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3 (m s A’B'ﬁ $=0.

@

Tham U.U-SW\) | et 1t E-R be a Bordl PUMCHG/\)
whae ECRY, [ <o . Than for eveny £20
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i o?&“oarf 0@ mc‘rk g pm o&SPw Eﬂ“)
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&V\ A wf S‘{u &JGJCH o a Hiloerd SPace H s
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ﬁ Span wh=H. A Cow\pleﬁ normal’ &3
is an on“«ohoml basis. ((oreful: ﬂqs does 1ot
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. ﬁfx)

uot\QrQ l"nQ Hn ore dQ.EMZC‘ ﬂ)’blma
SdﬂM\(“' o Ux .. Hm 000 ca|\QJ
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1.). Rodon- Nikedym Theorem

Db, Let (E€) be & maosurable spoc ond
b ond D tod messwes on 1 Than ' i
a'osolmtﬂ% conhinuous with st‘nd‘ to M,
witten PR, t fo gy AcE

fA=D = wA|=0.

Tuo moaswes w ond v a motually €
onten p Lv) i‘?‘rl«m is Ret s.#.b WD\A\O;

pB)=0=v(B).
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A\ = ;Lo de
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“ﬂdP ™ Sl'\mdr.
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Defire A(H) = §; £ dB.
= AB] (I8 o\‘%< 2§18 dox
ke,
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ooy, B& He ngsz N?qﬂswd‘od’\o/\ WW\
H\Q"Q S E. B(‘E)‘)\\ S"

Alf) = (3)?),_1“:'  VReL(E o),
@ SFd\B = §9fdu
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¢ [f09)du=5F(29-Ndo ¥
o =¥
Uaim: ge[3,2] poand v ace.
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Given h: B [0,00] Wqur&\@\Q, set

3&—)— - 2- (X) L

>Thdo= |$029-1) dv -31=0
=|$(19) ol/u=jhw du.

‘;\M\Pﬁ ﬁ:l e (f:h At e lt bl
Claim: 32;{ M~ae. ond V-o.e.
et §=4a, tor A=lxeE: g0I< l:.":-\"‘?.
= [3-) dp < - % L(A;)

S f(2-9) AP\ 2 %_ f"(AS)
> 3 A < =% (A
But ;U\(A'Q 20 ond \)(/-\3)20/ SO /{A(Agﬁ VC‘\S\{)
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Cam: 922 m-ae. and v-ae.
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23, The dual f LF

A bpo(oaiﬁp‘ vechor pacs. NS XS\ o \eChof
spa® A with @ ’toPo Oaﬁ‘ in ol (xy) xty
NOuS .

ond AX) P M e con

The dudl SpOUL X' is the linoar $pace ef

continuous |inear mOps A:X—= R eor C.

£ X is o normed vedor e, then beunded
is equivolent fo continucus ord we dehing
O oMy On X‘

(Al = B é_\l A\

X is fen o Ponach Spac (even v+ X & V\Gj‘).

Goal: ldeatify PR with L(RY)) 5+2=]

i peli o).

Rop Llet qeflw). For Qe g€ L (R,
Ay(€)= §§9 dx

defines A€ PR catin 1Al = lglq
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ot By Holde's inequolify,
/\ﬁ(f%\ds M’“LP '\SH ch'. ‘B
o Age LA™ ond INglI< kylp.

foalibg B Shead

@ The mop & LR — RY)' is a
o ismﬁq\ (i porticulr echve).
Thus con iden “d NCYIA ()

R. K p=2 Ban B(RY) = 2R The o
Jis s Ve,

Tw. Lot pelipo), s+d=l Thon J is sujehe
L., U(RE\‘ L?((R“F)',C' |
. LR PR bt [°(R) # L®).
Rk Sme tue on gensral meoswre space i
pe(lo0), ord - finile spoca for p=1. The

gﬁ@? K the some on fimile meosure spaws
requires chfferent exdension orgumant.
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Defh. A€ 1P(R") s PoixHVQ if
ANO 20 fx ol fClP®Y), 20 ae.

lemmar. Lef A€ L"(R")' he posthve. Thew
ek 15 8,9 4 (R") nonngaHvQ wath
A\ ={gf cdx for all PeLR").

ok Leb p(d = @M ok Than pe)coo
Dehne L
LA = A(e”™ 7P 4,).

Com: » & o hnie meoswe on R"

Uearly, V@) <D ond L(A)€[0) | AERRY
Lﬁim A€ BAR be dis}oiv& ond et gng A

p(Bel = 0®)) < AN To e (- 10 Mo
AU ulBo=Ba ) =50,

© v is c-addiRve, ond thus a meosue

Clam : PAYY
WM =0 = A< IAluk)? <0
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Thas, by Rodon—Nikedyn Hee & (nel'(
v\on:mﬁ 'wai'w weLEY
V(A = 'Skw d/A “fue & dx AR,

Now I £ = e~ 8" F ith T simple. Then

En& |mean‘1& oF A
AP = 5 do = J T e ™ gy

25} 0 e‘(l"@)lxlzdx

—

v \

Y= -9 =<2

Thus A(B)= 55 R de ¥ F o8 above.
S A s [oouvxded) also (Jor all such F)

§H I dx = {16 & ds = AUR) S IAU Il

N N

bercik: fundions - e%a‘ MP'QOPQ
do.th n [P RY). So thic hads tor al\ el
Ex. Shest I

I3 13 =s0p J183S I MRS §
Thus "(’B“LP <A,
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(onversely, A < IH, IGllg by Holder, so
u&)“l_q 2 “/\",

and thay (R “tﬂ = All, Set 3=C$ in dolemod

Proct BF Hhooem, teal-va) \md case)
By Ex Sheot 2, lf Ae P(RY is R-veluwed,
N AT owxd A e LP(RM) Pos\hve s\*

AN=Ae=AN_.
The damn ths folbus frem e lemma .

Roof (o facrom, (U/wp\exwojwd ©%R).
t Ae PR c) Hhen
A =ReA® ,  AF)=ImAY

defing hoo R-linaor AelP(R")' s.}.

/\(Fr"‘hg‘,\ /\r (‘Fr\ A~($¢) +( /\r(s ) + \.A‘,((‘r\

The clam folows from the reol-wolued e
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l.'-l. RIQSZ‘ Horko« n\aowam
gt Tof any Fule (pos:l';ve) veﬁu\ar Bore)

meosure on R"

A =5 Fdu

defines o posihve bo I
Cc UR“) (u?{ail &A()»norw e MC‘? >

Lovwg, A \M‘tqwl% delermines m ancl

wl = sup  AG) + 3eC R, 043¢l ®
for ong- uc R cpan.

