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Abstract

A short course on spin systems, covering mean-field theory, continuous symmetry breaking,
random walk representations, and a glimpse at supersymmetry and the renormalisation group.
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1 Introduction and mean-field theory

1.1 Spin systems

Classical spin models are collections of many random variables (ϕi)i∈Λ, called spins, whose distri-
bution is specified in terms of the energy of a spin configuration. The spins are indexed by a set
Λ, which we initially assume to be finite, but large, and eventually |Λ| → ∞. The individual spins
ϕi can be discrete or continuous. They take values in a target space T and are described by an a
priori reference distribution µ on this space. The simplest example is the Ising model, the target
space is T = S

0 = {±1}, i.e., ϕi ∈ S
0 = {±1}, and the reference distribution is uniform on S

0.
The energy of a spin configuration is described by a pair potential U(ϕ,ϕ′) and a coupling matrix
β = (βij)i,j∈Λ as

H(ϕ) =
1

2

∑

i,j

βijU(ϕi, ϕj). (1.1)

For the Ising model, the pair potential is U(ϕ,ϕ′) = 1
2(ϕ−ϕ′)2 = −ϕϕ′ + constant. Since |ϕ| = 1,

the constant does not change the measure and is often omitted. By convention, we choose the pair
potential U symmetric and such that U(ϕ,ϕ′) is smallest when ϕ and ϕ′ align (in a suitable sense).
Then:

• If βij > 0 for i 6= j, the energy favours that spins align: the system is ferromagnetic.

• If βij 6 0 for i 6= j, the energy favours that spins anti-align: the system is anti-ferromagnetic.

• It is also interesting to consider the case where the spin couplings βij are random themselves,
e.g., independent centred Gaussian, independent of the spins. This is called a spin glass.

The Ising model is one example of a large class of interesting models. These include in particular:

• the O(n)-model, where ϕi ∈ S
n−1, and the a priori distribution is uniform on S

n−1;

• the q-state Potts model, where ϕi ∈ {1, . . . , q}, again with uniform a priori distribution;

• the |ϕ|4 model, where ϕ ∈ R
n, and the a priori distribution has a “Mexican hat potential;”

• the hyperbolic sigma model, where ϕ ∈ H
n, and the a priori distribution is uniform;

• Sine–Gordon models, where ϕ ∈ R, and the a priori distribution is a periodic measure;

• gradient models, where ϕ ∈ R, and U(ϕ,ϕ′) depends only on ϕ− ϕ′.

Furthermore, an important example that also arises as a limit of several of the above models is

• the Gaussian Free Field, where ϕi ∈ R
n, and the a priori distribution is the Lebesgue measure.

Symmetry plays an important role in the behaviour of spin models. In the examples above,
the single spin distribution and the two-spin interaction is symmetric with respect a group of
symmetries.

• Ising and Potts models: permutation group on q elements;

• O(n) model and |ϕ|4 models: the orthogonal group O(n);

• Gaussian Free Field and gradient models: the n-dimensional Euclidean group;

• Sine–Gordon models: the additive integers Z;

• Hyperbolic sigma models: the restricted Lorentz group SO+(n, 1).
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There are key distinctions between continuous and discrete symmetry groups, between compact and
non-compact ones, and between abelian and non-abelian symmetry groups. Usually, symmetries
imply important constraints (Ward identities) on the measure with often powerful consequences.
In these lectures, we focus on the ferromagnetic case, and Λ is often the vertex set of a large graph
approximating Z

d in a suitable way.
The above spin models also have various generalisations, which are interesting in themselves, or

as a tool to study other models. These include quantum versions, which are fundamental models
in quantum mechanics, as well as supersymmetric models, which arise as effective models in the
description of disordered systems such as random matrices and in the description of interacting
random walks (e.g., self-avoiding walks). Spin models can also be defined on continuous rather
than discrete spaces. Many of the fundamental questions remain the same in this case.

Notation. For u, v ∈ (Rn)Λ, we write (u, v) =
∑

i∈Λ ui · vi. Moreover, E and 〈·〉 will denote the
expectation of a probability measure, often with subscript to indicate which measure is referred
to.

1.2 The free field

1.2.1. Gaussian fields. Let Λ be a finite set, and let C = (Cxy)x,y∈Λ be a symmetric strictly positive
definite matrix. Then C has an inverse which we denote by A.

Definition 1.1. The centred Gaussian measure in R
Λ with covariance C, or equivalently with cou-

pling matrix A, is defined by the density

pC(ϕ) = (det 2πC)−1/2e−(ϕ,Aϕ)/2 (ϕ ∈ R
Λ) (1.2)

with respect to the Lebesgue measure on R
Λ. We write EC for the expectation of this measure. The

Gaussian measure with mean h ∈ R
Λ is given by the expectation EC,hF (ϕ) = ECF (ϕ+ h).

Proposition 1.2. The centred Gaussian measure pC is the unique probability measure on R
Λ with

Laplace transform (moment generating function)

EC(e
(f,ϕ)) = e(f,Cf)/2. (1.3)

In particular, EC(ϕxϕy) = Cxy.

Proposition 1.3. Let C1 and C2 be positive definite matrices on R
Λ. Then

pC1
∗ pC2

= pC1+C2
, where p1 ∗ p2(ϕ) =

∫

RΛ

p1(ϕ− ζ)p2(ζ) dζ. (1.4)

By (1.3), Gaussian measures can also be defined when the covariance matrix C is positive
semi-definite rather than positive definite. They then have support in a subspace of RΛ. The last
propositions can be extended to this case. We will return to this later.

1.2.2. The free field. The Gaussian Free Field (GFF) on a set Λ with spin couplings β = (βij)i,j∈Λ
and squared mass m2 > 0 and external field h ∈ R

n is given by the probability measure on R
nΛ

with expectation

〈F (ϕ)〉Λ,β,m2,h ∝

∫

(Rn)Λ
F (ϕ) e−H(ϕ)

∏

x∈Λ

dϕ, (1.5)

where, with Mij = −βij for i 6= j and Mii =
∑

j 6=i βij ,

H(ϕ) =
1

4

∑

i,j∈Λ

βij |ϕi − ϕj |
2 +

1

2

∑

i∈Λ

m2|ϕi|
2 −

∑

i∈Λ

h · ϕi =
1

2
(ϕ, (M +m2 id)ϕ)− (h, ϕ). (1.6)
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In other words, the GFF is a Gaussian measure with covariance given by

〈ϕx;ϕy〉β,m2,h = (M +m2)−1
xy . (1.7)

Since the measure is Gaussian the mean is unimportant and we normally set h = 0. By Wick’s
formula for Gaussian integrals, all correlation functions can be computed in terms of the two-point
function. We will not need this fact.

Example 1.4. Let Λ be a discrete torus in dimension d > 1 and side length L. Let βij = 1i∼j where
i ∼ j denotes that i and j are neighbours in Λ. Then M = −∆ is the discrete Laplace operator Λ.
Then, for x, y ∈ Z

d, as |x− y| → ∞,

lim
m2↓0

lim
L→∞

(−∆+m2)−1
xy ∼

{
Cd|x− y|−(d−2) (d > 3),

∞ (d 6 2),
(1.8)

lim
m2↓0

lim
L→∞

((−∆+m2)−1
xy − (−∆+m2)−1

xx ) ∼

{
−C2 log |x− y| (d = 2),

−C1|x| (d = 1).
(1.9)

Corollary 1.5. For d > 3,

∞ = lim
Λ↑Zd

lim
m2↓0

〈ϕ2
x〉Λ,β,m2,0 6= lim

m2↓0
lim
Λ↑Zd

〈ϕ2
x〉Λ,β,m2,0 < ∞. (1.10)

The interpretation of this equation is that the symmetry of translations ϕ → ϕ + t for t ∈ R

of the measure, which holds for m2 = 0 in finite volume, is spontaneously broken. On the other
hand, the rotational symmetry ϕ → Rϕ for R ∈ SO(n) is not spontaneously broken; the following
exercise shows an instance. The spontaneous breaking of symmetries is one of the mean aspects of
interest in the study of spin systems.

Exercise 1.6. Show that for any bounded continuous function F ,

lim
m2↓0

lim
Λ↑Zd

lim
h→0

〈F (ϕx)〉Λ,m2,h = lim
m2↓0

lim
h→0

lim
Λ↑Zd

〈F (ϕx)〉Λ,m2,h. (1.11)

Symmetries give rise to Ward identity. The following is an example.

Proposition 1.7. For any m2 > 0,

∑

y∈Λ

(M +m2)−1
xy =

1

m2
. (1.12)

This is the simple fact that the constant vector 1 = (1, . . . , 1) is annihilated by M , i.e., M1 = 0,
and thatm2

1 = m2
1. However, it is also an example of a Ward identity associated to the symmetry

of translation. Similar Ward identities exist when explicit Gaussian calculations are not available.

Proof. Write Hβ,m2(ϕ). Then Hβ,0(ϕ + t1) = Hβ,0(ϕ) for all t ∈ R, where 1x = 1 for all x ∈ Λ.
By translation invariance of the Lebesgue measure and of Hβ,0,

〈ϕx〉β,m2 =
1

Z

∫
ϕxe

−Hβ,0(ϕ)−
1

2
m2(ϕ,ϕ) dϕ =

1

Z

∫
(ϕx + t)e−Hβ,0(ϕ)−

1

2
m2(ϕ+t1,ϕ+t1) dϕ. (1.13)

Differentiating with respect to t at t = 0 gives

0 = 〈1−m2ϕx(ϕ,1)〉β,m2 = 1−m2
∑

y

〈ϕxϕy〉β,m2 , (1.14)

which is the claim.
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1.3 The mean-field O(n) model

The correlation structure of the free field is Gaussian and thus explicit. For general spin models,
understanding the detailed behaviour can become extremely difficult. We now consider the O(n)
model. For spin couplings β = (βij), the energy of a spin-configuration is given as for the free field
by

H(ϕ) =
1

4

∑

i,j

βij |ϕi − ϕj |
2 −

∑

i

h · ϕi =
1

2
(ϕ,Mϕ)− (ϕ, h). (1.15)

The reference measure µ is now not the Lebesgue measure, but is still symmetric under rotations
and reflections. The simplest such choice of µ is the uniform measure on the sphere S

n−1 ⊂ R
n.

The expectation of F : (Sn−1)Λ → R is then given by

〈F 〉 = EνF ∝

∫

(Sn−1)Λ
F (ϕ) e−H(ϕ) µ⊗Λ(dϕ). (1.16)

In the following, we show that the Sn−1 model can be solved in mean-field theory. The methods
also apply to general O(n)-symmetric models. In mean-field theory, the coupling matrix treats all
pairs of spins in the same way, i.e., Λ = {0, . . . , N − 1}, and for some constant β > 0,

βij =
β

N
for all i, j. (1.17)

The scaling 1/N ensures that the total interaction remains of order 1. Let Q denote the orthogonal
projection onto the constant vectors in R

N , i.e., the matrix with all entries equal to 1/N , and set
P = id−Q. Then the matrix M in (1.6) for βij = β/N is

M = βP. (1.18)

Since P is a degenerate matrix (it annihilates the constant functions), it can be useful to regularise
the spin coupling by considering instead M +m2 = M2 +m2 id, with m2 ↓ 0 eventually. Since P
and Q are orthogonal projections with P +Q = id, one has

M +m2 = (β +m2)P +m2Q. (1.19)

By the spectral theorem, hence

(M +m2)−1 =
1

β +m2
P +

1

m2
Q =

1

β +m2
id +

β

m2(β +m2)
Q. (1.20)

The following lemma is a limiting case of Proposition 1.3, when m2 ↓ 0.

