon (I );2 Sab (xeA )Q\bf[“])

Note olso Hob <($,“P)>=2:.f,;(‘PQ‘(‘Po\Z{ﬁD.

XEA
Car, §EDD-(EDY =9 ¢ ().
Vanom@ of (f,?) independent of !

floot. By ta freorem mﬂ‘-kfrq‘)hgdbd tf
(ot < o it Ee0)7H)

o

\-—w_‘

HEDTEP B0 AY) Q)
+0p(t3eC o3 )

Since ((59))=0 and (MY Hays
HEPD < AT £ O(t?)
S{(FP*) 2 B A .
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Acde : Tounes w\ag\\s on AL lef
AL =1 En nenf cbw
ep(x) = e'Px for peAL.
Than %, Pg/\“_ 1S on GrH'togonal basis fef
CM with ianer produc
(t9) = 2 g,

KN,

Normodicahon (QP JQP\= A (ep s not non?oliml(.)
Feanes transtorm: $(p) = (¢, F) = LS« e™'P”.

=1 o) e 'PX

el = I (- e™)

§=x

-Z €70 = RG) eix)

/Aq)) ":;d‘ (.lCoS(P;) ".2)
= KHP\ = ﬁ(@\%\
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34.<0 € f0)=0
= ¥y
> G )~ -RG) 5p)
Porseval Iley\h\a ;Afxﬂx = |/J\:| g%,\?(;)ﬁ(?)

(both (bx)cen  OMO (,/\{,VZQP)M o ONBs)

lnfinte volume : AL ~ Z‘

EA.. = xie&“
(. T 40y <RI £4e, ATR)
= L (Gor L
Whot obout P=02.

TGO RAPRAAN
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High kmparoue = 2 {62 —©
Long- rongQ arder ¢ N S 6> 2¢

(. For fa On) v»\oo\e\
llzhﬁx "B MZ (‘A)(P

pZo

markicul of, In 423, Fhee iy ’onyrovxgz oraRr
For R>R, = B(d)>o
|/\le<000\$\'> = w&’ >0 un&om\ n

oot S G 0x=l ¥xeAL , fhe Parsevol
lAevd'\ka umfhes

zlﬁx, pc/\‘_\G(P)\
IA.N“@D s {160
< N
P pv\q%o@q’)

J
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i PO\"{“\CU\C&I In d>3 I/\dl m(P)

S]J'P\l dp +0(1) <B,<00.

Cor. In 23, for b2, thee is also

AeUS Mocbm\wgqhom
lim lim 40y e)"; = (= O( )

hio L=

ok, First concider h=0. Than te dishibubon o
M= in 2 O
IS mhhomlh& wwar\cn/\*' ond fus M/IML is

un\%fm on

|> PIMI> 1-5), q=P(}} ez 1-¢) .
Smee M/IMI iy UV\\{‘QfM (VD for ovxs ¢>0.
S MIZ] djmipi-s 2 MUdpgsis

= IH\(I 1|M|sl-s)
> M- (-%).

S ond | mxegem\enm Ml (che®)
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2% (1) > | - ) > L
3 P2 (M7-(15) 2 1-5-(8)28-5

TD%Q_\'M hZoce

() = l/\t MMQ \"’3(1’1 EU t)l\\/\)
- M)cmm leg(pq) 2 (L2 -OfR)

Fally, Blh) is onvex, o
(G ez,,h (MY - )z ENFO
2 126 - (R ).
'Bklhg firsh L=c0 fhan WO finidey the \)m@f.

bede. Fele fan (&e)), =0.
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3.6. RoMechon m&a_mg@m

(onsider a plane P goin H\rouah The m.‘c\poinﬁ
¢ ch@lzs (on edvz P?zm gth‘W:s He torus (of
even Side bwa% info fwo halves:

:::_:/</ j /\:/\,‘_U/\-
PP o 0o0 A — Mg be b
F J( .Qﬂecﬁ%n oot P

for T: AR lef
@‘f)x = (Pex

for F:(R*\'—R, lef
BF)($) = FIBP).