Sabdn  We would like o Take 1°=iAJ fox
AcBRY) but 4a is nd aorfinacus. Thas

oroxinode: Assome UCR" |
e N4 Ix<ky, ond > o,

)Y (xeUk, dxU)2 &)
= 1o (el dlkus )<'£)
O (x¢ W)
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Thon X € C (R) /T \
X fiu, S0 % “{I/ 'O
W) = o §¥, e = i A,

3wl = sup J AG) + 3eC ), 0¢9¢4y]
e @i &3u1ar, Hais delermines fa derl
AeB(R™.

Resz -Makoy Tm . Given A:C(RY)— R
osiive, boundad, [neor, thee is  wnique
Etomtc Borel measue (A o1 RY st

AE = Fdu  WHeC R,
R

T duol spae of GRY) 55 fhe Poce of
Ssmd WaSuRS,

Deln. A signeel measure is the diffence o
fuo mi'w:xll& swgulm fine Pesdw'vq MNQOANES,

Rl<. Boumchdv\%s Qo bq dmp?ne\
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LS. Strong, weok, ond wepk¥ L‘Jb\es\kes

Ex. Sheet2. \_d-)(chxBomcM T\r\k the
wit boll is Com[n& X s Fa d.mﬂmsmmj

Goal  Dehing weoky al o8 that give some

cemPdew;s also n [, dimen sicrol cow.

D, A semingim on ch}or
(o Rer €) s P &C\Q’r
() plxty) = P(x\+p ‘2‘& GX

(1) pOux q Np(x) ‘v‘xeX X Ror€
() p(x\ 20 \YLXGX

A Favvu\a b of RIINTMS 1S S m\"\v\ it fou
Q\&va xeX wth x#0 tee © ? 1. P(x)#O
| of
ol T qurgjmkd «
B=ix+B: xeX, Be ]3?
whoe P ausids of Hnita inerecTions of
Von) = xeX: PW<§Y, pe?, neN.

XT2) s a |0caﬂ3 convex bpo‘oaf o vechor Spaco.
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Thm B is a neghborheed bose for Tp
(eveg r\memply_\ ETP s a u)m'on\, Horeci‘veg
the vedter space gprrahions (y) P XHY an
(NX) = X;PO;S wel a5 ond Pe? ove
onhnuwous in Tp.

BeSatdl: for (When € X, X=X in T HF
ple-%)— O for each pe 7.

d K P-0den is countoble the topol
e is inducd bé e mebnc [

= - K(’“)
Ghoy)= 2 1~ P e
Defn. I Hhe coove wfhing, if te mahic d s
Wktﬂj fan (X, dp) yi\?oa“ed o frechet PR

E () X'is o Borach Space, =104,

olso called ' he %Po

X —*X n YS:T?S
& |x-xll =0

The wmw‘:@&;?am&? s T norm 'Dpd%;

oy o X.
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W) X is a Banach o= '}.P NeX'§
where PAX) = \/\(x)\&yo‘f;r‘Z NeX'. A.ch'\ Pa 1S
o seminom ond (bler) the Ha\nvn-Buch

theoram mp fes that o o
Jropdoag o = T, is called te wec& %epdmﬂa

X — X In Cw *fO(XU'One(on
& Ak — A VAex! show Hnis direch (LA

Netahon: X« — X
Bode: %=X 2 x, % x.

i) Xis a Ponodh Then X' is o Bonodh
qnmuswqﬂcmdms has a\Ho ond

K topoloay . A third to l H«q
w:;- *lfromoca %ewsz PQ%E RURE
ANe — N\ in T

& /\\;(X\ — /\O() VXGX
Notohon: A —2
R, F X is reflexive, X'=X, then Ty= Tt

nei no that 12C¥).
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Bonge. L pelia) ond e LI(RD).
=f P e 15-$l,—0
5.2 in P & VﬁGL“153€cdx
— {gfdx
.95 0L = g
On to oftar hond, 1 e CRY.
=t e R-Hle—D
J. %% in e Ygel - (of; dx Sofok
gl N N L
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2.6. (ompacness
Arzeld~ Asceli Tam. [et T=[0.1] (or mere gemro&

o Compoct Housdorff space). ® & RqUenCo
ot conll)w'vmous Rw\cﬁﬁz\fac{i : Igﬁ*?% s 1

beooded : 1P sup i) <00
equicorhinuons: Vo303 6501 ¥, Ixyl<h,
'ﬁ(&\‘ F@(&)l < E .

Than Heg is a su\osqivmu (i) s} &
onvelses fo a continuons funchon §.

ApplicoRion: C**(L) embeds cotv\Fo\cHﬁ no ()

Hee CO*(T) = {F€C°@) : IPllo.n <00 Whore
-y

\\H\c“ =S )| + 8
‘ X | X~ |®

idenhly map 1d: C*A(T) — C°(T) is ompd,
e, oxmd.‘a;ﬁw& 5. bounded in C°‘°‘(I)Pod
has o c&nvef?)aw* su\oses’wnaz v CO(T),

laker: version whare C* ~ Soholey Spa, Cs IF
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Banach —Alaogly T Let X be o sporoble Rarach

ot ard feb A7) €X' be o bounded
Rquan® : WG SuP\\/\‘”x‘S\ Then Hhae is a
sibsequany () Bhd A€ X ¢h. Aj 5 A

Pegh Skep 1. Conshuchon

lef D=1xf, € X be dene. Sine (AX)))
s bounded, fhere is a &xbsqc‘wncﬂ J.Cf\fl
ond AXIER o C st /\5()0)"/\(&))
for j€di )20, ond AN S I,

$

I\ercsﬁna thig flee o subsequances 32427

sh A) = ANx) ot jede, kel
Now foke fhe 'diogonal S\A\osqqunm(l‘ J of the
3 238227 ie, e Firet clemant it firsh
n &, W seend demont Ha second in §y <he
Than A (%) = Al) ¥xee D jed, )—0.
Slepl. A:DR s wiito vv\lj nhnuos

(= exlends o AT X
fo eoch x,geD .t \Ix~3 K¢ fhae ]63 of.