Lemma 1.8. Let M = βP be the mean-field coupling matrix. There is a constant c > 0 such that

e−
1

2
(σ,Mσ) = c

∫

Rn

e−
β
2
(ϕ−σ,ϕ−σ) dϕ for all σ ∈ (Rn)Λ, (1.21)

where we identify ϕ ∈ R
n as a constant vector (ϕ, . . . , ϕ) ∈ R

nΛ.

Proof. The proof is a limiting case of Proposition 1.3, where the Gaussian measure with covariance
βQ/(m2(β +m2)) tends to the Lebesgue measure on the subspace of constant fields ϕ as m2 ↓ 0.

Instead of using this, we can also check the claim directly. Let σ̄ = Qσ, i.e., σ̄i =
1
N

∑
j σj for

any i ∈ Λ. Since ϕ and σ̄ are constant on Λ, we also write ϕ = ϕi and σ̄ = σ̄i. Then

1

2
(ϕ− σ, ϕ− σ) =

1

2
((ϕ− σ̄)− (σ − σ̄), (ϕ− σ̄)− (σ − σ̄))

=
1

2
(Q(ϕ− σ̄)− Pσ,Q(ϕ− σ̄)− Pσ) =

1

2
N |ϕ− σ̄|2 +

1

2
(σ, Pσ) (1.22)
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where the last equality holds since the projections P and Q are orthogonal. Take the exponential
exp(−β(·)) of both sides and integrate over ϕ ∈ R

n. The right-hand side is

e−
1

2
(σ,Mσ)

∫

Rn

e−
Nβ
2

|ϕ−σ̄|2 dϕ = e−
1

2
(σ,Mσ)

∫

Rn

e−
Nβ
2

|ϕ|2 dϕ ∝ e−
1

2
(σ,Mσ). (1.23)

The left-hand side already has the claimed form.

The identity (1.21) allows us to decompose the measure of the O(n) model ν on (Sn−1)Λ into
two measures, which we call the renormalised measure and the fluctuation measure.

Renormalised measure. The renormalised measure νr is a measure on R
n defined as follows. For

ϕ ∈ R
n, define the renormalised potential by

V (ϕ) = − log

∫

Sn−1

e−
β
2
(ϕ−σ)2+(h,σ) µ(dσ). (1.24)

The renormalised measure is then defined by the expectation

Eνr(G(ϕ)) ∝

∫

Rn

G(ϕ) e−NV (ϕ) dϕ. (1.25)

Fluctuation measure. The fluctuation measure is a measure on (Sn−1)Λ but of simpler form than
the original O(n) measure. It is a product measure that depends on the renormalised field ϕ ∈ R

n,
and is defined by

Eµϕ(F (σ)) ∝
∏

x∈Λ

∫

Sn−1

F (σ) e−
β
2
(ϕ−σx)2+(h,σx) µ(dσx). (1.26)

Lemma 1.9. For any F : (Sn−1)Λ → R,

Eν(F (σ)) = Eνr(Eµϕ(F (σ))). (1.27)

Proof. The proof is just a matter of substituting in definitions and using (1.21):

Eν(F (σ)) ∝

∫

(Sn−1)Λ
F (σ) e−

1

2
(σ,Mσ)+(h,σ) µ⊗Λ(dσ)

∝

∫

Rn

∫

(Sn−1)Λ
e−

β
2
(ϕ−σ,ϕ−σ)+(h,σ) F (σ)µ⊗Λ(dσ) dϕ

=

∫

Rn

e−NV (ϕ)

(∏

x∈Λ

eV (ϕ)

∫

(Sn−1)Λ
e−

β
2
(ϕ−σx,ϕ−σx)+(h,σx)F (σ)µ(dσx)

)
dϕ

∝ Eνr(Eµϕ(F (σ))), (1.28)

and since Eν(1) = 1 = Eνr(Eµϕ(1)), the identity (rather than proportionality) follows.

To compute the magnetisation, we need the observable F (σ) = σ0. Let G(ϕ) = Eµϕ(σ0). Then

Eν(σ0) = Eνr(G(ϕ)). (1.29)

The right-hand side is a finite-dimensional integral, with dimension n independent of the number
of vertices N . Therefore Laplace’s Principle can be applied.

Exercise 1.10 (Laplace’s Principle). Let V : Rn → R be continuous with global minimum at ϕ0 ∈ R
n.

Assume that
∫
Rn e

−V dϕ is finite and that {ϕ ∈ R
n : V (ϕ) 6 V (ϕ0) + 1} is compact. Then for any

bounded continuous function g : Rn → R,

lim
N→∞

∫
Rn e

−NV (ϕ)g(ϕ) dϕ∫
Rn e−NV (ϕ) dϕ

= g(ϕ0). (1.30)
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Figure 1.1. The renormalised potential for β > βc with h = 0 (left) and h 6= 0 (right). For h 6= 0 the
minimum is unique, while for h = 0 it is assumed on a set with O(n) symmetry.

The critical points ϕ of the renormalised potential V satisfy (with G(ϕ) = Eµϕ(σ0) as above)

0 = ∇V (ϕ) = Eµϕ(β(ϕ− σ)) = β(ϕ−G(ϕ)), i.e., ϕ = G(ϕ). (1.31)

Exercise 1.11. In the Ising case (n = 1), the renormalised potential V and the function G are

V (ϕ) =
β

2
ϕ2 − log cosh(βϕ+ h) + constant, G(ϕ) = tanh(βϕ+ h). (1.32)

In general, the properties of the solution to G(ϕ) = ϕ are summarised in the following exercise.

Exercise 1.12. Let n > 1.

(i) For h 6= 0, the effective potential V has a unique minimum ϕβ,h parallel to h.

(ii) For β 6 n, the effective potential V is convex and the minimum of V tends to 0 as h → 0.
Moreover, HessV (ϕ) > β − β2/n for any h ∈ R

n.

(iii) For β > n, the minima of the effective potential lie on a sphere |ϕ| = r for some r = r(β) > 0
if h = 0; as h ↓ 0 the unique minimum converges to a point on this sphere.

(You may restrict to n = 1. For n > 1 parts of the exercise are difficult.)

By Laplace’s Principle, for h 6= 0 and denoting by ϕβ,h the corresponding unique minimum,

lim
N→∞

Eν(σ0) = lim
N→∞

Eνr(G(ϕ)) = G(ϕβ,h) = ϕβ,h. (1.33)

Taking h ↓ 0, we see that this limit is 0 for β 6 n and that it is non-vanishing if β > n.

Exercise 1.13 (Critical exponents). Let χ = χ(β, h) = limN→∞
∑

y(〈ϕx · ϕy〉 − 〈ϕx〉 · 〈ϕy〉) denote
the susceptibility, and set βc = n. For the Ising case n = 1, show that

(i) Show that the spontaneous magnetisation obeys

ϕ0(β, 0+)

{
> 0 (β > βc)

= 0 (β 6 βc),
(1.34)

and ϕ0(β, 0+) ∼
√
3(β − βc) as β ↓ βc.
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Figure 1.2. The renormalised potential for β < βc with h = 0 (left) and h 6= 0 (right). The renormalised
potential is convex and the minimum is assumed at a unique point in both cases.

(ii) Show that the susceptibility obeys

χ(β, 0) =
1

βc − β
(β < βc), χ(β, 0) ∼

1

2(β − βc)
(β ↓ βc). (1.35)

Sketch. (i) tanh(x) = x− 1
3x

3 + o(x3) and ϕ0(β, 0+) → 0 as β → βc implies

ϕ0(β, 0+) = tanh(βϕ0(β, 0+)) = βϕ0(β, 0+)−
1

3
(βϕ0(β, 0+))

3 + o(βϕ0(β, 0+))
3 (1.36)

and therefore

(β − 1)ϕ0 =
1

3
(βϕ0)

3 + o(βϕ0)
3. (1.37)

The claim follows by dividing by ϕ0/3 and taking the square root:

ϕ2
0 ∼ 3

β − 1

β3
∼ 3(β − βc). (1.38)

(ii) One can show that

χ =
1

−β + (1− ϕ0(β, h)2)−1
. (1.39)

This implies

χ =
1

−β + (1− ϕ0(β, 0+)2)−1
=

1

1− β
=

1

βc − β
(β < βc), (1.40)

χ ∼
1

−β + (1− 3(β − 1))−1
∼

1

1− β + 3(β − 1)
=

1

2(β − βc)
(β > βc), (1.41)

as claimed.

Exercise 1.14. For the Ising case, use the self-consistent equation ϕ0 = tanh(βϕ0+h) to show that
ϕ0 = ϕ0(β, h) satisfies the inviscid Burgers’ equation

∂

∂β
ϕ0 = ϕ0

∂

∂h
ϕ0.

The inviscid Burger’s equation is a prototype for a PDE that develops shocks.

8



1.4 Brascamp–Lieb inequality

In mean-field theory, the main questions can be reduced to asymptotic analysis of finite-dimensional
integrals. For general spin couplings this is not possible. In the presence of convexity (excluding the
most subtle regions of the phase diagram), the Brascamp–Lieb inequality is a powerful inequality
that allows to obtain a bound in terms of the related Gaussian model.

Let Λ be a finite set, and let 〈·〉H denote the expectation of a probability measure on R
Λ with

density proportional to e−H where H : RΛ → R.

Theorem 1.15 (Brascamp–Lieb inequality). Assume that H is uniformly convex, i.e., there is c > 0
such that HessH(ϕ) > c id for all ϕ ∈ R

Λ. Then for any nice u : RΛ → R,

varH(u) 6 〈Du(HessH)−1Du〉H . (1.42)

In particular, if (f,HessH(ϕ)f) > (f,Qf) for all f ∈ R
Λ, uniformly in ϕ ∈ R

Λ,

〈e(ϕ,f)−〈(ϕ,f)〉H 〉H 6 e
1

2
(f,Q−1f) for all f ∈ R

Λ. (1.43)

Proof. We follow the approach of Helffer–Sjöstrand. For a nice function v : RΛ → R, define

Lv(ϕ) =
∑

i∈Λ

(
−D2

i v(ϕ) + (DiH(ϕ))Div(ϕ)
)
, Di =

∂

∂ϕi
. (1.44)

By integration by parts, then

〈vLv〉 = 〈(Dv)(Dv)〉 ≡
∑

i∈Λ

〈(Div)(Div)〉. (1.45)

For a nice function g : Λ× R
Λ → R, define the Witten Laplacian

Lg(i, ϕ) =
∑

j∈Λ

DiDjH(ϕ)g(j, ϕ) + Lg(i, ϕ). (1.46)

The operator L is defined by the quadratic form (1.45) and is therefore positive on L2(µH) and has
a self-adjoint extension. The operator L is then self-adjoint on Λ⊗L2(µH) and L > HessH > c > 0
as quadratic forms. In particular, L is invertible and L−1 6 (HessH)−1 holds as quadratic forms.