Defn. A measare () on (R is efHechion FbS;HVP
for the reHechon 6 i

(FOG) ={BP&

(FOF) 20

for all 6 (RS — R (for which this is dok
OV\A w\z\ic\\ (D(V\lt}/\o\ePQV\C\ (GV§ ‘?Pilc\-y " e {\d\
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Moreover () | Hd%on hve (RP) ffor ed
p\avz\sl\evf? it :2 Pﬁ) Q?‘D( eppe?br VOVS edge p' quV\QBQP.

lemma, Ay produd mpasise u™ i R,
Boct. Since Bla, and Ph. ave independent,
(F 867 =P B = ()6 = PG
(FERy = (AP 20 -
Rk - | h
% S T T S o e
of bounded F-’(s_uewk—*m ®V\\3 dQPde\nj

Oh /\+. CR"
Cor. Caudwy- Sz EV\Q}\&HW. for F,GE Ay
(FIBRY*< <FOFY4Gb)

lemma, Lef 6 be a eedion_ard (> refleckion
posifive with e qcﬁ; 0. Then for C\l‘\Q e
ABCDE A+,

(QABB+CBDY < (A EACC)( BeBB> Deb>

ond T moasure {(+) @ATBARCEC) i glso RP
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T holds th C@D @ b 8D,
omsft\k%qwm mbﬁq 'PP(Q y 2 G

Proot. v\d the waPomv\ha\ as
) L 0 (0 6e2D).

k= O Xk Yh
Bﬁ Cﬂ\d\;rg&wz JVN\CSl

(erromecony' (Y | (&e\@]

£ ﬂkexk)%\rk@ﬁ)"&
<12 [R50 (R0 )
DPITTSHIIEEN

= RIS
To s fhat <()QM*BR+C9Q> < RP ndh

(o) Mehcec) Z (FXK G{FXQ> >0.
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We will now proe the rhared boued. et
MO = 2 2[00y =56A9)

2HM)- (F9) = HY- (") + 56, (A)™4)
Thas to show that
- HE0) 6,9 T dR) ’
(£9)) - Se M +§_(£,(-N D
() fo~NCD) T u(dfy) te

':SWFHCQS o show Z(3) ¢ Z(0) for ol SGGR“)A )

Zig)- | T1 pld] & He*)

XeA

lowma. Lot © be o reMechon (about cmeo\ao plare).

fo gt A—=+R" define g4 by
S+|/\+ - S‘/\J, > Ot ‘/\- - 9(8‘/\.,.) .

ond (mu\oaouslkd Qev 9-. Then :
L§)* < Z(3)2(y-).

for s‘w\pliciﬁa\ asSUMe SUpP A 1S bounded) (eg 06l
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Root. Denote by E+ tha edges carth both end poiny
w At and bf) Fo He remm'ma ONQS .

@ N =Y 48R« 2 2B 2 H-RF
ReEy ecE.- e¢E,

He(P) D) Ho(P)

Nole thaf OH; = H- ond
= 3 (SIR710IR" B
3y¢Eo “— e 4= Ox gg 111

Tus H is of the toim
H= A+ BA +2C(6G,)
ad H(+9) is o He toim
H-tg) = Ay, +BAg_+ %Cm* BCyy

The lemma g
(8 o H“:‘(\:ﬁ?] :;;1 d ?x))’-s (S o R(P+94) D‘ ,u(cJ f x5>

x ( ferHeaT F‘d?"))

., ZC:QZ <Z3) 2 j«)
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(or. for ony q with 290, Zlg) < Z(0)

frod. For e=xq, wnle [Vefl= x4, Nele thal
[Vef+1=Q for eeh

ond taf (Vo ¥ =0 '\Mp\ies I\ [=0.

T@;;e;owu‘&: He " &%\A?&s mapq% al plangs

Lg) % S&D”_DZG

Since 1V§1=0 .mp\»es ot fis @nstant, we have
Z(#)=Z(0) os claimed .

Qo (Infinite volune 1RB) . ek d23 LeH) be any

nEnik vo\ww hmd forus QAN
Assove akp d\u 1S vvn S
« Mas ing 2 =0
(]ﬁ&um ) >—>o “"3[

“\va b all $: 2R with finle &uppert
Ly ABm) oyt < (D).