A=A <&, IA LY =A< g,

S [AKI =A< 1AB)-A G+ 1A=y (9l 1 1A (el

1

- R C&mHnquS)
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&~~

<¢ <t <alless

oS haeded.
Skj’ 3 A:X=R NSP.(E is hnea .

fr xyeX oeRo €, le Xy,7'eD be st

I-x"N<e; fly- 3l|<£ I xtoy-2'< €.
Then foke | <4
R-A
Then
|A(xtay) =~ Ax)- ahly)|
. |/\(s<+aq\ ~/\(z)\+|/\b<) N +Hal|Al 3\ /\:.j)

N2~ A2 4 l/\(x'H\ ) 4o l/\@-/\lg |
<£

HIAZ') - Nx'l-a Ay ')\
<IN lz'-x' - (:\3’ | < Aw=x1+4]ol \\5-3‘|\+i
< @+lo) €

< (6+30) 2 \tz>0
= /\(X’raj)-/\(y)ﬂ)\(j%()

Mg, INY-MIPICE, INE)-A RIS,
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Slertt AN
“/\“'ZS\;E Alx) = %vég Ax) <1 b& C}OM;Lj.

X €
(PR P4EY]

S95. A, =5 A
IA K= AL € A Xl 1A ()N AR
<[x-Xkt =@ ¢xen <Ix-xXle
For O&V\B S(G)() ¥ EN.

=Nk -AKI— O .

Exowple. Let P€UP0] ond &) LORY) s t,
"Fi"u’ <K \L‘ Thon Hhare is ‘PGLP((R“) wH\
IFle <K ond o &u\osac‘\»\anst ) ¢!

Voel'®): f§3 e — {fydx.

Proof. LPR") = LY(R") wh qel1 ) ond L
s seporolole for qe Lt ®).
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1. Holw—Borach Theorem

uppose A M=R s o banded fneor fanchonol
degmd()na&) eMCX of a Boned spoce.
ool: Blond A fo A X=R with \IA\\=\\/E\(}1,

Detn. Lot X be o el VQC(‘OfSPo\C! Then
p: X= R ¢ suinear #

() plesy) € pIHply)  WxyeX

i) ol = Lol ey, 20

Bawole - 0l = 160 for &%= R lineor,
" o il

Note : if P [ sx\o\'uvuzm, U Q'wuzar) Ux) < P(X) ¥x, than
~p(x) € 2x) < plx]

lewwa. (Bownded exension lamma). Lot X be a

wol wedor spo, PﬁX'—*R &xlo‘imav) ond

McX o &LEE;Q&. Assume - M= R (inﬂof)
UJ) < 1)(3) \TSGM.

Tor xe X\M, ket M%wiﬁ,x'?, lhan thore s
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Rad. FzeM thawe g Wiqus 5{—[‘1 and NER
sl z=q9+A. Dofine U= for o Yo be
chosen [ﬂu, E(yl=y) For yeM and {(z) by
\iv\mdka it ze M\M: €(3+>\k)=Q(5)+>\Q.

Tor eadh y zeM,

Uy + Az = AUgpz) < plyt2) < ply-x)+pix+z).
3 lg)-plyx) ¢ pzex)-z) &)
lat o= sup] Ly)-olq-x) : yeM Whidr i
fimle &35 (%) (m?s\ m &Q—itasa t

Ua\ -a< P(U'X) \z‘sGH ®)
Meo, by (),

{l)ta < plzex) +ply-x) -4y +a ¥y
el —(ly) -ply-x)
Y z\+o ¢ p(z+ X ) —SuP({(S}P(fx)) + 0

=plztx) F—w @
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= Rg)+ak < P(bir W) YyeM SO
(o z=X"y n(¥) Muﬂ'\'ﬂ:j bj X )
Ug)tak < plythx]  VyeM, X0
(Sd, Y~ W'}j in ) oud W\Hﬁ'lﬂ bj N)
= U\ < plz] VzeM,

and

(or ¥ M hes Fnite codimansion in X, hon any

£ M—=R whisfyng £404)< ply) YyeH on
e exlended o € X *R oy with 0L<ple) ¥,

feot APP"(j lemma &Pmtszc“%.

Gulorly one con prowc! o X ‘RPMOUQ. o
X nd sq,wobk one nds te Axiow o Goice
in the Brin o Zon's lemwa,

Defny. el S be o st A parHa\ ordQr on
Sk a [)\V\ov% RlRNon = SC‘H&UMS

) a<o YaeS (reflescivity )
(D) acb, bca =+ a=h onhisgmmo
(¢ 0<h b<c = a<c (‘Tomg»ﬁ\u& .
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A st with o pchHOJ ordenng is called o
posﬂ (Pot‘HQ“(d, ordered sq,@

R s nd” necesso Hat 0<h o béa
hdds. K et does Hod for any e, bes,
Hen € s caled a fful oder.

Defn. A 4ofalle ordered subset T€S oF o
Posqi S ¥ COJE o dhain. An elemont ueS

s On Uppey bound for TCS # a¢u Vael,

A mosamal e‘cmgmf MES ¢ gn elemont
wudh el mex \MP(iQS %=

Emm(gs. N KA ong sof, S=2% s &
Posqf ordered \ij s &v\dusiow.

(i) R\w'\H'n Jondord ordey is o ’r&u\\a ordered

b no mexinol e‘evwzw‘r.

W The colechon cpen bols 1 R" & o
\:osd ordered ba indusion. The <olosef

T=1 B© 7 0<r=\y
s & chan. BO©) s o moximal elemant of
T. B0 is on vpper bound for T.
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ZGV\SLQMM Lé(sqbe c\‘nd\c\o
cony Toally rdaed bl bos on ot

bovind. Mv. (S,<) contoing at leas evuz
moxwm] eloment.

Zom's, Lewma s an axiom Yor us.

Tw (Hhn—Bonech) Lt X be g reol vedor
s p: X R sublnaay ond MCX @

subo &%1% QH—*R\WH
Q(x) (x) Aot all Vzl?eH Hae & & XR
ﬁmau $ Q(j\ Qj) \L5€H ond

) < <oly) WxeX

ok Lef

S=-1(N, 0): X2N2M qc Su\ospauzs
( N=-R & linead,
Tl < p(K) ‘VLKGN
F10=2(y) ‘vaeN';vEQS)
ond defe the H-\a\ ordey

(NG € (N, 81) & NNy, £.2)-8-) Vel .

'=%)
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for e totally odered TCS, we obtain
an up'ae( S)e)W\d3 (61N "(oquS DQFWLQ
Nr=U N
(NQ)eT

(0 = 7 (x) it xeN for some (N;’DGT.

This 1 welb-defined sine T is bh"g oscdered],
farhor, (N, 0) < (Ny, &) for evony (NDET.
Thus N, &) s an LppRs bourd.