Write Dv(i, ϕ) = Div(ϕ). Helffer–Sjöstrand observed the elementary identity DLv = LDv. By
integration by parts, it implies in particular that

〈(Lv)2〉 = 〈DvLDv〉 = 〈DLvL−1DLv〉. (1.47)

Now assume Lv = u − 〈u〉 (this equation can be solved under the above assumptions). Then the
left-hand side of the Helffer–Sjöstrand identity (1.47) is varH(u) and we obtain

varH(u) = 〈DuL−1Du〉H 6 〈Du(HessH)−1Du〉H . (1.48)

The inequality (1.43) follows from (1.42) by replacing H by Ht = H − tu with u(ϕ) = (f, ϕ). Note
that H and Ht have the same Hessian. Let

Φ(t) = log〈et((f,ϕ)−〈(f,ϕ)〉)〉H . (1.49)

Then Φ(0) = 0, Φ′(0) = 0, and

∂2Φ

∂t2
= varHt((f, ϕ)) 6 〈(f, (HessH)−1f)〉 6 (f,Q−1f), (1.50)

which implies the claim Φ(1) 6 1
2(f,Q

−1f).
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1.5 High temperature

The Brascamp–Lieb inequality is typically most effective at high temperatures. As an example, the
model O(n) has bounded susceptibility whenever the temperature is sufficiently large. Consider
the O(n) model with measure

νh(dσ) =
1

Z
e−

1

2
(σ,Mσ)+(h,σ) µ⊗Λ(dσ) (1.51)

for some positive definite matrix M . Denote by ‖M‖ the largest eigenvalue of M . Write 〈·〉h = Eνh .

Exercise 1.16. Let M be a positive definite matrix with ‖M‖ < β < n. There is a universal constant
Cβ such that, with h = (h, 0, . . . , 0), h > 0,

1

|Λ|

∑

x,y∈Λ

(〈σx · σy〉 − 〈σx〉 · 〈σy〉) 6 Cβ , 0 6
1

|Λ|

∑

x∈Λ

〈σ1
x〉h 6 Cβh. (1.52)

Here is the idea. In the mean-field case, we decomposed the inverse coupling matrix (M+m2)−1

as a sum of two positive definite matrices. In general, if the eigenvalues of M are in [0, β), i.e.,
M is positive definite and M < β id as quadratic forms, we can choose m2 sufficiently small that
m2 6 M +m2 6 β and then decompose (M +m2)−1 as

(M +m2)−1 =
1

β
id +B−1 (1.53)

with β > 0 and with B a (strictly) positive definite matrix. By (1.4) and using that |σ| = 1,

e−
1

2
(σ,Mσ) ∝ e−

1

2
(σ,(M+m2)σ) ∝

∫

(Rn)Λ
e−

β
2
(ϕ−σ,ϕ−σ) e−

1

2
(ϕ,Bϕ) dϕ. (1.54)

This is analogous to (1.21) except that ϕ ∈ (Rn)Λ is not constant. Define the renormalised potential
as in the mean-field case by (1.24). In particular, by Exercise 1.12, the potential V is strictly convex
if β < n, and in the Ising case, explicitly,

V (ϕ) =
β

2
ϕ2 − log cosh(βϕ+ h). (1.55)

Similarly to the mean-field case, define the renormalised measure νr on (Rn)Λ and and the fluctu-
ation measure on (Sn−1)Λ by

Eνr(F (ϕ)) ∝

∫

(Rn)Λ
e−

1

2
(ϕ,Bϕ)−

∑
x∈Λ V (ϕx) dϕ, (1.56)

Eµϕ(F (σ)) ∝
∏

x∈Λ

∫

Sn−1

F (σ) e−
β
2
(ϕx−σx)2 µ(dσx), (1.57)

and notice that then

Eν(F (σ)) = Eνr(Eµϕ(F (σ))). (1.58)

Since V is strictly convex, provided that β < n, we can apply the Brascamp–Lieb inequality to the
measure νr with

(HessH)−1
6

1

β − β2/n
id. (1.59)
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Sketch of first bound in (1.52). Let F (σ) =
∑

x∈Λ σx and G(ϕ) = Eµϕ(F (σ)). Then

varν(F ) = Eνr varµϕ(F (σ)) + varνr(G(ϕ)). (1.60)

It is not difficult to check that the first term is of order |Λ|. The Brascamp–Lieb inequality implies

varνr(G(ϕ)) 6 Cβ

∑

x

Eνr(DxG(ϕ))2 6 Cβ |Λ|, (1.61)

where the last inequality follows from the fact that DG(ϕ) is uniformly bounded. This completes
the sketch of the proof.

Remark 1.17. Under the same assumption, the measure satisfies a logarithmic Sobolev inequality
with constant only depending on β; see [2].
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2 Spontaneous breaking of continuous symmetry

2.1 The infrared bound and its consequences

For simplicity, we again consider the S
n−1 model, n > 1, but the results can easily be extended to

all models with O(n) symmetry. However, we must again make a special choice of spin couplings:
we now assume that Λ is a discrete d-dimensional torus of side length L and that

βxy = β1x∼y for some β > 0, (2.1)

where x ∼ y denotes that x and y are nearest-neighbours in Λ. Thus the corresponding matrix M
is M = −β∆ with ∆ the nearest-neighbour Laplace operator. The Laplace operator is invertible
on the subspace of RΛ orthogonal to the constant functions, i.e., ∆−1f exists when

∑
x fx = 0.

The methods used to prove the following results do not work if, e.g., βxy = 1|x−y|63.

Theorem 2.1 (Infrared bound, Fröhlich–Simon–Spencer). Let µ be any measure on R
n with suffi-

cient decay (not necessarily O(n)-symmetric), and let 〈·〉 be the corresponding expectation (1.16)
with nearest-neighbour interaction as above. Then for any f : Λ → R

n with
∑

x fx = 0,

〈e(f,ϕ)〉 6 e
1

2
(f,(−β∆)−1f). (2.2)

In particular, for f with
∑

f = 0,

var (f, ϕ) = 〈(f, ϕ)2〉 6 (f, (−β∆)−1f). (2.3)

Note the formal similarity with the Brascamp–Lieb inequality. If µ(dϕ) = e−V (ϕ)dϕ, then the
infrared bound is an estimate for the same measure that appears in the Brascamp–Lieb inequality
if H(ϕ) is taken to be the specific choice

1

4

∑

i,j

βij |ϕi − ϕj |
2 +

∑

j

V (ϕj), βij = β1i∼j . (2.4)

On the other hand, while the Brascamp–Lieb inequality involves the Hessian of the full Hamil-
tonian, the infrared bound only involves that of the (nearest-neighbour) interaction and requires
the restriction

∑
f = 0. As a result, unlike the Brascamp–Lieb inequality, it applies in particular

when V is very non-convex. It is a very remarkable estimate and its proof is deceivingly simple.
The strength of the infrared bound comes at the cost that the spin coupling part is restricted to
the nearest neighbour interaction on the torus, or more generally reflection positive interactions.

Remark 2.2. The name infrared bound comes from the following formulation in Fourier space. Let
Λ∗ be the Fourier dual of Λ, and (ϕ̂p)p∈Λ∗ the Fourier transform of (ϕx)x∈Λ:

Λ∗ = {
2π

L
n : n ∈ Λ}, ϕ̂p =

1

|Λ|1/2

∑

x∈Λ

eip·xϕx = (ϕ, ep). (2.5)

Note that the Laplace operator acts by

(∆̂f)p = ∆̂(p)fp, ∆̂(p) = 2
d∑

i=1

(cos pi − 1). (2.6)

The infrared bound (2.3) implies that, for p ∈ Λ∗ \ {0},

〈|ϕ̂p|
2〉 = 〈|(ep, ϕ)|

2〉 6 (ēp, (−β∆)−1ep) =
1

−β∆̂(p)
. (2.7)
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Note that, by translation invariance, the left-hand side can also be written as

〈|ϕ̂p|
2〉 =

1

|Λ|

∑

x,y

eip·(x−y)〈ϕx · ϕy〉 =
1

|Λ|

∑

x,y

eip·(x−y)〈ϕ0 · ϕx−y〉 =
∑

x

eip·x〈ϕ0 · ϕx〉. (2.8)

This bound is especially useful for p small, giving the name infrared bound.

Exercise 2.3. Show that, if d > 3 then

∑

p∈Λ∗\{0}

1

−∆̂(p)
< ∞. (2.9)

The following corollary of the infrared bound shows that the rotational symmetry of the S
n−1

model is spontaneously broken if β is large. The proof is easy to extend to any O(n) model.

Corollary 2.4. Let d > 3. Let 〈·〉h be denote the expectation of the S
n−1 model on Λ, with external

field he where h > 0 and e ∈ S
n−1. Then

1

|Λ|

∑

y

〈ϕx · ϕy〉0 > 1−O(
1

β
), 〈e · ϕx〉h > 1−O(

1

β
) +Oβ(

1

h|Λ|
). (2.10)

Exercise 2.5. Use translation invariance and a Ward identity to show that 〈e′ ·ϕx〉h = 0 for any e′

orthogonal to e. (This was shown in Magaritha Disertori’s talk.)

Proof of Corollary 2.4. Let M = 1
|Λ|

∑
x ϕx. Then we aim to estimate

〈|M |2〉 =
1

|Λ|

∑

y

〈ϕx · ϕy〉, (2.11)

where the equality follows from translation invariance. This term can also be expressed as

〈|M |2〉 =
1

|Λ|2

〈∣∣∣
∑

x

ϕx

∣∣∣
2〉

=
1

|Λ|
〈|ϕ̂0|

2〉. (2.12)

By Parseval’s identity and since |ϕx| = 1 for all x,

1 =
1

|Λ|

∑

x∈Λ

〈|ϕx|
2〉 =

1

|Λ|

∑

p∈Λ∗

〈|ϕ̂p|
2〉 =

1

|Λ|
〈|ϕ̂0|

2〉+
1

|Λ|

∑

p 6=0

〈|ϕ̂p|
2〉. (2.13)

Thus the infrared bound (2.7) implies

〈|M |2〉 =
1

|Λ|
〈|ϕ̂0|

2〉 = 1−
1

|Λ|

∑

p 6=0

〈|ϕ̂p|
2〉 > 1−

1

β|Λ|

∑

p 6=0

(−∆̂)−1(p) > 1−
β0
β
. (2.14)

Since the second term on the right-hand side is O(1/β) in d > 3 this implies the first bound.
To show that the spontaneous magnetisation is positive, first consider the measure with h = 0.

Then the distribution ofM is rotationally invariant, and hence the distribution ofM/|M | is uniform
on S

n−1 and independent of |M |. For any e ∈ S
n−1, define

p = P(|M | > 1− δ), q = P(
M

|M |
· e > 1− ε). (2.15)

Since M/|M | is uniform, for any ε > 0, there is cε > 0 such that

q = P(
M

|M |
· e > 1− ε) > cε. (2.16)
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By (2.14) and since |M | 6 1, i.e., 1|M |>1−δ > |M |1|M |>1−δ = |M |(1− 1|M |61−δ) > |M |2 − (1− δ),

p = P(|M | > 1− δ) > 〈|M |2〉 − (1− δ) > 1− β0/β − (1− δ) > δ − β0/β. (2.17)

Together, hence

Φ(h) =
1

|Λ|
log〈e|Λ|he·M 〉0 >

1

|Λ|
log(pqe(1−δ)(1−ε)h|Λ|) = (1− δ)(1− ε)h+

1

|Λ|
log(pq)

> (1− 2δ)h−Oδ(
1

|Λ|
), (2.18)

where the last inequality holds when choosing ε = δ and β > 2β0/δ.
Finally, Φ is convex and Φ(0) = 0. Thus

〈e ·M〉h = Φ′(h) >
Φ(h)− Φ(0)

h
> 1− 2δ +Oδ(

1

h|Λ|
) (2.19)

as claimed.