M_\ez"
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e (A7)~ 5 AV iy o § it
it we dehina ¢ ;

('A).‘()‘,S)= (93‘)‘5 dP (_/A).c(P)ei?-(x'J)
E‘ﬂ"f‘

Pt .22 R hos finite A ond
SmHSE’Sé:PP%S gxg(). Than  the |RE‘m§mProms gives

3-; ?)x% {0x '63>A < % (3 )(‘&43\
Tak)nj ANZA,
}7; 9,9, {5 G" < o @3,6&"5)
Zﬂxf;;(ﬁ"(x, Lj )
X%
Sn 19,20, the LHS equals
%35)(35«@)(‘ k)'(% "Mk)>
Now aiven | with (poss'ruj) SFAO sef
e ‘fx'fl,{‘uz b dy e /\PSuth.

—
=) 29)‘2 0 fu - O}(V\Q\)

il Supp.
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3 2 9.9, {(0-m)- (M
- S, w1 6w + [ S o]
-2(5..1 (.Ux ) Z{ 4(0y~m >

~ h 4
by Lo Sonnea ond Ty Gsaption

Stwu\afl He frms wolving U in
(‘3,(-&“3\ (5, 6°)
+3 3 () (oy)

Xyl
+ -

knd to 0. net requir{na_ﬂcO
Qr. § & m)bﬂo Han for ol §: 249 R d23
THE Gy < 1)

Prov.ded § Mﬁ“&;\%uqvx’f dean thtv.
SU\PPDF" - iy G of cons be N(&Xed o).
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Lemwy (Schreder —Messaoer - Mirocle-Sole). Leb n=1,2.
E{f‘ %;@“\ nedel wy Moamaws n.an, cax?\(/\ﬁ

‘ d
<Uo’6xfe- (00-03)2' whenever yl %Koy,

P[wz:s‘:dopgﬁ\:‘)éq Hzoj /A;s;g\w&%\is SMMS iﬂeﬁuuluﬁ ;

ek n=l, L nd dz3. Let %)ZA b an ntini
o dorus omat wsbh G020 6 bl —rop,

Tkw\ Heae is (50 s

(600 ¢ plrer . (ol o 1RB)

Beak. Lek X(x) = L, ond seb S0 =40s- G,
B& Jrl'\l) \LSM\ lV\‘;lU‘Qd bou

ocsx)s g(%(ﬂ\*?c) %

;}X(x\]dj)S(x 4)

whore W ued Haak
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— I+log, L ' _
Y Y (g ¢ X 0WEN)) Y 4y

MLyl ———~ §20 ) <L Y
iC(H"’(‘t}' \-(d D F ) Or(zdj)
| +log, L .
<) 0@®) LY <o().
j=o
Thas
‘ c@y¥y Y
m/ﬁ-%\ (AL+1) 3;'- l:?EL Axy)
(%,8)
S % l—-zd L?.'(-Ol - Q Lz’d

B%H/\Q SMMS ‘lmes]mlih&, for Ixko ¢2L,

< m < m, C2d
M) < {32%8(3\ < l$.'2u.3l3) b B -

ot awaer“, dhoose L sd LAIMLIL ., Than

Q) < %M“.
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. Rordom wolk ond current &?resevdc&\\om
|, Rondom uglk temw&oh‘@vx

For i ruv\o\om oaolk &Preseml‘c\hé)w W consider Hhe
cothuginy §pin model

<l3,v (\Q, zz Wx ‘Py I(qﬁ“’x‘q ,_\/"Px\l)dg])
RN ei(‘P A¥)

awgle et L tor n=l, HAQ|51 mode‘ n be
o‘olmmc‘ ag 0 wvu‘l' Th\s 5 0\%800«3 V‘Zl.