'\&V\ Zon's lovma, Y i< 0 moximal

dement (N, ) oF S.
Coim: N=X

Jopose ndt: then Hhere is xe XAN ond e
bounded exdencion lemna ptcy:\uca on
Qxlnxs\un ¢ of % to N*= )"D“" )K" S-jr.
N &) < (N 0. Sma (V) (NS €) this
is o contradichov o fhe M&dmol(w & NP

Thus E'-X—*R i Yoo qui\mc\ axdengi .



Cor. Lot X be o normed veder Spac Ovel K=R
or € ond McX asabs‘oo\ca. For evony bounded
l;mol AN M=K thee 1S a [)ouv\éQc' | oo
N:X= kel IRIz AL, and Alw=A.

Pack, k=R, Hhen pGd = lIAN Il i subhneor
(o INI=0, which 36 Hviel) ond the result
followos 1Mlms2d\t0¢0§3 from Hu fhoorem.

K=, than Al = -1ix) with CXR
06 = ReAK) o real-Tina funehiona). Sineg
ING) [ = Le©x) tor swhable 6,

R l/\(")'g,&‘l{i’v, 06, Mex

x&N XenN

Applxﬁ Herem o { ond pecondruct A.

Cr Lo} X be o normed vedhor Spoce ond xeX.
Than Mo & Ave X'<d A= gnd LX) =1,

/\x S COJ\GC! o S“W )QU\V\QHOV\C\Q Fo( X.
Roat Lot M={xq ond dekine LeM'

L(Ex) *'f“Xﬂ, teR o C. C‘God\t) 2| ond Pl

A-pplt) HG&\V\ *?Jo\mc}y
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B Sheet ] T X ‘LP(R“)) pefleo) con conshuet
suﬁpor* funchionals by hend. (p=os uses fhot
R" i 6-finte.)

(_QF. let X he o normed vedor SPQUZ ond X€N.
Thann X=0 & AX)=0 ‘v‘/\ex'.

CM et X te a norwzc) vecfor S?“m avnd x,\j@y

Thn thor exisls AeX' <l Alx)#Aly):
insor Funchonals quorcdl.

M . TC\kﬂ A = Ax-a.

(or. The mop &: X=X Bx)=K, whor
XA = AX) s an isow&hg.

ook By defn,
| () 5 E\r& :\QX)/\F?'\:\%&U\(X)\S I "l\x.

83 CL\OUSMS A=A, thare s Qﬂua‘;\\a.
Defn X is eflexive F @ 1 wjecﬁ\/e: X‘X",
Example, [PR") is reflexive i petion).
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Thm Lot A, RCX be digSeiM) nonemp%‘ )
convex subels o o (ool or mplex
normod $poce X,

() ¥ A is open, there existy AeX! and
yeR st

Re A < ¥ < Re /\l3) Vxeh,yeB

{t&mis%m. , He cocnd {mqua(( fB can be

® I A o B coted, Hare wisls
Ae X omés mﬁﬂis$. Y0y Trare s

Re Alx) < 8, < %2 < Re Ny Wxeh, 4eB)

flot Assoma X is o vector poce Over R.
(Otheroise app\ta to real ?ark.)
©) Fix 0, €A beB, ond st

)(ot‘)a"(lcs> C=A-B-x%x. 20,
Note C is convex (since A ond B ore), x, € C
(§W\Q£ A B=¢)
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lef ple) = b {450 ¢ ¢'xeC .

Ex.Shed 2. p is sublingar,
p(x)é Kix ¥xeX,
P(g)“ e xel.

Dehine H‘v{h(b'-tem) EMN-RO tx)=t.
(lam: Ux) &P(x) ¥x €M,
t>0: {({'Ko)’t% tplxo) = tpics)
%fC = plxo) 2
t<0. Lltw=1<0 <pltx,)
By Hokw'\?mnoc‘ﬂ, ¢ extends t A X = (Q)
Nx) €plx) ¥xeX. Moreover,
—Rlbdl < -P( -x) € Alx) < plx)< kx|
= Aex!
Caim: Ne) < Alb) Jor a€h, beB.

Ao-b+x,) < P(q_—ﬁblxo\ﬂ
Ao)-Nb)+) eC = A< /\(b)



) [
(

¢ ANy AC8) }
Fx. Shaot 2= A€X' = A i open

Thus A(A) s on indeival (A s )
Take y to be m(:% ewdpo‘wl. i

K B is ako opan, Hre iv\Qqual('B i sk

b) Sn Ais ompod, b cowd, AnB=g
d=inf] la-bl © acA,beB) >0

Lot V= Ba, (0). Than A+V is open and

dis'p‘m* foom B, Pﬁ@ﬂ Hare 1« AeX g

A(A+Y) ond A(B) ore disje]w' CONN@Y
subeels of R

NaYy 8,5, A ®)
A(AHV)

Toe result follos since A(AY) g open, A(A) 1S
o compqc} cub sd‘) ad AR) ¢ closed.

(or. \.e\‘)(beo«?nmd«s»’mcnondcho\

subspace ond % €X. K x, £F Hen thore is
/\@i? o, A=l ond AlX)=0 ¥xeM.

H2



Poct. Aoy ) with A=ikd, B=M. This
gves AEX' st Ax, & A(F), Thus

ACM) most ke 0

Also AXD%O) v
tanchonal.

prepel

A/

quosFacp of K <00,
Alo) 16 the VQc‘mer
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3. Dismbuhons

Dishribubions ore gamoral sed funchons.

&owPler 6lx) = ﬁm , X€R3  solves,
~AG~§ os dighmbuhons.

This wmeans Haf, for smFHciQMHS ma 1,

fEADG Ok = H?)
|

T5ea6)dx' (46 60 dy”
3). Tre spaces MW ond L'W)
for e R,
C)={d: U~ R smeoth, suppfe K}

Tm Thee & o +0P°l°3‘b‘ on (W) si,
(1) The vechol SJoa arohions are continua,
() BHCCUL) converges, to O ¥ thore s
KA (ompud s3. &PPC‘)&CK Y‘j ond
Voo sup V*$) —0.

H4



(W) FYis o LCTVS gnd A:CQID)=Y
s hnooy tHhan A is confinuous @ it is
sequm\"\ol\:a MU .

Detn, CCN) with e cb < called

’rlmﬂf?quz of ul)t‘d fou ch%mezp on jgemésﬂil EXM).

hawges, L& €CR(R).