2.2 Reflection positivity and proof of the infrared bound

By rescaling and absorbing the term with h in the reference measure µ, it suffices to prove (2.2) for
β = 1 and h = 0 and any reference measure µ. Let H(ϕ) = 1

2(ϕ,−∆ϕ). For any f with
∑

f = 0,

H(ϕ)− (f, ϕ) =
1

2
(ϕ,−∆ϕ)− (f, ϕ) = H(ϕ−∆−1f) +

1

2
(f, (−∆)−1f), (2.20)

and hence
∫

e−H(ϕ)+(f,ϕ)µ⊗Λ(dϕ) = e
1

2
(f,(−∆)−1f)

∫
e−H(ϕ−∆−1f)µ⊗Λ(dϕ) = e

1

2
(f,(−∆)−1f)Z(−∆−1f)

(2.21)
where

Z(f) =

∫
e−H(ϕ+f)µ⊗Λ(dϕ). (2.22)

To prove Theorem 2.1, it therefore suffices to show that Z(f) 6 Z(0) for any f .
Consider a plane going through the midpoints of edges (an edge plane) splitting the torus into

two halves. Such a plane gives a decomposition Λ = Λ+ ∪ Λ−. Let θ : Λ± → Λ∓ be the reflection
about this plane, and

(θϕ)x = ϕθ(x), (θF )(ϕ) = F (θϕ). (2.23)

Definition 2.6. A probability measure on (Rn)Λ with expectation 〈·〉 is reflection positive if

〈FθG〉 = 〈GθF 〉, 〈FθF 〉 > 0, for all F,G : (Rn)Λ → R. (2.24)

Lemma 2.7. Any product measure µ⊗Λ is reflection positive.

Proof. Clearly, ϕ|Λ+
and ϕ|Λ− are independent, so

〈FθG〉 = 〈F 〉〈θG〉 = 〈F 〉〈G〉, (2.25)

and both conditions for reflection positivity are obvious from this.

By definition, reflection positivity of 〈·〉 means that (F,G) 7→ 〈FθG〉 defines a symmetric posi-
tive semi-definite bilinear form. The importance of reflection positivity results from the Cauchy–
Schwarz inequality

〈FθG〉2 6 〈FθF 〉〈GθG〉. (2.26)
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Lemma 2.8. Let θ be a reflection and 〈·〉 reflection positive. Then for any A,B,C,D : (Rn)Λ+ → R,

〈eA+θB+CθD〉2 6 〈eA+θA+CθC〉〈eB+θB+DθD〉, (2.27)

and the measures 〈(·)eA+θA+CθC〉 and 〈(·)eB+θB+DθD〉 are reflection positive. The same holds with
CθD, CθC, and DθD replaced by sums of such terms.

Proof. Expand the exponential as

eA+θB+CθD =
∞∑

k=0

1

k!
(eACk)︸ ︷︷ ︸

Xk

θ (eBDk)︸ ︷︷ ︸
Yk

. (2.28)

Reflection positivity and the Cauchy-Schwarz inequality (twice) imply

〈eA+θB+CθD〉2 6

[
∞∑

k=0

1

k!
〈XkθXk〉

1/2〈YkθYk〉
1/2

]2
6

∞∑

k=0

1

k!
〈XkθXk〉

∞∑

k=0

1

k!
〈YkθYk〉. (2.29)

By (2.28) and reflection positivity of 〈·〉, we also have

〈(FθF )eA+θA+CθC〉 =
∞∑

k=0

1

k!
〈(FXk)θ(FXk)〉 > 0. (2.30)

This completes the proof.

Lemma 2.9. Fix a reflection θ. Let f+ = f on Λ+ and f+ = θf on Λ− and similarly for f−. Then

Z(f)2 6 Z(f+)Z(f−). (2.31)

Proof. Denote by E± the set of edges such that both endpoints are contained in Λ± and by E0 the
edges crossing from Λ+ to Λ−. Then

H(ϕ) =
1

2

∑

E+

|ϕx −ϕy|
2 +

1

2

∑

E−

|ϕx −ϕy|
2 +

1

2

∑

E0

|ϕx −ϕy|
2 = H+(ϕ) +H−(ϕ) +H0(ϕ). (2.32)

Since H−(ϕ) = θH+(ϕ), and since

H0(ϕ) =
1

2

∑

xy∈E0

|ϕx − ϕy|
2 =

1

2

∑

x∈Λ+∩E0

(|ϕx|
2 + θ|ϕx|

2 + 2ϕx · θϕx), (2.33)

we see that H(ϕ) is of the form

H(ϕ) = A+ θA+
∑

CθC, (2.34)

with A,C : (Rn)Λ+ → R. It follows that H(ϕ+ f) is of the form

H(ϕ+ f) = Af+ + θAf− +
∑

Cf+θCf− , (2.35)

with Af± , Cf± : (Rn)Λ+ → R. Hence Lemma 2.8 implies (2.31).

Proof of Theorem 2.1. It suffices to prove that, for any f : Λ → R,

Z(f) 6 Z(0). (2.36)
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For an edge e = xy write ∇ef = fx− fy. Note that ∇ef± = 0 for e ∈ E0 and that ∇ef = 0 implies
∇ef± = 0 for any e ∈ E. Therefore, by iteration of the previous lemma, it follows that

Z(f) 6 sup
g:∇g=0

Z(g) = Z(0). (2.37)

The last equality follows since ∇g = 0 means ∇eg = 0 for all e ∈ E and hence g is constant.
We finally prove (2.3). Since

∑
x fx = 0 and since 〈ϕx〉 is constant in x, we have 〈(f, ϕ)〉 =∑

x fx〈ϕ0〉 = 0. It follows that

〈et(f,ϕ)〉 = 1 +
t2

2
〈(f, ϕ)2〉+O(t3), et

2(f,(−β∆)−1f)/2 = 1 +
t2

2
(f, (−β∆)−1f) +O(t3). (2.38)

We obtain (2.3) by subtracting 1, dividing by t2, and then taking t → 0.

2.3 Hyperbolic sigma model

We consider hyperbolic sigma models, which are defined like the O(n) models with the sphere Sn−1

replaced by the hyperbolic space H
n−1. These models are interesting for several reasons. It terms

of phenomena, they are related to random matrix models and to linearly reinforced random walks.
Here we consider them as interesting examples where the spontaneous breaking of a continuous
symmetry can be shown with robust methods (not involving reflection positivity).

As previously, we start with a finite set Λ, but we now denote its elements by i, j ∈ Λ because
the letters x and y will be used to denote components of the spins. The spins of the Hn hyperbolic
sigma model are points ui ∈ H

n where Hn is n-dimensional hyperbolic space. For simpler notation,
we take n = 2. Let R2,1 denote (2+1)-dimensional Minkowski space. Thus its elements are vectors
u = (x, y, z), and it is equipped with the indefinite inner product u·u = x2+y2−z2. The hyperbolic
plane H

2 can be realized as

H
2 = {u ∈ R

2,1 | u · u = −1, z > 0}. (2.39)

Suppose Λ is finite and h > 0. To each vertex i ∈ Λ we associate a spin ui ∈ H
2. The energy

of a spin configuration u = (ui)i∈Λ ∈ (H2)Λ is

H(u) = Hβ,h(u) =
1

2

∑

i,j

βij(−ui · uj − 1) + h
∑

i

(zi − 1) (2.40)

Exercise 2.10. For u, v ∈ H
2 verify that 1

2(u− v) · (u− v) = −1− u · v > 0 with equality if and only
if u = v. Further verify that

zi − 1 = (−ui · e− 1), where e = (0, 0, 1). (2.41)

The energy (2.40) favours spin alignment because −u · v > 1 for u, v ∈ H
2 with equality if and

only if u = v. The H
2 sigma model is the measure with expectation

〈F (u)〉H2 =
1

Z

∫

(R2)Λ
F (u) e−H(u)

∏

i∈Λ

dxi dyi
zi

, zi =
√
1 + x2i + y2i . (2.42)

This is completely analogous to the O(n) model, replacing S
n−1 by the hyperbolic space H

n−1.
Indeed, recall that the energy of a configuration σ ∈ (Sn−1)Λ of the O(n) model can be written as

H(σ) =
1

4

∑

i,j

βij(σi − σj) · (σi − σj)− h
∑

i

e · σi =
1

2

∑

i,j

βij(−σi · σj + 1)− h
∑

i

e · σi. (2.43)

However, an important difference is that hyperbolic space has infinite volume, and as a consequence
the notions of what it means for the symmetry to be spontaneously broken differs slightly.
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Exercise 2.11. Show that ∫

R2

y2
dx dy

z
= ∞. (2.44)

More generally, for any finite Λ and any i ∈ Λ, one has 〈y2i 〉Λ,h → ∞ as h ↓ 0.

Our goal is to prove the following theorem, showing that symmetry breaking always occurs for
the H

2 model, in d > 3. The statement of the theorem involves the coupling matrix M as in (1.6).
(Disertori–Spencer–Zirnbauer [11] proved the much more subtle result that symmetry breaking

also occurs for a supersymmetric version of the model at large β.)

Theorem 2.12 (Spencer–Zirnbauer). For the H
2 model with spin coupling β. Assume that g =

maxi[(M + h)−1]ii is bounded. Then for all p there are constants Cp (depending on g) such that

〈ypi 〉h 6 Cp. (2.45)

In particular, in d > 3, 〈y2i 〉Λ,h remains bounded if first |Λ| ↑ ∞ and then h ↓ 0.

Remark 2.13. On the other hand, in d = 2, 〈y2i 〉Λ,h diverges in the above limit [4].

An important ingredient of the proof of the theorem is that hyperbolic space can be parametrised
by horospherical coordinates. For H2, these are global coordinates t ∈ R, s ∈ R, in terms of which

x = sinh t−
1

2
s2et, y = ets, z = cosh t+

1

2
s2et. (2.46)

Exercise 2.14. In horospherical coordinates the inner product can be expressed as

− ui · uj = cosh(ti − tj) +
1

2
(si − sj)

2eti+tj . (2.47)

Exercise 2.15. In horospherical coordinates, the following change of variable formula holds:
∫

(R2)Λ
F (u(x, y))

∏

i

dxi dyi
zi

=

∫

(R2)Λ
F (u(s, t))

∏

i

eti dti dsi. (2.48)

Lemma 2.16. For any function of the ti = log(xi + zi) only,

〈F (t)〉 =
1

Z

∫

RΛ

F (t)e−Ĥ(t)
∏

i

dti (2.49)

where

Ĥ(t) =
1

2

∑

i,j

βij cosh(ti − tj) + h
∑

i

cosh(ti) +
1

2
log det(D(t)/2π)−

∑

i

ti, (2.50)

and where D(t) is the symmetric matrix defined by the quadratic form

(f,D(t)f) =
1

2

∑

i,j

βije
ti+tj (fi − fj)

2 + h
∑

i

etif2
i (f ∈ R

Λ). (2.51)

Proof. By (2.46) and (2.47), the energy can be expressed in horospherical coordinates as

H(u(s, t)) =
1

2

∑

i,j

βij(cosh(ti − tj) +
1

2
(si − sj)

2eti+tj ) + h
∑

i

(cosh(ti) +
1

2
s2i e

ti), (2.52)

and by (2.48),

〈F (t)〉 ∝

∫

(R2)Λ
F (t)e−H(u(s,t))+

∑
i ti
∏

dti dsi. (2.53)
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For every fixed t ∈ R
Λ, the integral of the s-variables is Gaussian:

∫

RΛ

exp


−

1

4

∑

i,j

βij(si − sj)
2eti+tj ) + hs2i e

ti


∏

i

dsi =
1√

det(D(t)/2π)
, (2.54)

where the equality holds since (1.2) defines a probability measure.