Rhop. for oy sufficiently hice b R,
R CL RS

P (Mt | [t ((FE L - ) db
(RO 0 (L1184 Lelt) Jxen

here (xt) ist o SRW aud (Le| its loco)-time:
L(ﬂx = g 1)(;—)( dS.
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(or.
(4 00,= ] & 28 dxy) &
wohere fex !Lelk" TR
S‘e#(‘%‘?)ﬂ 'H’Il’r{) OW

" J}({\ QXP( (S(x ‘tDQx))

é(_) XeEN
U= =,

L&umole Yot 3 F&)l oy meg FeAx \QA"”JR
D UIU:(X@ )= 4 HF(XWLUQ)) ) L= A* 40,

Th | i bor &
SNAPS

Lomma .
5§ 4% ‘P‘F Iz, Ll‘f’ll) 0%

= (a0 F(x LivY a

3



Pect Recoll £=A+ Q‘zx ond noRee thet

0% Flz gl%ll) - 50 Flz Aivr).

= [ 05 G2z H9m) dy

=§ e%.(LP/A(P) ﬂ% @zl); AQHS?LJWL)-\B&‘P;FLZ)!Z'#)J
S IAR Ely Lol

(mkgmﬁ fhe 2ond lerm bd pafhl
-~ il Elx L1e?) o

Prosf o thatsom . Fix yed ovd, for zeA QeR Rt
HZ; ﬂ = Ez(.ixt"ﬁ HLt+e\') .
+ LHzf)= é%: (Ez(i)(t:ﬁ HL&Q\)

by the eercise on Bawmple Juak 3
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A?PIU lost lowwa.:
HS =T [ HPBI YRR, (A flLetie?)) A
S - f 48 B HLt)) df

(vukarute fom £-0 kb t =%, S £ =0 as Rl—*eo
Bw&u«p im of +00 fom the [HS anishes”

s 100,44 cM) LI dy
| AR, (g HLer b)) o8 ok

B Gewolie e obove to the IBP formulu:
ey - 2 Pe(ana{E), 4&5)

L‘Z'i {4889 fiieee) (-)

[odeet file+0)

Ex. Dedve o exgress\ovx Por (B, Px, Pz By
US\\'\C(\ oo tandom walks |
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k2. Lebowitz 'mecgu_a\‘\ﬁ
lowma, Lot n=l and F($) = Px, - Px, . Then

<F>Q 5 dcheaélhcé i eadh &x. I*+)
Prog:
B4Ry =~ 4F; Ll O+ v),
=g 1F; &4, <0

R BBt
Cor. Let Fhe as i the previous lemmo, Then:
{J) el < }W;@\(@

Pock By the IBf formula,
@R =T Te(2Ua{g), tiy ol

(B,

< %(%E}}:ﬁ(z('-t\ ixﬁj) U)EV
‘ TRy
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815 Similos sholamank fol n= 2 PG\OUD FFOW\
He Gini bre MQL,(MMB

QL_(LQBow'Z ualt ). Tor n=l,
(B P Z Pxas Xm\é\< Pzt erz.v

whae the sum iy over all pcunnas (mq\-elmnas)
Q" 'U)l: 3,‘*‘\

C_Q[- Some for |S'm(c) moc!g\.
Rk For o Goussion maasur on hes eﬁ\m\ng .

becie Let 0 be 0 Goussion meosye on RN
E& < o VN I PRV o OP"(Pt:i x:jﬁ-/\
[Hmi‘ ﬂus s WS forpula and Can be dertved

bom the obowe  1BP negualiM which becomes @
Q‘&lw]o\v tQTL*‘a \C oMe
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43 SlMOf\‘ Lne_b 'lmg‘sggli%

Ld' X' bQ mcle U\O‘QV\J“ SMAP'Q rC\V\dDW\ walks
with \bcoJ hw&s L. U" ond Jowd local Hme
L=l +~+1P Densty LB IE,(U o the expeduhon
for Hese walks with X5=x;

[emma, Let ACA ond It Ta=inF{£20: Xi €A,
Thawn for XGA

rk_i L) 1=y dnct) ot
-y zJ ST e ue) 4.4y e
b ) dbdt,

X A K]
Poct. Fix $20. Than
Ex Q(Ltt) A=y dr,<t)
Z o L) Ly 3iTAeIn &)
whore Tni= TA27", €27°(4)),
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e Ifs) = Tni if s€Ini. Tn the RNS is
fds fL\ o £ (J(LA) ixe-g iTAeI,,(s))