0§ )= e ¥djx) fhan 0 in HR)
B § &)= §7%(x) then 8, A0 in DR)
€ &)= e 3dlx-j) than &, 0 in HR)

Defp  The spoge o dishibubhong D) i
HAO Aua‘ sPom QF (ﬂm DF‘ coanumG ‘iv\m{
mops w' N —R with the wrok -+

opology-
Thus ue D) ‘n“

Wey)— ) > in DI,
ondd 0:— 0 n D () #

W @) 0($) Ye AW,

5O



B@Mﬂle (& Yor xell, dehing
b - D) — R, $(%) =44
Ths i He Die & deller dismbuhion.
(b 1 fe L R thon
T DU-R, Ty(4=§4ddx
dehnes, Ts € D'(W). y
fod. Ti=Ty © §§-9)¢ dx=0 YoeC®)
S §=9 o,

Thus, Hhe. ST e (R = DR, 1Ty

5 on w\jecfw

ELOM\Q(Q FoceC (W) thew
Tos (@) = YFxd dx = Tplod) Ve DW).

Debn. I ue O'(W) debine auwed() by
allP) = u(xd) Ve ().
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wmole . € £ € C'(IL) fhow
Em.'tv-ft_@’) = J@Hd dx=={§(V.d) dx
=-T(Vid) ¥ec
Debn, | ueDU) dofme Ve D) by
Vud) = (™ uvre) vee?

Cawgle D 1R by HO-| § 529

Thon For be NR) )
VL) == ¢ de=-[é 10 =0
-5,6)
SVH=% o H' =8, n He sunge o
dibuhons.
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3.0 The spoces E() ovel EY(U)
Now considor (=) =§4: (1= R smoothl.
f K ClL be compoct sde s} K; €Ki, UsK
For de ~ dehng
D) = D ap [V>d(x)|
?‘iPN‘I I o Stzpomhns fom ls of SQM'mofmS

K?m () wH\ He locel covwex

%Polb%«) duced Bj S dQV\D

Sine P is conntolle, E(U) S a Md‘nc

spa. i mmpld,c e, o Trechet $aq.

(&) c E(U) COnveros o 0 w &) ff
VKl coancf‘ Vo Y V& (x )|=0.

hamgle.  de CcR) thew ch(x ’JCP(XJ)

Onige o 0 W E(R).

fod 93{“\ cell) conk numS\é'

Thes €' € D' (W),
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lemma. et o: EU)—R e fneor. Then u

i cenfinuous
#) Tree s KCU compoet, NeN, €0 sf.
W) éCSuE | V(X))
ki<

K(EN

Paf Sn E((L) i 0 menc space ve &)
€ wld) —0 fo ol QuQ &) €W
with Ch**@ (AN

Now assome &) ond let (@Q( el), dﬁ—‘* 0.
e V(\ECVK com()od‘) NeN

i‘é% 'VKC%(X\I_’O.

x{<

Thes faking K=K, N=N, &) mplies ul®)-=0.

Nowo suprose 66) does not hold. Let K C W be
OQF% ond UKs"ulg. Since

Com cjr st. Xic s+
(x) ECS’\‘:CJgQ, {a) Qaciﬂj Hawre' i, Ebj-Ef(U) 39
lu(y) | 2 ) 0 o )V"‘Cbs(x)).
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Thawn \h “%/\U(dﬁ” — 0 in & smeo
VRl cmpd, Nem:). 3N o3 Kekp)
i\é\% ‘VM\;\QX“ < /\ V‘EJ.

MES

Bud W)l =1, so M(‘h)-h O: a controchchn
10 COanui‘\a.

Recall: DIV CE(Y = E'(UY € P ().

Detn. ueD(U) hes &xppov{ n S i

W$)=0 ¥V ¢eC(U\S),
£Scon be chow ompod then o hes

COWQPGL &»ﬂ)@v’t.
G EW)={ueD'(W: u hos coml)c\d &\Wo(ﬁ

Rack K oue €10 Hhe lagt lemmo 'm«?\iqg thad
i) hus Cumpad SUWQH

(onercely, # w€D(V) hos spport in Kelk
orrad?debue W € by
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6(0) = u(xd) Vo e €(lt)

o XeCPU) sahskes %=1 on K. The

exension does nd dQ?QVLd on )g» sincy for
ony cfhar such R o0 hes X% e C2(UNK).

-

_W‘ngS. () I Fel (W) vonishes o.0. n UNK
for somg KCU cow\‘mcf. Than Tee &'(1)Y.

(b) fer ony x€ U, Se&lly
) we D) whoe ud)=3 dn) ¢ £L).
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33 The £ S(R") and S'(RY)

Defn de C°(R") s m‘aél decmsm%v i}
b (LN VP ebfi)| <o

for ol NEN ond malhindics .

@?g o) = e -t i€ MP(C'L?I decteos\mﬂ

)= [x|-203% i ng mf)‘c\\} dqcmsms

Defn The Schuorke spoce SR"Y) & e pocte
of m?\d c\chc\sm%{mnd'\ ons with He (¢,

\0{)0\03«6 Wo(t&d the SQ‘)om\‘\f\% -S‘gm\[‘a

oM NI
PuGd = Sup. Sup |(+DY V> ()}

Rk Equivaket fumilies of seminormg o

sup sup | (12N V00
Sup S V“[(H!xl‘)"cb(d\

xeR" <l

elc.
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fod. S®) is a Frehed N ,

DR ¢ S(RY) ¢ ¢(R) COV\HMW\':S'

¢ R SR DR
Dol S'(RY) is colled fhe Spocs of tewpored
dishbuhone of S&Mmmm\h,h e
&LM'AQS. (o) If fe LieR") sahishes

% (1+1X) ™M 186N dx <o

for some NeN than T5e S(RY): mdqxl
f be SRY) than

T} 80 0 dx] ¢ (1™ ol i

-sup (141900
© 11 &— 0 i S(R") fhow Tg(q})é 0.
B) 500 ™ Pan Ty ¢ D'RY) bid Ti¢ S'RY).
ARTAE fmm”cb(m) bolonas fo S'(R")  bud
et to e(nz"\
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3."'. Cor\vo\uHOh\

Bowle. Lof feluc (R"), e DR"). Then
F bl = [y dxy) dy = Ty (3)
T,3ly) whae J;(U\=¢l~3)
Ux g«(j) = 3(3- X)
0 [§)= B(y-x)
=d>(x~3)
Defin, for ue D'(R") and e DHR") define
ux ¢ (x) = u(tc9).

fods .
- L, ’ruu;\*d? = U.*¢+0\AJC‘>

- We(d t0d.) = ned, +a u*éz
. pedo) = W) — fus Q*Cb, be DRY)

MINS (A,
e 5800+ L8] deyl|_- 40
= (¢4
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lewma. Lot neDR") ord $eNR") . Then
0) e C° UQ“) ord V“(U\*d))zV“u v (T

() i ue E®) the ha d swpport
o 4 P e o

Peoof . 1| o (xthe:)~ uedh(x))- «A(%\ thec§-Tx¥)),

MR")
(Ex. Sheot 3) %ngb(w-)

Y
s Vi ucd () =u(tVid )= ur Ud ().
By induchon Hgn urd € C ond
Vusd = we 9 W
N, [0 1, 3Jy) = Vb (x-9) = (1™ Phiry)

= ()" T Vi (y)
= uc\Vo = Viurd.