Lemma 2.17. The function t 7→ log detD(t) is convex on R
Λ.

Proof. The determinant detD(t) can be written as a convex combination of exponentials [17], i.e.,
there is a finite set A ⊂ R

Λ and weights p(a) > 0 such that

detD(t) =
∑

a∈A

p(a)e(t,a). (2.55)

Any such function is log-convex. Indeed, given t ∈ R
Λ define a probability measure on A by

Et(g(a)) ∝
∑

a∈A

g(a)p(a)e(t,a). (2.56)

Then for any b ∈ R
Λ,

(b,Hess(log detD(t))b) = Et((b, a)
2)− (Et(b, a))

2 = vart(b, a) > 0, (2.57)

where vart denotes the variance of the probability measure on A with expectation Et.

Proof of Theorem 2.12. By convexity of log detD(t) and explicit computation for the other terms,

HessĤ(t) > D(0) = M + h. (2.58)

By the Brascamp–Lieb inequality,

〈eαt0−α〈t0〉〉 6 egα
2/2. (2.59)

This shows that the t-field concentrates strongly near its mean. We need bounds on 〈t0〉 to complete
the proof. Since 〈sinh t0 −

1
2s

2
0e

t0〉 = 〈x0〉 = 0 by symmetry, and using the Jensen inequality,

〈et0 − e−t0〉 = 2〈sinh(t0)〉 = 〈s20e
t0〉 > 0, 〈e−t0〉 > e−〈t0〉, (2.60)

which together with the Brascamp–Lieb inequality gives

e〈t0〉+g/2
> 〈et0〉 > e−〈t0〉, i.e., 〈t0〉 > −g/4. (2.61)

Below the proof, we show that 〈sinh(t0)〉 is bounded. Together with the bound on 〈e−t0〉 and the
Jensen inequality, this implies that 〈t0〉 is bounded above:

e〈t0〉 6 〈et0〉 = 2〈sinh t0〉+ 〈e−t0〉 6 2〈sinh t0〉+ e−〈t0〉+g/2
6 2〈sinh t0〉+ e3g/4. (2.62)

Finally, combining the above ingredients, it follows that

〈yp0〉 = 〈xp0〉 6 〈(x0 + z0)
p〉 = 〈ept0〉 6 ep〈t0〉+p2g/2 (2.63)

which implies the claim.

Lemma 2.18. Let g = maxi[(M + h)−1]ii. Then

〈et0s20〉 6 eO(g)g. (2.64)
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Proof. Let Gt = D−1
t . Then integrating over s gives

〈et0s20〉 = 〈et0Gt(0, 0)〉. (2.65)

Using Cauchy–Schwarz, we will show

Gt(0, 0) 6
1

2

∑

i,j

βije
−ti−tj (G0(0, i)−G0(0, j))

2 + h
∑

j

e−tjG0(0, j)
2. (2.66)

By Brascamp–Lieb and the lower bound on 〈t0〉 > −O(g) we have 〈e−ti−tj+t0〉 = e−〈t0〉+O(g) = eO(g)

and 〈e−ti+t0〉 = eO(g). Setting f(i) = G0(0, i), we get

〈et0s20〉 = 〈et0Gt(0, 0)〉 6
1

2

∑

i,j

βij〈e
−ti−tj+t0〉(f(i)− f(j))2 +

∑

i

h〈e−ti+t0〉f(i)2 (2.67)

6 eO(g)


1
2

∑

i,j

βij(f(i)− f(j))2 + h
∑

i

f(i)2


 (2.68)

= eO(g)(D0f, f) = eO(g)G0(0, 0) = eO(g)g. (2.69)

This completes the proof, given (2.66). In the remainder of the proof, we show (2.66).
Let βij(t) = βije

ti+tj and hi(t) = heti . Let ∇jfi = f(i)− f(j). Then

(Dtf, f) =
∑

i

(Dtf)ifi =
1

2

∑

i,j

βij(t)(∇jfi)
2 +

∑

i

hi(t)f
2
i , (2.70)

i.e.,

(Dtf)i =
∑

j

βij(t)∇jfi + hifi. (2.71)

Using that βij = βij(0) =
√

βij(t)βij(−t) and similarly for h,

(f,Gtf) = (D0G0f,Gtf) (2.72)

=
1

2

∑

i,j

βij(−t)1/2(∇jG0f(i))βij(t)
1/2(∇jGtf(i)) +

∑

i

hi(−t)1/2G0f(i)hi(t)
1/2Gtf(i).

By Cauchy–Schwarz,

(f,Gtf)
2
6

1

2
(DtGtf,Gtf)


∑

i,j

βije
−ti−tj (∇jG0f(i))

2 +
∑

i

he−ti(G0f(i))
2


 (2.73)

and using that DtGt = id thus

(f,Gtf) 6
1

2

∑

i,j

βije
−ti−tj (∇jG0f(i))

2 +
∑

i

he−ti(G0f(i))
2. (2.74)

This implies (2.66).
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3 Spin systems, random walks and supersymmetry

Spin systems are intimately connected to interacting random walks. This section is based on [4].
More on the mathematics of supersymmetry can be found in [7, 10, 11] and references.

3.1 The BFS–Dynkin isomorphism theorem

The continuous-time simple random walk is a Markov process (Xt) with values in Λ. Given Xt = i
it jumps to a vertex j with rate βij :

P(Xt+δt = j|Xt = i) = βijδt+ o(δt). (3.1)

In terms of the theory of Markov processes, this means that X is described by the generator

Lg(i) =
∑

j

βij(g(j)− g(i)). (3.2)

Denoting by Ei the expectation of this Markov process with X0 = i, this means that

gt(i) = Ei(g(Xt)) (3.3)

satisfies
∂

∂t
gt(i) = Lgt(i). (3.4)

The local time Lt = (Li
t)i∈Λ of X is defined by

Li
t =

∫ t

0
1Xs=i ds. (3.5)

The expectation of the n-component free field with the same coupling constants β was defined in
(1.5), (1.6) (with h = 0).

Theorem 3.1 (BFS–Dynkin isomorphism). Let 〈·〉Rn denote the expectation of the n-component
Gaussian free field with spin coupling β and mass m, and let X denote the simple random walk
with jump rates given in terms of the same β. Then

〈ϕ1
iϕ

1
jg(

1

2
|ϕ|2)〉Rn =

∫ ∞

0
〈Ei(1Xt=jg(Lt +

1

2
|ϕ|2))〉Rn e−m2t dt. (3.6)

Remark 3.2. This theorem was proved by Brydges–Fröhlich–Spencer in [8]. Dynkin [12] then ex-
pressed it as the statement (“isomorphism theorem”) that

1

2
|ϕ|2 under the (signed) measure ϕxϕyPGFF (3.7)

L∞ +
1

2
|ϕ|2 under the (positive) measure PGFF ⊗ Pxy (3.8)

have the same distribution, where PGFF is the measure of the GFF and Pxy is that of the simple
random walk from x to y with killing rate m2. See [18] for a review of such isomorphism theorems.

We will not prove this theorem and instead give a proof for a related theorem for the hyperbolic
sigma model. The BFS–Dynkin isomorphism theorem can be proved using the same method as
the proof below (though the original proofs look very different).
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3.2 Reinforced walks and hyperbolic symmetry

We explain that the Hn sigma models satisfy a relation analogous to the BFS–Dynkin isomorphism
for the free field. In this relation, the simple random walk is replaced by an interacting random walk,
the vertex-reinforced jump process (VRJP). The VRJP takes steps from i to j with probability

P(Xt+δt = j|Xt = i, Lt) = βij(1 + Lj
t )δt+ o(δt). (3.9)

It is not a Markov process, but the joint process (Xt, Lt) is a Markov process with generator

Lβg(i, ℓ) =
∑

j

βij(1 + ℓj)(g(j, ℓ)− g(i, ℓ)) +
∂

∂ℓi
g(i, ℓ). (3.10)

We denote the expectation of this Markov process with initial condition (X0, L0) = (i, ℓ) by E
β
i,ℓ

or simply by Ei,ℓ.

Theorem 3.3. Let h > 0, let g : Λ×R
Λ → R be a bounded smooth function, and let a, b ∈ Λ. Then

∑

b

〈yaybg(b, z − 1)〉H2 = 〈za

∫ ∞

0
E
β
a,z−1(g(Xt, Lt)) e

−ht dt〉H2 . (3.11)

The proof can be done in other coordinates, but we again use horospherical coordinates. Recall

x = sinh t−
1

2
s2et, y = ets, z = cosh t+

1

2
s2et, (3.12)

and

− ui · uj = cosh(ti − tj) +
1

2
(si − sj)

2eti+tj (3.13)

and write

Hβ,h(u) =
1

2

∑

i,j

βij(−ui · uj − 1) + h
∑

i

(zi − 1),

∫

H2

F (u) =

∫

R2

F (u(s, t)) et dt ds. (3.14)

Exercise 3.4.

∂zi
∂si

= yi,
∂yi
∂si

= xi + zi,
∂(ui · uj)

∂si
= yj(xi + zi)− yi(xj + zj). (3.15)

Lemma 3.5. Let a ∈ Λ, and let g : Λ× R
Λ → R be a smooth function with rapid decay. Then

−
∑

b

∫

(H2)Λ
e−Hβ,0yaybL

βg(b, z − 1) =

∫

(H2)Λ
e−Hβ,0zag(a, z − 1). (3.16)

Proof. The integral stands for
∫
(H2)Λ and we abbreviate H = Hβ,0. By (3.15) we have

yb
∂

∂ℓb
g(b, z − 1) =

∂

∂sb
g(b, z − 1) (3.17)

where ∂
∂ℓb

denotes the derivative with respect to the b-th component of the second argument. Thus

∑

b

∫
e−HyaybLg(b, z − 1)

=

∫
e−Hya

(∑

b,c

βbcybzc(g(c, z − 1)− g(b, z − 1)) +
∑

b

∂

∂sb
g(b, z − 1)

)
. (3.18)
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Recall (2.48) and integrate the second term in the equation above by parts. This produces two
terms; by the rapid decay of g there are no boundary terms. For the first term produced by the
integration by parts, using (3.15) again,

∑

b

∫
e−Hya

(
−
∂H

∂sb

)
g(b, z − 1) =

∑

b

∫
e−Hya

(∑

c

βbc
∂(ub · uc)

∂sb

)
g(b, z − 1)

=

∫
e−Hya

∑

b,c

βbc(yc(xb + zb)− yb(xc + zc))g(b, z − 1)

=

∫
e−Hya

∑

b,c

βbc(yczb − ybzc)g(b, z − 1)

=

∫
e−Hya

∑

b,c

βbcybzc(g(c, z − 1)− g(b, z − 1)). (3.19)

This term cancels the first term on the right-hand side of (3.18). For the second term produced
by the integration by parts, we use that

∫
xae

−Hg(b, z) = 0 by symmetry, and thus

∫
e−H ∂ya

∂sb
g(b, z − 1) = δab

∫
e−H(xa + za)g(b, z − 1) = δab

∫
e−Hzag(a, z − 1). (3.20)

Altogether, we have shown (3.16).