~—
(*)

Cloim: Toreodh s,
v!lﬁ?oo @;' ng ZZEA jzz ‘T—xt LQ(LB LLH S))
.'lxl =2 ix&, 53 CA ixﬂ 3)

ASSWW\8 He dam ond r\bhc_w% o
) < a’\(»( l({) 'In['a)' ‘P( |A€I,\(S\)

$__
<C[t) lL(s)rﬂ’(ng,Zl\ C

dominoled comvergen a P Fllosing chon
ci\unq\o‘ege m(p\:s%ocghm Gony cenyt

Tl {ds 39 git) =T Tl Jiagte).

Pt of dam: Fix I= To,b). Then

x(:l(L(H\ j.)(t 31‘5‘@]\ E( Q\Uﬁ)ixt =y iTA>Q
Ixendx,er)
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< G E(\imq 11,0 1xb¢A\ ) < G P(N22)
<C T
Thus (i Tals) =T )
ITiCh) = e, (L) ixﬁ:‘ 1100 i&GAbe\’ +QUIT)

=Z z ExmlUH) ix‘;a iTAm 1&:1 iqu')"mlﬁ

ZeA Z'¢A

B:) He Markoy PNPQ’"'a) s s
=3 2 B (0o Ly Ly e
ix:-o"ﬁ)
xﬁ)z()(w=z‘) t @(mz)
ey

Jzz! !h‘_‘(i‘ + O(\I"L)
\Ti

BE) =3 T deg By (T L )

ZeA 2'¢A 4_X‘IIl =2 iXI.ZOaGSCA i)é.q :5)
‘ +o( )
US}md riam -ceVd"mui"b d +P Xi e dam folows
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(o (Smor-Lick mequaliy). Let n=I(2) and ACA. Then
Tor xeA, YeA, tolly

(wxcps )A < Z Z Jzz' (‘&‘Pz)h(‘fz'?dy\.

2¢A 2'¢A
oo "
(b = | Be(QAL) Axey dy,ce) O
.-Z%A zZ% dee g ‘i B (l(L&))i e A’"{'DMCA

iX: 2 ’..3 ) d*'\d“(

The cloim fllous iF en e RES (L) con be
rplaced by (L) J(EH).
To S tis,

I e (LU -TUL BI04, ¢, el
;s: Pﬁx(lu-u"\) iX¢=z %,tm(<\vz"fg>uﬂ - (“Pz' \')3>¢)

V
<0,
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e Lt Aizesnmon - Frohlida inqctualill.}
Thm . (Aizenman, Frohlich). Let n=!. Then
U (x;, -y Xy) 2 —;Z(tpmcg)épm}&) ¢ Comedion
Xga_ , S B“m-r ;\u. (‘Pza‘&“m}
3 L&:i((a) )iTM x [SZ' X n‘M‘t ;\\z‘z" (\PZ" ‘PXUN)»]
u*l (X. o"')x‘-t) = <\PX‘ B (PXc.» - % (‘me.,(()xmux(?xtny (PXT(‘H>
R, Renl! the Leboun tz IV\QﬁNL‘I.v u* < 0.
lenma, QL(L+21) 2 2(0) T(0) - NFY
et |
log LR+€) = log () 1§ 55 leg L(£+u®') du
R,
5%\ log Lttul) = ‘); & (A (LI, ruds) + o »

>3 gt oo
- 23 ix 0 O
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= éa% |03 MMQ\) = 9\32&‘& .
= |03 J(o+9) 2 |03 JUe) + \03118\) - 23 ;Q&ex\ .

RE, Nefe thet iF fuoo wolks inlersed mudh | then
Q-?\ E Lt), \-'HT),(

becomss  small the weiaw' SAppreRey iV\\QVSQC\'fOV\S.

Reok of Hagem
s, ., )
2 Exﬂ(.m(éﬁt&.) L)) -2t LLw)

X, qu Yixtf‘xw i";"xfrm \, db. dt.