(1) Acsme ud\=0 for oll e R™NKY)  Thn
for ony g DRY), td A K=¢ for I
Jarge Qhough. Thws ufﬁ (=0 for M large
Qv\ouat\, . wed hus Cow\mJ Suppork.
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Netn. for w,e HRM ond uZGE(ﬂQ“) dohne
WUz fo be fhe Wigue dishmbuhon s4

Wi k)% b =y, *(lx_l:i) VY $eDR')
eDR’)
hangk. (ef we DR, $e R, Sue §eE(®)
(beS)cd = a () = Uk ¢
3 W=,
levwa . Let ue D'RY) and u.€ 'R . Then
V¥ (weu) = w« Q) = V) *u. .
Rock. Lot de DRY . Thon
V* (wku) ¥ = (rup) ¥ (V°9)
= uq*(“z* qu)\

= 0k (Vi % @)
= @\\“ V“uz)%t}:

The ofher case is qmmilor.
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Dofn, Lot L='Z(k(luv‘l , o0.eR be o s
weficient differewhol ®Pera|'6( of prJQf k. A
fandamente! solabion of L i o dishbuhon @

16~ 8,

Tw. ¥ 6eD'R) is o fundomentl souhon
ot L ond 5(8’”&") than u=G*§ solves

lu~§.

Morover, if $e D(RY) thon u= Gx§ € (P(R")
ohes Lu=F n the c[OSS\' cal semse,

et L(6¥F) = 2 0. V(6+4)
§=6+£)
“[R0a V6) 1F = LE+ £
A A
Erogle. L'/.\Zz% o R
- o— '3 N .
e 3 Eﬂi"\@h@'ﬁw a.?f " %eg% R Hor

“(’dts . dé SO\\[QS Lu‘\f

R‘b LT Y
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35, The Yourer frargform
de It fel'(R) He Tourer franstorm o T is
i F1): R—C, {33 =L e e dx

S W) ™ %)< )Mlel e v\\ecora edst
for ?GR“\

bowges (n=1)
l\ ‘:(X {é &i\:{)) — —
e = 29-%

() ‘F(X) e A

‘H;’\’ H’iz /\
(iv) HX\‘ TRV T T
“i) e ™ S~

(W)t = e X /\
f (])z e 2l D
NDTQ’. 1 Iﬁa\xlm — f decwkg ot & g Vi Vel
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Riewromn-Loeson Lewima, . lot $€ L(R") Then
fe C(R) ond

g Ifiel < 161,
=0 o Bl-w.

Poct Asume 35— i,- Than for @l ge@")
M o' 56X = Bile'®™,  H)e' 3=l < 8
2 f2) = H3) by DCT. Hewwr fEC°.

ﬂ(!ﬂ"éﬂx} e | < W

T dow ) =0 (o) ki feC®) be

¢h -0 <2. Thon
flY) )t e d
-, Jel) A (5 %)
T | A €7 e < Al
s, hunsup l? (5)=0.
3 \s)) < 101+ HO-Fo) < il e
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3 M P £ = .\m =
losup N[ <e Vo = oy 1H0)1=0

Nofohion: T =§0ey) , eyl = €™
oo . () Lef #L'R), xeR", %20, ond
£ = N HxANY.
$ -$03),
3)-1,§(3), ﬂ’?)'e;‘(sw)
i) LsaH 361.(“2 ). Thszvx frgel (R') ard
w‘*j( )= 16)5(%).
o Ckowac & vonobles and Foloni,

@ () Let $eC(RY) ord §, V§ EL‘(R)
{0(3 ,.n. Tlm

V’f(i) Liﬂt 3)
(1) Assume UH&‘)HL’(R“) Then feC‘CR“)
Vﬁ %)= -Lx,f(i)
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Rodk. (i) let f:e CCR) be s,
NE~Fe +;W,$‘Vﬁs <&,

Than .
vﬁa (;\ _ S‘ e-tx.?. Y‘&(x) dx

RU\

- L § S.R., e ¥ Jebo) ox ‘ii}ﬂﬂ'

> [10)-i8T@) ¢ 194 -Feld BNE-£ell,
< (431)s =0

() Since xFel', ~(5F €C°. Nead to pr
ot V4 )Sex'lsh and e:‘w\s - fj& P

) .
Hwe;& fs). ‘R“ 1 ézs-x(ei‘g-\) dx

— =X (h=0)
POM(‘«);&Q
| ‘ < Ixl
Sin flf e L' Hus by DCT

.
ILETNES NS )
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Cor. The Foqha( trons For MOPS R) to
S(R") com‘\v\uous'b.

P, Yo Oty f:R'—C,
1, < Sup (e 15601 § G

N
<00

S F e SR Hhan V“(XPHX))GL‘(P“) Lor

o\exa mulbindices & ond %
TMstious Propos§h‘m (ve,)eakc\\b\)

[ T0E5(3)) = (32 VPR3
= o 3°V(3) < EBR“ [(mx\)‘?'*“”lv‘ ’r(x)l]

<
=0 if -0 in S(R")

= f—*() In Q(GZ‘)
Thus 7 SCRY = S®) iy conhnuons
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T, (fourer inversion). Lot f1'(R") ond osum
q\so ?G L'(R"). Thow

#(xhww ) e™*d% fo ae x.
(Thes # ) ~Fox) Hen F® =)
Piod Let

Snar fel! by DCT,

(lT(r" e - Iy x5

=164, (), YH&)=¢" ‘+i 'x)
Yix)= @) g™

3



e YECRY, 420, T4dx=l,
e = in [

= ¥=@Lu)n§{m$lﬂ e*™ 4% o xeR”
£ Fic ohnuas s hdds for oll ke R",

M(?O o Crore) 'n 2 (R"
$§Q€vod (E\R")Cit\j\ let Fqeloll@®).