Proof of Theorem 3.3. It suffices to show (3.11) with h = 0, by replacing g(b, z − 1) by g(b, z −
1)e−h(z−1). Therefore assume h = 0. To get (3.11) from (3.16), we apply (3.16) with g(i, ℓ) replaced
by gt(i, ℓ) = Ei,ℓ(g(Xt, Lt)). By the definition of the generator we have Lgt(i, ℓ) = ∂

∂tgt(i, ℓ), so
(3.16) gives

∫
e−Hβ,0zaEa,z−1(g(Xt, Lt)) = −

∂

∂t

(∑

b

∫
e−Hβ,0yaybgt(b, z − 1)

)
. (3.21)

Note that the process (Xt, Lt) is transient even if the marginal (Xt) is recurrent because
∑

i L
i
t → ∞

as t → ∞. Therefore, integrating both sides over t and using that gt(x, ℓ) → 0 as t → ∞, which
follows from the transience of (Xt, Lt) and the rapid decay of g = g0, we get

∫
e−Hβ,0za

∫ ∞

0
Ea,z−1(g(Xt, Lt)) dt =

∑

b

∫
e−Hyaybg(b, z − 1). (3.22)

This completes the proof.

Exercise 3.6. Following the proof for the hyperbolic sigma model, prove Theorem 3.1. Hint: Using

∂

∂ϕ1
i

(
1

2
|ϕ|2

)
= ϕ1

i (3.23)

show that

−
∑

b

∫

(Rn)Λ
e−Hβ,0ϕ1

aϕ
1
bLg(b,

1

2
|ϕ|2) =

∫

(Rn)Λ
e−Hβ,0g(a,

1

2
|ϕ|2) (3.24)

where L is now defined without the factor 1 + Li
t in the jump rates.
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3.3 Supersymmetry

3.3.1. Grassmann variables and supersymmetric integration. Below we consider Grassmann vari-
ables. These anticommuting variables generate an algebra, and while the particular realisation of
this algebra is unimportant, to be concrete, we can always realise it as an algebra of matrices as
in the following example.

Exercise 3.7. For any integer m, find 2m × 2m matrices θ1, . . . , θm such that, for all i, j,

θiθj = −θjθi. (3.25)

Hint: the Clifford–Jordan–Wigner representation of the Grassmann algebra generated by (3.25) is

θi =
i−1⊗

j=1

(
1 0
0 −1

)
⊗

(
0 0
1 0

)
⊗

m⊗

j=i+1

(
1 0
0 1

)
. (3.26)

Definition 3.8. Generators θ1, . . . , θm of a unital algebra satisfying the anticommutation relations
(3.25) are called Grassmann variables.

Let Λ be a finite set. For each vertex i ∈ Λ, let xi, yi be real variables and ξi, ηi be two
Grassmann variables. Thus by definition all of the xi and yi commute with each other and with
all of the ξi and ηi and all of the ξi and ηi anticommute. To fix signs in forthcoming expressions,
fix an arbitrary order i1, . . . , i|Λ| of the vertices in Λ.

Definition 3.9. We define the algebra ΩΛ to be the algebra of smooth functions on (R2)Λ with values
in the algebra of 4|Λ| × 4|Λ| matrices that have the form

F =
∑

I,J⊂Λ

FI,J(x, y)(ηξ)I,J , (3.27)

where the coefficients FI,J are smooth functions on (R2)Λ, and (ηξ)I,J is the ordered product∏
i∈I∩J ηiξi

∏
i∈I\J ξi

∏
j∈J\I ηj. (This ordering has been chosen so that (ηξ)Λ,Λ is η1ξ1 . . . ηΛξΛ.)

We call elements of ΩΛ forms because the forms of differential geometry are instances [10, 16].

Definition 3.10. The integral (sometimes called a superintegral) of a form F ∈ ΩΛ is defined by

∫

(R2|2)Λ
F ≡

∫

(R2)Λ
FΛ,Λ(x, y)

∏

i∈Λ

dxi dyi
2π

, (3.28)

where R
2|2 refers to the number of commuting and anticommuting variables.

The degree of a coefficient FI,J is |I|+ |J |. Thus the integral of a form F is a constant multiple
of the usual Lebesgue integral of the top degree part of F .

Example 3.11. Let F = f(x, y)ηi1ξi1 . . . ηi|Λ|
ξi|Λ|

be a form of top degree. Then

∫

(R2|2)Λ
F =

∫

(R2)Λ
f(x, y)

∏

i∈Λ

dxi dyi
2π

. (3.29)

Definition 3.12. A form F ∈ ΩΛ is even if the degree of all non-vanishing coefficients FI,J is even.
For even forms F 1, . . . , F p and a smooth function g ∈ C∞(Rp), define the form g(F 1, . . . , F p) ∈ ΩΛ

by formally Taylor expanding g about the degree-0 part (F 1
∅,∅, . . . , F

p
∅,∅).

23



The Taylor expansion is well-defined as there is no ambiguity in the ordering if the F i are all
even because even forms commute, and because the anticommutation relations satisfied by the ξi
and ηi imply the expansion is finite.

Example 3.13. For i, j ∈ Λ, define a form in ΩΛ by

τij = xixj + yiyj + ξiηj − ηiξj . (3.30)

Then τij is even and its degree-0 part is (τij)∅,∅ = xixj + yiyj. Hence, with g(t) = et,

eτij = exixj+yiyj (1 + ξiηj − ηiξj). (3.31)

Similarly, with g(t1, t2) = et
1+t2,

eτij+τjk = exixj+yiyj+xjxk+yjyk(1 + ξiηj − ηiξj + ξjηk − ηjξk + (ξiηj − ηiξj)(ξjηk − ηjξk)) (3.32)

= exixj+yiyj+xjxk+yjyk(1 + ξiηj − ηiξj + ξjηk − ηjξk + ξiηjξjηk + ηiξjηjξk). (3.33)

This calculation demonstrates the general fact that eF
1+F 2

= eF
1

eF
2

for forms.

Example 3.14. Let Λ = {i} and a > 0. Then
∫

R2|2

e−
1

2a
τii =

∫

R2|2

e−
1

2a
(x2

i+y2i )(1 +
ηiξi
a

) =

∫

R2

e−
1

2a
(x2

i+y2i )
dxidyi
2πa

= 1. (3.34)

Similarly, for general finite Λ and any a > 0,
∫

(R2|2)Λ
e−

1

2a

∑
i∈Λ τii = 1. (3.35)

3.3.2. Supersymmetric localisation. Temporarily set x = xi, y = yi, ξ = ξi, and η = ηi. Define an
operator ∂η : ΩΛ → ΩΛ by linearity, ∂η(ηF ) = F , and ∂ηF = 0 if F does not contain a factor η.
Define ∂ξ in the same manner. Define Qi by its action on forms F by

QiF ≡ ξ∂xF + η∂yF + x∂ηF − y∂ξF. (3.36)

The supersymmetry generator Q acts on a form F ∈ ΩΛ by QF ≡
∑

i∈ΛQiF .

Definition 3.15. F ∈ ΩΛ is supersymmetric if QF = 0.

Example 3.16. The forms τij defined in (3.30) are supersymmetric. Note that

Qiτij = (ξi∂xi
+ ηi∂yi + xi∂ηi − yi∂ξi)(xixj + yiyj + ξiηj − ηiξj)

= ξixj + ηiyj − xiξj − yiηj (3.37)

Qjτij = (ξj∂xj
+ ηj∂yj + xj∂ηj − yj∂ξj )(xixj + yiyj + ξiηj − ηiξj)

= ξjxi + ηjyi − xjξi − yjηi (3.38)

so Qτij = Qiτij +Qjτij = 0.

Exercise 3.17. Let F,G ∈ ΩΛ be even. Show that Q is a derivation on even forms:

Q(FG) = (QF )G+ F (QG). (3.39)

Show also that Q obeys the chain rule

Qg(F 1, . . . , Fn) =

p∑

i=1

∂g

∂ti
(F 1, . . . , Fn)QF i. (3.40)

In particular, any form that is a function of the collection of forms (τij) is supersymmetric.
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Much of the significance of supersymmetry is a result of the fundamental localisation theorem,
closely related to the celebrated Duistermaat–Heckman theorem.

Theorem 3.18 (Localisation theorem). Let F ∈ ΩΛ be a smooth form with sufficient decay that can
be written as a function of the (τij)i,j∈Λ. Then

∫

(R2|2)Λ
F = F∅,∅(0, 0). (3.41)

Proof. By assumption, there is a smooth function f : RΛ×Λ → R with decay at infinity such that
F = f(τ). By taking a limit, we may in fact assume F = f(τ)e−H(τ) with H(τ) = ε

∑
i τii. Let

g(t) =

∫

(R2|2)Λ
f(tτ)e−H(τ). (3.42)

By (3.35), then

g(0) = f(0)

∫

(R2|2)Λ
e−H(τ) = f(0) = F∅,∅(0, 0). (3.43)

We will show that g(t) is independent of t > 0. Let σij = xiηj−yiξj and notice that Qσij = τij .
Writing fij(t) ≡

∂
∂tij

f(t), using that Qfij(tτ) = 0 and that Q is a derivation on even forms,

∂

∂t
f(tτ) =

∑

ij

fij(tτ)τij =
∑

ij

fij(tτ)Qσij =
∑

ij

Q(fij(tτ)σij). (3.44)

Using that Qe−H(τ) = 0 by Exercise 3.17 and that Q is a derivation on even forms,

g′(t) =
∂

∂t

∫

(R2|2)Λ
f(tτ)e−H(τ) =

∑

ij

∫

(R2|2)Λ
Q(fij(tτ)σije

−H(τ)) = 0 (3.45)

where the last equality follows from the fact that, for any form F with sufficient decay at infinity,

∫

(R2|2)Λ
QF =

∑

i

∫

(R2|2)Λ
(ξi∂xi

F + ηi∂yiF ) = 0, (3.46)

where the first equality holds because any form in the image of ∂η or ∂ξ has degree at most 2|Λ|−1,
and where the last equality holds because the integral of a derivative.

3.4 Supersymmetric spin models

3.4.1. Supersymmetric free field. The supersymmetric Gaussian free field is defined as follows. For
i ∈ Λ, we write

ϕi ≡ (xi, yi, ηi, ξi) ≡ (ϕ1
i , ϕ

2
i , ηi, ξi). (3.47)

The first two components are coordinates in R
2 while the second two components are matrices,

but we can view each component as an element of ΩΛ. The coordinate xi and yi are the coordinate
functions on (R2)Λ with values proportional to the identity matrix, while ηi and ξi are the constant
functions given by the respective matrices. Then we define the forms

ϕi · ϕj = xixj + yiyj + ξiηj − ηiξj = τij , |ϕi|
2 = ϕi · ϕi = τii. (3.48)

With this notation, we define the supersymmetric Gaussian free field as the form

e−H ∈ ΩΛ, (3.49)
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where

H =
1

4

∑

i,j

βij |ϕi − ϕj |
2 +

1

2
m2
∑

i

|ϕi|
2. (3.50)

By definition, H can be written as a function of the (τij) and when m2 > 0 it has exponential
decay. The localisation theorem implies that

∫

(R2|2)Λ
e−H = 1. (3.51)

For a form F ∈ ΩΛ, we define the super-expectation

〈F 〉 =

∫

(R2|2)Λ
Fe−H . (3.52)

This is in general not the expectation of a probability measure (and it more generally takes forms
instead of random variables as input).