X ) x3
Oro0
2 ; 55) Eﬁm Xnca U.U.l ) “a)) 1)('5,1)(17(2)1)(:, =Xm)
1 % (Q‘ZS Iﬂ’c.)x &b)x :‘) C[tld‘tz

=0 less X' and X2
iu\hlsed',cd‘ Wy zZe N,
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> =3 2B (LLCITEN <t

1zex'm,ﬂ] 1zex2, ) db. dt,
A themiond

04

([ By (2] hay L) )
As th e proot of fhe Siman—Lieb 'ma]mli%, eo0h
mieﬁm\ s bovnded [)8

(‘thul(?xma>£zxmz) T %\‘u'«&m.) z ><(PL'(P7<W> .

Xau) 7 2 i)

(or. [\
S U0y, x93 217

X1)%2,X3

whare Lﬂ%\ip %de=ldi5, ond
%23— <CPO(B<>
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MB He Lebowilz in ) USO)“\'
Su{;Hcszsﬂ’ro mmg% e h& ! |

=T Uel0X X, X3) € 3L LAY =

X,%2 X5 XKy Z

x [Sz X, + ; b2t <‘le\sz>]
X [ Sz Xyt 2‘:‘ Jz 2 (‘Pz " (fx3>]

<3 (1+01x)”
Brercie . rsider hoo indeperdent SRW on 24 Shes
o0 <o i d>4
Eoel] Ax -, dt] =0 iF debt,

ldea: HS=2 Eo,o[lxkz 4—)(1=z]

A
= % C(O,—)z =~ ; 0_“_|Z|)2.(d 2)

Ituthon: W uolks in AF meguality were S\Z\A))
aHCXa,---,Xu)“O n d"fq'\[‘ 2,---)‘# Wi)eﬁf
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LS. chwss‘\omih of contnuam limids in d2S.

or §: RA= IR smooth woith compact supoord,
dehng

681 )= ;&(X)‘fx = Ed—v\g Hx&) P
Whot can be soid about Ha dishbuhon of thi

random von able ?

Defn. A KW@ of random Falds P¢ on 2°

hos a cov\‘\muwv\ limit ° waith 'Wg
exporent d-a it fo eery € @R ‘),

[k, 5¢) _d), 19 (e-0)

for o random Feld T on & (whidh is \Asm\l
auoralised Fondion, o Sl st

bﬁmeTheGFFOnZ“chas
continuum b wbh &= (d-l) \un&
ho Fid

covx+muwv| G;:F -, Smcsz 1S éaus&lan
s amownts fo onvergona o Ha covan once
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lomma, For He lsing mode) en ZA QSsuMe
S S‘l' <(P&Px %
of Be2C?0.

(F: % ’)—* D F o x<5d-2).

freoF. By the (inf. vol.) Infrared bound,
((&,W7 HX)F (3 ) (PP h

< fzdﬁ.l(x )?3 NX'E—)RSE) B(E (X~ 3\)d~2
‘ &

= 2092 Ml fye) g

V

This il be inlereding & BB

oS I~ (€ fixed) ond

-0 -———,—/—”
Facdt = 860y g0y
lpshet: for 6 nontivial fmd, nad o2 dig
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%lw_ m. Let d25 L (d-2), X<00. Thon'
each FeC"‘(ni

, <(¢£ W> 3( /(&

where X, Ed’la%t id Z“I@P‘PQ
Rk. I¢ (R,‘P\/TZ s Goussion, Hhen LHS‘*O.