(rﬂ)[‘ —(i[ﬂ)“ (§) 3)

. Suppse fge S(RY). Than $,3 € SR and
(5,92 ~ | T g(x) dx
~ 700 iy 1402) %745 )
“a § [ §780 e 4 §3) d3

&)
=@ (19)

4



Givenn £g€ L0 (RY) ) ket f,9;€ YR") be 4
I, =600 4 19 -Flle + lg-gll + 1g5-glle — 0

By Remonn-lelesgue,
s,u%\?lz)\@- Q) < 1)y =0

Snce 1§-fla = 20" If e =0 (k~w)

(“ [ Co«&c‘w& N L So{'eL O\no' ‘?—’? lnL
Ano[osouslaj 3,—’5 " L Thes

)= lw {,33) O-‘N l\m (f't\s @ H 5)
Cor. £ (amy "” S on usomh3 ?rom L'ol*

nfo 12 ond ’r'/\ws exlends wn o ooy
mop (m) ™2 F fom LLR") 1’0 (@)

Netn, Tor $€L2RY), wate §= 5.

Rk, \{¥€B(‘E‘) then fk=F13 D\GUQE(P\“) and
fa=f (Row) n L% Thus i‘\ In Lt e,

(%H(F(\e '”AX)—4 § R->w).
Br(0)

75



Exawgle. [ef Fe L), de SIR™. Thn
HUMRELCE:

11806540 4
- w[()()( JolE) e*2d %) dx

)
= {40 4>(X) dx = Ti($).

Db For ue SR dehine ue S'(R) by
u(®) = u(d) for ol e SRY)

Note Hhs mokes sense @ ?Hf s confinuous
fom B o SR, © 0 is linear ond

confinuous. Tor u€ DY His doee nef ok

be D) % deDRY).

i loc. (o) Lef 3eR". |
§(8)= 85(@) 813 g0 € P
=T, @) Y2ESR)
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nA

= &," 'e5 of Slvmj)'\a b5= €

(b) FO( xe R
T 0) - Teul®) = § > 4l5) 43 - dlx)

= Tex ()" §, o e‘”‘(ﬂ) b
2O, | Le} we S'UR“). Tl’\ﬂ/\

U=10, Th= e 0
-4 o>\ A - \Ol\/;&\
T =37, U= ET X
A *‘—(I\T)n v
P];ﬁ |t chS(R“\ Thann
(s(\ u (d>) ss “u(¢) - u(eis-n$)
=u( =)
= a(Esd?\
SN ':-Czu(q’\,

-a()i”

(21" § {9)

7



=\

Vo (@) = Pu(d) = 6™ u(v*d)
_(_. |u\ ((' )lad ;qq))

—lNU(iud’)
-((%2)* W)

= T = (190

o ganlerr .

26 < 618) - w(d) = u(on) - ey @)

lewwa, T S'UR“ SR s & hneog

"\ovvxoevv@ip s .

Pt &prosQ U= YR, €.,
u(9) - u(tﬂ Vo e YR,

fro &\(cw o (8) = u(d) = 0d) Ve SR

= u — 0 i SURYY.

Thas T is conhnoous. Sina 7 =(mf’ |d
9: S m\&rh‘o‘Q \,otHl\ COI\JHMLO(LS (MRS

F = (m* F3,

8



26. Perodic disnbahons

Reall: F e 11(0,)) thon
Hx) = ngn e lminx 2
_yh - gevlwin\( AX |

Defn. ue QR is penedic it for all gt 7"
T,u= 0.

(el T @) ~u(T4¢))

EXQMFlQ. ) ForkeZ", the dishhbuhion

Tegm i pszn'm\(cz
Tg Tem.‘@’) = TCu(k(T-stb\
= Semik.x d(x19) d
= [ 2™ 509) ¢y dx
= @7 Top @)= Tep ).
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() Suppose ve ER™). Then

=2 TV
ke2"

s pwiod\‘(:. nNotQ? u‘dqﬂms a dishbuhon
dnee W) 15 o fte . For q¢ Z"‘, @M"‘)}
B0 = T Toulhd) = 2 Tud)= ul$)

keg"

Fundowantol cell of lafhce: f
q:{xe“{":-llﬁ)(ﬁl t"—',---,h(] . .

2’

lemma, Lof Q={ xeR™ -1 <x: <V, (—vu,.,.,.n\.
Thare exishy Ue C(R") si.

(Q')v Sy Q

i) Supp Y C

(i) %Tfrﬁ =|.

Sk o Vi called Pm‘od{c porHHom of
weily. Suppse Y and ¥ are betlh pp.u. Thonn
FueD R 15 Pariod(c,

uwY) =wly
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P, 1of Y€ CCRT, supp Yo Q ond
(=) For xeq ond 420 Set

S(K) = i \to(x-a).

j2r
Tlen S s smooth ond )21 for ol xeR",

Thas
= UY(%)

suhishies () =i,
Now lob ued'® e ?Qﬁed(c d \P,V'P.F.u,

= \1=5 ‘
S0 =w(y aiezntﬁ) a%zmu(‘ttj‘f)

2 “Eag(tc.a\r)w )

= u(Y') !

Cq_r: Lejr \t be o p-pU. Than for ?eL‘m(R“)
PQHOC‘\C, -l;(\ﬂz Sq.l:(x) dx

81



fool. Cheose Y ppau. sb. Yo Aq g
and Yn bwmded.PP e

ey, for ue D'(RY) Pon'oc\?c, P oxeracy of
L oy the fndomentol cell w s

Mu) = uy)
were ¥ s o ppus.

lemma. Lot ve€ E(RY). Then

P )
cenverces (weck-%) in SR™). Converwly
ne DR is peicdic Hae exishs Ve 2( ®)
1) . Moot ey encic. dinbubi

s lewnprred.