Exercise 3.19. Let F be a degree-0 form, i.e., F = f(x, y) for a smooth function f : (R2)Λ → R.
Then the super-expectation of F is equal to the ordinary expectation of the f with respect to the
two-component Gaussian free field, i.e., with M as in (1.6),

〈F 〉
R2|2 = 〈f〉R2 (3.53)

= det(
M +m2

2π
)

∫

(R2)Λ
f(x, y)e−

1

2
(x,(M+m2)x)− 1

2
(y,(M+m2)y)

∏

i

dxi dyi.

Sketch. Write M instead of M +m2. In the super-expectation, the exponent is

1

2

∑

i,j

Mij(xixj + yiyj + ξiηj − ηiξj). (3.54)

By symmetry of M ,
1

2

∑

i,j

Mij(ξiηj − ηiξj) =
∑

i,j

Mijξiηj . (3.55)

Let N = |Λ|. The degree 2N part of exp(−
∑

i,j Mijξηj) is

1

N !


∑

i,j

Mijξiηj




N

= det(M) (3.56)

since the ξ and η anticommute.

Theorem 3.20 (supersymmetric BFS–Dynkin isomorphism). Let 〈·〉 denote the expectation of the
supersymmetric Gaussian free field with spin coupling β and mass m, and let X denote the simple
random walk with jump rates given in terms of the same β. Then

〈xixjg(
1

2
|ϕ|2)〉 =

∫ ∞

0
Ex(1Xt=yg(Lt))e

−m2t dt. (3.57)

Sketch. The proof is identical to that of Theorem 3.1 and we again arrive at

〈xixjg(
1

2
|ϕ|2)〉

R2|2 =

∫ ∞

0
〈Ei(1Xt=jg(Lt +

1

2
|ϕ|2))〉

R2|2e−m2t dt, (3.58)

with the only difference that the expectation 〈·〉Rn is replaced by 〈·〉
R2|2 on both sides. Since the

right-hand side is a function of the τij , the localisation theorem simplifies the right-hand side to
∫ ∞

0
〈Ei(1Xt=jg(Lt +

1

2
|ϕ|2))〉

R2|2e−m2t dt =

∫ ∞

0
Ei(1Xt=jg(Lt))e

−m2t dt (3.59)

which gives the claim.
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3.4.2. Supersymmetric hyperbolic sigma model. The H
2|2 model is defined analogously to the H

2

model, with x2 + y2 replaced by x2 + y2 + 2ξη. More precisely, with (x, y, ξ, η) as above, set

z =
√
x2 + y2 + 2ξη. (3.60)

We then write u = (x, y, z, ξ, η),

u · u′ = xx′ + yy′ − zz′ + ξη′ − ηξ′,

∫

(H2|2)Λ
F =

∫

(R2|2)Λ
F
∏

i∈Λ

1

zi
. (3.61)

Exercise 3.21. Following the proof for the H
2 model and using in addition the localisation theorem

to show that, for the H
2|2 model,
∑

b

〈yaybg(b, z − 1)〉
H2|2 =

∫ ∞

0
E
β
a,0(g(Xt, Lt)) e

−ht dt. (3.62)

The left-hand side is the two-point function of the H
2|2 model. The right-hand side the two-

point function of the VRJP.

3.5 Self-avoiding walk

Example 3.22. Let G = (V,E) be a finite graph. Let

GE
z (a, b) =

∑

w:a→b

z|w|1(w is edge self-avoiding), (3.63)

where the sum runs over all walks w from a to b with where |w| edges, be the generating function
of edge self-avoiding walks on G. In particular, if G has degree bounded by three, then Gz is also
the generating function of vertex self-avoiding walks. Then

Gz(i, j) =

∫

(R2|2)V
xaxb

∏

ij∈E

(1 + zϕi · ϕj)
∏

i∈V

e−
1

2
ϕi·ϕi . (3.64)

Proof. Note that

xie
− 1

2
ϕi·ϕi = −

∂

∂xi
e−

1

2
ϕi·ϕi . (3.65)

Integrating by parts,

GE
z (a, b) =

∫

(R2|2)V
xaxb

∏

ij∈E

(1 + zϕi · ϕj)
∏

i∈V

e−
1

2
ϕi·ϕi

= δab

∫

(R2|2)V

∏

ij∈E

(1 + zϕi · ϕj)
∏

i∈V

e−
1

2
ϕi·ϕi +

∫

(R2|2)V
xb


 ∂

∂xa

∏

ij∈E

(1 + zϕi · ϕj)


∏

i∈V

e−
1

2
ϕi·ϕi

(3.66)

The first integral is a function of (τij) and thus localises to 1. The second integral is

∫

(R2|2)V
xb


 ∂

∂xa

∏

ij∈E

(1 + zϕi · ϕj)


∏

i∈V

e−
1

2
ϕi·ϕi

=
∑

c∼a

z

∫

(R2|2)V
xcxb

∏

ij∈E\{ac}

(1 + zϕi · ϕj)
∏

i∈V

e−
1

2
ϕi·ϕi =

∑

c∼a

zGE\{ac}
z (a, b). (3.67)

Thus we have shown

GE
z (a, b) = δab +

∑

c∼a

zGE\{ac}
z (a, b). (3.68)

This recursion characterises the generating function for edge self-avoiding walks.
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4 A glimpse at the renormalisation group

The content of this section is based on [3, 9].

4.1 Decomposition of free field on Z
d

In Section 1, we saw that it is useful to decompose the Gaussian interaction factor in the measure of
O(n)-invariant spin systems. In mean-field theory, this decomposition is very simple and involves
only two scales:

(M +m2)−1 =
1

1 +m2
id +

1

m2(1 +m2)
Q, where Qij =

1

N
. (4.1)

We now consider the case of Zd (or more precisely that of a large torus) with M = −∆ the nearest
neighbour Laplacian. Recall the long-distance behaviour of the Green function from (1.8)–(1.9).
From these asymptotics, the following result is plausible.

Theorem 4.1. Let Λ be a finite discrete torus of side length D < LN , and let −∆ be the discrete
Laplace operator on Λ. There exist positive definite matrices Cj = Cj(m

2) such that

(−∆+m2)−1 = C0 + · · ·+ CN + CN̂ (4.2)

where Cj has range Lj, i.e.,
Cj(x, y) = 0 if |x− y| > Lj, (4.3)

and Cj is smooth on scale Lj, i.e.,

(Lj∇)αCj(x, y) = O(L−(d−2)(j−1)). (4.4)

The construction of such a finite range decomposition is non-obvious because of the competing
constraints of positive definiteness and the finite range property. The following example gives such
a decomposition in the continuum.

Example 4.2. Given L > 1 and α > 0, there exists u : Rd → R which is smooth, positive definite,
with support in [−1

2 ,
1
2 ]

d, such that

|x|−α =
∑

j∈Z

L−αju(L−jx) (x 6= 0). (4.5)

Proof. Choose a function w ∈ Cc(R) which is not the zero function. By the change of variables
t 7→ |x|t, ∫ ∞

0
t−αw(|x|/t)

dt

t
= c|x|−α, (4.6)

with c =
∫∞
0 t−αw(1/t)dtt . After normalising w by multiplication by a constant so that c = 1, we

obtain

|x|−α =

∫ ∞

0
t−αw(|x|/t)

dt

t
. (4.7)

Now choose w with support in [−1
2 ,

1
2 ] such that x 7→ w(|x|) is a smooth, positive definite function

on R
d. (Exercise: a function w with these properties exists.) Given L > 1, set

u(x) =

∫ 1

1/L
t−αw(|x|/t)

dt

t
. (4.8)

It is not hard to check that this is a positive definite function. By change of variables, (4.5) holds,
and the proof is complete.

Exercise 4.3. Find a similar decomposition for the two-dimensional Green function − log |x|.
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3-block

2-blocks

0-blocks

1-blocks

Figure 4.1. Blocks in Bj for j = 0, 1, 2, 3 when d = 2, N = 3, L = 2.

4.2 Hierarchical spin coupling

Many of the essential features for the long-distance behaviour of spin systems on Z
d are contained

in their hierarchical approximation. This is a special choice of M mimicking the important features
of −∆ on Z

d. The study of hierarchical models has a long history in statistical mechanics going
back to [6, 13]; recent studies include [1, 5, 7, 14, 19] and references.

Let Λ = ΛN be a cube of side length LN in Z
d, d > 1, for some fixed integer L > 1, where N

is eventually chosen large. For scale 0 6 j 6 N , we decompose Λ as the union of disjoint blocks of
side lengths Lj denoted B ∈ Bj ; see Figure 4.1. In particular, B0 = Λ and the unique block in BN

is ΛN itself. The blocks have the structure of a K-ary tree with K = Ld, height N and the leaves
are indexed by the sites x ∈ ΛN .

Definition 4.4. For scale j and x ∈ Λ, let Bj(x) denote the block in Bj containing x. Define the
block averaging operators by

(Qjf)x =
1

|Bj(x)|

∑

y∈Bj(x)

fy, for f ∈ R
Λ. (4.9)

Let Pj = Qj−1 −Qj.

Lemma 4.5. The operators P1, . . . , PN , QN are orthogonal projections whose ranges are disjoint
and provide a direct sum decomposition of RΛ:

PjPk = PkPj =

{
Pj (j = k)

0 (j 6= k),

N∑

j=1

Pj +QN = id. (4.10)

Note that the mean-field model is the special case LN = L, i.e., N = 1.

Proof. The second equation is an immediate consequence of the definition of Pj , together with the
fact that Q0 = id. For the other properties, we claim that

QjQk = Qj∨k = QkQj . (4.11)

In particular, the case j = k shows that Qj is an orthogonal projection. To prove (4.11), it suffices
to consider j ≤ k. We use primes to denote blocks in the larger scale Bk, and unprimed blocks are
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in Bj . Then the x, y matrix element of the product is given by

∑

z

Qj;xzQk;zy = L−d(j+k)
∑

z

1Bx=Bz1B′
z=B′

y
= L−d(j+k)

∑

z∈Bx

1Bx⊂B′
y

= L−dk
1Bx⊂B′

y
= L−dk

1B′
x=B′

y
= Qk;xy, (4.12)

as claimed. Thus {Qj}j=0,...,N is a sequence of commuting decreasing projections that starts with
Q0 = id. By (4.11) it readily follows that P1, . . . , PN , QN are orthogonal projections that obey
(4.10).

An operator on R
Λ is hierarchical if it is diagonal with respect to this decomposition. To obtain

a hierarchical Green function with the scaling of the Green function of the usual Laplace operator,
we choose the hierarchical Laplace operator on Λ to be

−∆H =
N∑

j=1

L−2(j−1)Pj . (4.13)

Lemma 4.6. Let γj = (L−2(j−1) +m2)−1. Then

(−∆H +m2)−1 =
N∑

j=1

γjPj +
1

m2
QN . (4.14)

Proof. The operators P1, .., PN , QN are spectral projections for −∆H,N . In fact, let f(t) = (t +
m2)−1 and λj = L−2(j−1). By the spectral calculus,

(−∆H,N +m2)−1 = f(−∆H,N ) = f




N∑

j=1

λjPj + 0 QN




=

N∑

j=1

f(λj)Pj + f(0)QN (4.15)

because f(λj) = γj and f(0) = m−2.