Rk, Consider )= Liwss. Then, it X<,
US/APRTIINNA ML S

RS T (R Byx e K=K

Iq<et lylse

Mot cor we shauld have defined the
r\ormcd\sNH & tha LHS. Than the

telenent nded to fo (nhca) @y
)6=00 Wh tar\ He corrent stefenont m&j applies
0t neor-cnhical case (oo bt T = )
Ths would hove made He Prwf MO

kcl'\mccxl

d-1

— 0.
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et
URIAPIRTARNC A

(O gRP= &;Y fe ) - R bg) PP ICEs, B

3 8, 9)%) -3 {9
=Z 1:‘Lb(n){‘i(xk}) u«-(-o(\,-»-,xq\

Xi)- Xy

< “He % (&(Xt\lgmluq (XI)'")X\(“

tromsl. tav. — o~ 2 'u“(b) X .,,Xq)\

X2, Xy

= | f{ "03 “FJ. X;Xb‘u&f(o) Xiy-) X3)|

I RGeS (0%, %))
d L
S\Aﬂ: ?C[‘%fa%‘_] < 5(J|5 K (|+ \]IFZ")

= REIHE €% (3P (1 ).
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= (&ﬂ?)q) ) <(f£ w)} < BRI Iyl g+
~(1+om)
Sine &2 ﬂd'l\) He RHS is
S C} E—d'l'l(d‘z) — Cf Ed‘“‘ 4)0 |

Rk It con also be Shown Heat
<@2*> ~M(£¢t‘ ~—0

Lohare QK s tre umber oF pounn%mc;* 2 VOMB.

A@(V\ Q(Tm ln Goussian

Rk. The shefemant s ako frue in d=l, but
much harder — Felde Medol 202, .

L C. Rondom curiewt represeyitoh On
S Bomple et 4.
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5. FK gpresentahon ond poreokhion

dn. Given o Pate aoph 6= (AE) and B20
fhe q-shale Pofts e > &iad on s-.En ’
enhiqwahons & A —{1,..95 by

_ e~
&Tp@h) = Z‘/\\,P QP’%G/\ =G

Ex . Proe Hew exishs To={u, ., ugf ¢ R st

AT L e B )
e il Y (i#)

(fq s o tebra hadron: Iqﬂ, '}-' 2 ,.. )

ldeF‘a, {91 whh ., Uql: Ux= Usk . Than
Uity = 4 dgngr, = |
> B loegy Q%,%Eu"'ud

Xgen

E\Qb PSH?%Z% fekahedral mesevx\u hon o
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Defny. The roindom dugle rodd wth
pelo, Q% 320 S ch Prcﬂabﬁhj mmz\evs
on &bSVU«P’\S w CE debned by

'PPﬂ W) = 4 Plt.olu P)\E\wl k(W)

ga\ﬁzqd JZ(JI:%) le?s )Mgfm:)\bu of @nnecled comPommb

%& ciol @R q is called “Beinenlli bard
lahon.

EC\‘MAS‘S&O\ COQO{ ). DQHM a probaby l,&

Wasmo on U,

Rlo,w) « w'U o) iic s ensfant on
Then for 0el23,.5. each clusler of w}.

() Tku W th@\mod is He rondom clugler
Po\ravv\m‘r@rs ond o‘

ﬂ) Tlr\sz 0‘ MQ. m\ma‘ |s H/\Q @ SkxtQ POHS
P given p=l-eP.
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(i) Given w, e condiRendl measure on o

IS given dmeosfng Ox constout o
Qagn dustey and yiniferm frow {199 ,
indePQ««dmﬂa foi different cluglers.

Post () Given o, #hore M) choicny
Tor & SQHS%‘:S M c&ft::fai?& that 0 is
conshaut on duders of 3. Thus the

o Mmorqingl 15

Pluo\ (,I-p\‘E\m G‘k(w\ .
(i) EX(AM?lQ Sheat
(i) Swalor to ().

Brercise. 1§ p=1-"P, than
(e up, = (g gk g)

e Phe LHS refers to q-S f Potk medel
Ou\d H«z%&bﬂm fAhQoM skr rmdel,
ond X is Ha MA*MXL\V\CSBQVQ lV\H‘Q
st cuser.
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Note fat percolofion o =By can immediolly be
Jebinad on the. inkinits soph 21 faitout ).

bedise, Lot d=l. Compufe Fpx—y).

Beici. Lot d21 Sow frar s 20 such the
lﬁ,(O*"X) ¢ Ce O fo P< P

_Ex\wc_:g, lob d22. Show ther is p,<l such that
PP(DMX\ 2¢>0 for P P,.
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