Exercise 4.7. (i) Verify that

(−∆H +m2)−1 = γ1Q0 +
N−1∑

j=1

(γj+1 − γj)Qj + (m−2 − γN )QN . (4.16)

(ii) Using the result of part (i), prove that as |x| → ∞ the hierarchical covariance obeys

lim
m2↓0

lim
N→∞

C0x(m
2)

{
≍ |x|−(d−2) (d > 2)

= ∞ (d 6 2)
(4.17)

and that there is a constant σ > 0 (depending on L) such that

lim
m2↓0

lim
N→∞

[C0x(m
2)− C00(m

2)]

{
≍ −|x| (d = 1)

= −σ logL |x|+O(1) (d = 2).
(4.18)
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4.3 Degenerate Gaussian measures

We start from the decomposition (4.16), which we write as

(−∆+m2)−1 =
∑

j

Cj , where Cj = λj(m
2)Qj . (4.19)

The matrices Cj are positive semi-definite, but not positive definite, and the corresponding Gaus-
sian measures are therefore degenerate (supported on subspaces). Concretely, we can realise the
Gaussian measure with covariance Cj as follows. For each block B ∈ Bj , choose ϕj,B to be an
independent Gaussian random variable (independent of everything else) with variance λjL

−dj . For
x ∈ B, then set ϕj,x = ϕj,B.

Exercise 4.8. Check that E(ϕj,xϕj,y) = [Cj ]xy. As a consequence, with the ϕi as above, the Gaussian
measure with covariance (−∆H +m2)−1 is given in distribution as ϕ1 + · · ·+ ϕN .

4.4 The Sine–Gordon model

The following treatment is adapted from [9, Chapter 3].

4.4.1. Model. We consider spins ϕx ∈ R with energy

H(ϕ) =
1

4

∑

x,y

βxy(ϕx − ϕy)
2 +

∑

x

V (ϕx) =
1

2
(ϕ,Mϕ) +

∑

x

V (ϕx), (4.20)

where V is a non-constant periodic function on R. In particular, V is not convex. A representative
example is V (t) = z cos(t) with z ∈ R. Note that H has the symmetry ϕ → ϕ+ n1 for n ∈ Z. To
break this symmetry, we can add an external field, and consider for some m2 > 0, ϕ̄ ∈ R,

H(ϕ) +
1

2
m2
∑

x

(ϕx − ϕ̄)2. (4.21)

For simplicity, we assume that ϕ̄ = 0. This choice amounts to replacing M by M +m2 in (4.20).
As before, we are interested in the limit |Λ| ↑ ∞ and then m2 ↓ 0.

4.4.2. Result. For a periodic function F : S1 → R, we use the norm

‖F‖ =
∑

q

w(q)|F̂ (q)|, w(q) = (1 + |q|)2, (4.22)

where

F̂ (q) =

∫ 2π

0
F (ϕ)eiqϕ dϕ (4.23)

are the Fourier coefficients of F . In particular, the potential V (ϕ) = z cos(ϕ) has norm O(z).

Theorem 4.9. Let d = 2 and M = −β∆H + m2. Assume that ‖V − V̂ (0)‖ is sufficiently small.
Assume that 0 < β < β0. Then there is κ > 0 such that for m2 = L−2N ,

∑

y∈Λ

〈ϕxϕy〉h =
1

m2

(
1−O(κN )

)
. (4.24)

Remark 4.10. • If the potential V was convex such a result would follow from the Brascamp–
Lieb inequality. But the non-convexity of H is significant.

• The theorem shows that, at high temperature, the behaviour of a periodic potential differs from
that of a double well potential. For a double well potential, the susceptibility remains bounded
for β small. For a periodic potential, on the other hand, the susceptibility is unbounded.

• The methods that prove this result can be refined to other observables; and there are also
much more complicated version for the non-hierarchical lattice Z

2.
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4.4.3. Proof of Theorem 4.9. We define a sequence of effective potentials Vj by

e−Vj+1(ϕ) = ECj+1
e−Vj(ϕ+ζ). (4.25)

Due to the hierarchical structure, the potential has the form

Vj(ϕ) =
∑

B∈Bj

Vj(B,ϕ), (4.26)

where each Vj(B,ϕ) depends only on ϕ inside the block B. Moreover, we restrict Vj(B,ϕ) to fields
ϕ that are constant on B. Thus Vj(B, ·) becomes a function on R. Finally, the functions Vj(B, ·)
are the same for all B ∈ Bj , up to translation. We take this point of view and use the above norm
on this function and will simply denote the above function by Vj : R → R.

We study the renormalisation group map Vj 7→ Vj+1. Let σj = Cj(0, 0).

Theorem 4.11. Assume that ‖Vj − V̂j(0)‖ is sufficiently small. Then

‖Vj+1 − V̂j+1(0)‖ 6 L2e−σj/2‖Vj − V̂j(0)‖+O(‖Vj − V̂j(0)‖)
2. (4.27)

Exercise 4.12. Assume that maxj L
2e−σj/2 < κ < 1 for all j. Then

‖VN − V̂N (0)‖ 6 O(κN )‖V0 − V̂0(0)‖. (4.28)

For 0 < β < β0 and m = L−2N this condition is satisfied for the hierarchical field.

Using the proposition, we obtain the claim for the suceptibility.

Proof of Theorem 4.9. Let C = (−β∆H+m2)−1 denote the covariance of the hierarchical Gaussian
field, and define, for x ∈ Λ,

gx = (C1)x =
∑

y

Cxy =
1

m2
, 1x = 1 for all x, (4.29)

where the last equality is due to (1.12). By completion of the square, using that Mg = MC1 = 1,

−
1

2
(ϕ,Mϕ) + t(ϕ,1) = −

1

2
(ϕ− tg,M(ϕ− tg)) +

1

2
t2(g,1), (4.30)

we get

Γ(t) = logEC(e
t(ϕ,1)e−V (ϕ)) =

1

2
t2(g,1) + logEC(e

−V (ϕ+tg)) =
|Λ|t2

2m2
− VN (tg). (4.31)

Proposition 4.11 implies that the first and second derivatives of the renormalized potential VN are
uniformly bounded by O(κN ):

|V ′′
N (0)| = |(VN − V̂N (0))′′| 6 ‖VN − V̂N‖ 6 κN‖V0 − V̂0(0)‖ = O(κN ). (4.32)

Thus

var(ϕ,1) =
∂2Γ(0)

∂t2
=

|Λ|

m2
− V ′′

N (0)g2 =
|Λ|

m2

(
1−O

(
κN

m2|Λ|

))
. (4.33)

This completes the proof.
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4.4.4. Proof of Proposition 4.11. The norm (4.22) has the the following properties. Since w(p+q) 6
w(p)w(q), i.e.,

(1 + |p+ q|)2 = 1 + p2 + q2 + 2|p+ q|+ 2pq

6 1 + p2 + q2 + 2|p+ q|+ 4|pq|+ 2|pq|(|p|+ |q|) = (1 + |p|)2(1 + |q|)2, (4.34)

the norm satisfies the product property

‖FG‖ =
∑

q,p

w(q)|F̂ (q − p)||Ĝ(p)| 6
∑

q,p

w(q − p)w(p)|F̂ (q − p)||Ĝ(p)| = ‖F‖‖G‖. (4.35)

Exercise 4.13. For any F in a normed algebra with ‖F‖ small enough,

‖e−F − 1‖ 6 ‖F‖+O(‖F‖2), (4.36)

‖ log(1 + F )‖ 6 ‖F‖+O(‖F‖2). (4.37)

To simplify the notation, since we consider a simple renormalisation group step, we now drop
the index j and write + in place of j+1. Recall that under the Gaussian measure with covariance
C = Cj the the random variable ζx is Gaussian with covariance σ = Cxx.

Lemma 4.14. For F : S1 → R with F̂ (0) = 0 and ‖F‖ < ∞, with κ = e−σ/2,

‖EC (F (·+ ζx)) ‖ 6 κ‖F‖. (4.38)

For any Fx : S1 → R with ‖Fx‖ < ∞, where x ∈ B,

‖EC

(∏

x∈B

Fx(·+ ζx)

)
‖ 6

∏

x∈B

‖Fx‖. (4.39)

Proof. By (4.16), each ζx is a Gaussian random variable with variance as above. By (1.3) therefore

EC(e
iqζx) = e−σq2/2 = κq

2

. (4.40)

This gives

ECF (ϕ+ ζx) = EC

∑

q

F̂ (q)eiq(ϕ+ζx) =
∑

q

κq
2

F̂ (q)eiqϕ. (4.41)

Since by assumption F̂ (0) = 0, we obtain the first bound:

‖ECF (·+ ζx)‖ 6
∑

q

κq
2

|F̂ (q)| 6 κ
∑

q

|F̂ (q)| = κ‖F‖. (4.42)

The second bound is similar.

∏

x

Fx(ϕ+ ζx) =
∑

q∈Z

eiqϕ


 ∑

∑
x qx=q

∏

x

F̂ (qx)e
i
∑

x qxζx


 . (4.43)

Using that w(
∑

x qx) 6
∏

xw(qx), we obtain

‖EC

(∏

x

Fx(ϕ+ ζx)

)
‖ 6

∑

q

w(q)
∑

∑
x qx=q

∏

x

|F̂x(qx)| 6
∑

q

∑
∑

x qx=q

∏

x

|F̂x(qx)|w(qx) =
∏

x

‖Fx‖

(4.44)
as needed.
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Proof of Proposition 4.11. We may assume that V̂ (0) = 0. We start from

EC

(∏

x∈B

e−V (ϕ+ζx)

)
= EC

(∏

x∈B

(1 + e−V (ϕ+ζx) − 1)

)
=
∑

X⊂B

EC

(∏

x∈X

(e−V (ϕ+ζx) − 1)

)
. (4.45)

The term with |X| = 0 is simply 1. By (4.38) and (4.36), the terms with |X| = 1 are bounded by

∥∥∥∥∥
∑

x∈B

EC

(
e−V (ϕ+ζx) − 1

)∥∥∥∥∥ 6 |B|κ(‖V ‖+O(‖V ‖2)). (4.46)

By (4.39), the terms with |X| > 1 give

∥∥∥∥∥∥
∑

|X|>1

EC

(∏

x∈X

(e−V (ϕ+ζx) − 1)

)∥∥∥∥∥∥
6
∑

|X|>1

‖
∏

x∈X

(e−V (ϕ+ζx) − 1)‖

6
∑

|X|>1

(‖V ‖+O(‖V ‖2))|X| = O(‖V ‖2). (4.47)

In summary, for ‖V ‖ small enough, we get

∥∥∥∥∥EC

(∏

x∈B

e−V (ϕ+ζx)

)
− 1

∥∥∥∥∥ 6 |B|κ‖V ‖+O(‖V ‖2) = L2κ(‖V ‖+O(‖V ‖2)). (4.48)

Finally, by (4.37),

‖V+‖ =

∥∥∥∥∥log
(
1 + EC

(∏

x∈B

e−V (ϕ+ζx)

)
− 1

)∥∥∥∥∥ 6 L2κ(‖V ‖+O(‖V ‖2)), (4.49)

as needed.
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