Bodk Lef K=supp v. We hove san thal Hen
INeN, €>0 st

M <Caup IVl YeeE®).
Jal <N

Neco Jef € SCR™)C ERY). Thew
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[T @)= [V(T59) 1 <C 3up IV"4(xt9)

kx|< N
Sna Ke Be(0) for yong R0,
419l < [+bd +lg4x) < (FR)(1 +Ige%)

3% <1+R\(”,‘J“,*—,’") Vxek

Thes for M2\,

‘\\
Tav(@)) < C(H\ \5 ‘%RKH‘ %(X'f:'s)
prY {119 iy
k"

<N
- /
~ < 0o

’_[5\/@9) ‘ -— (‘ ‘H ‘ )M»\
= EPTSV@) Converges for ol &€S(RY)

2 TN COMNEDRS, in SR")

ye2"

83



He ofha d(rﬁchom lef ne OD(PV\ ke Pmcd\c
LE\W be @ pp o'/\d ¢ € DR"). The

u) = (2 T ) i) = PN (G )
_T T (GEYe)

= u(\ T5d)

= $u(T49)

= T(WW)(9)
Nete et Yo hag com‘wd Suppor
Supp ¢ OVsupp Nt =g 2 Yu(d)=u(Md) = 0
> Yy exeuds \mq\m\ to ve ER").
W)= 2 TV (d)

Je2”

By firgt port, Hus ue SR,

34



T, Let ue R be penerdic. Than
U= Lug Te (CON\IQf%.QnQ n S'(R" )>

e 2"
whore g = M(e-msu) e€ ond mﬁd‘\é
lugl & CU+g1)™ £ some (0, NeN.

Defn. Uy Ore He founer coeff cieals of i

Lermo . Assime ne S'(R™) solvs fieg
(e -Nu =0 VYkeZz" é)
Then

w= gzn Cq ang  (conver geae h S(R"))

%([ SOJ'\SF\y/\j I \< C(lﬂg\) for come
C>0 ond Ne N,

Fgot, Clam: supp w e A= {2nq: q€ 2§
Lo & eDRY) it wppd O {xeR™: X.Clm =P
Then for k=(,0,..00€ 2", (e -l)‘ ¢eS(ﬂ2“ “\
SN cl:(x) 0 i X e21z & bu)K)O.

Thus b
u(ca (e-.;l\ (e--) %) =0
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Tkkk& unc /\oB H\QSOW VV\Q{ C
A ﬂﬁpl, N, 'ﬂﬁmp?uf?’ «(}\/\%ﬁ)u

Nowk’r\@beappu ond s Y X) Y(x/zm) ;

2, e Fl =1, T20, suppfef heleary,

| ot Y= f(u}\k Note wpp Vg © {2199

Zv =0, (ex1)v=0.
Gee"

Tke K in the dordord bogs of R
=% -1y = R %) 1)y =0

(x; -2mq;)- Klx;)
wh K smocth, 40 near JMlg; (Taﬂ\ors thm).
> (x-2%93) ¥y <e‘—i-'-’t+0(’c))

Onh the ofter \\ovxcl for ES(K'), Hhare o
d: c C°(R") si. (agom Tajlors ‘rhm)

d(x) = P(ang) + 2. (=219, &, (X)
Siwe v kpg 1t cow
Qxlevmd ‘“O EC(?Q“;PA M
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= V,¢) = \(J(cp(mg\)*r 'Z (- 273) 4 (4,)

——%

Coushmf 9,
= $(2g) Vg(\)
= ¢(>(2ﬂ3) u('(faj{r )
- Sms () w( Tug\T)

2 U= V=2 G o, G = (T, ).

Jez» % gez~

Be. Saad 3: Vue SR IN, keN, >0 ).
)] < € Sop, 1(14h)" V(0| ¥ 4€eS®)

l|<k
2 fes) £ C sop [(+0)! V*Fe-tng)|
<( Sup l(l-}lxdﬂs\)w VY ()
«C’ SU\P \(H\\d) VQQ('(K)\(HI\C)\)
< ’
= ley) € C(I4Y
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Thn, Leb e DR be periealic. Than
U= lu3 Te ((OV\\IQf%.Q'\(Q in S' (R ))

e 2"
where g = M(E-mgu) €€ ond sa\mHA
ugt & CU+BN"  for some >0, NeN,

fod Since u s ‘Jenod'c ne SR”) and
b Founer franstorm G 1s defined.

T = U \7 keg"
se., =0 = (e--N0=0 ‘ke2"

TM&JN’ b& He 'QM’Y'\Q )
0= (am)" 2 u381n3 in § (@“),

CZ"

APP\ yrg Jrh nverst Foooer tromstorm:

W= 2 ua Tem. ‘|V\ S,(R“)
)2

Sn@ an) GL"E; ,
M (€-ark Tone) = § g 2M(aH) dx = Sak :

Sne u~ M) & cont tnuony om S'(P)

b€, {D“D(»S Hot Mleam ) =
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. /I =~ 77 Sy
Notahion: "u=2 g @y Of ald =2 v«be”“a"/
362" 3 Sezn

Exomg‘e. L«l} ns gz,, &3

= U= M(Q-HKU\
= “(\‘ e.zuk>

Pl &33 )} Tem3 in SR")
'S 8g)” =T eMmie

3(-1"' ge2"

Tm lof pe DR be poncdic with Fourer
co:\Wi ciiv\*geuﬁ, Thain poreslc o

) Vue QR") i (Mzr{od(( ond
V= 3 (Tig)" Torg

gez
() I §€lie R s penedic, u=Ty, than
lcg' < “H‘L' 5 C3—>O (\3\‘)@).



(@) § $eC™®R) is pencdic, w=Ty, thw

£x) =;? (s e 2™ (b wntorm conv)
(v) £ he e O PQricﬂ\'c otth Teuner
COQK:\GQV\*S ‘I\j QV‘d \I\S "\O\QV\

g@(ﬁ W dx =3 % hs

3¢z

F) =2 ¥3e2“55"‘ n @)

Nal
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I+ Soboley Sacs and ool cohong
1. Sobolev sm&s

Defn Lot (L€ ﬂz“ e opch e} ke Zso, Pf[“’o]
Then felP (R") lonas b the Sobolev
pae W P(U) \

i<k I e W) sb VT wf{& (*)

Mee > s the x-Hh weok ert\/&H\/e of §.
Wnle V¥ =1 The Sdoolev norm is

e = (2 007605 ) pelio)

i<k

“H\Wk,w mgx ||V°‘H\ p=00.
fack. WoP(U) s o Ronach for pellw]
ov\;\ o Hilbert Bs{;\c& m«%CP—SPMQ Pe

Re 8 moons &P‘Nw( l)'°“§l £ V' dx
fr oll %C"L’(U\
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Dovgle.
- (x<-1)
* Hx) =4 x /;:e(-u)) e

| +| x>1)
HFWR) with ViG={? (KD
bndeod, for ¢ €CC(R), |
~{ 109 &6 dic = - {60 [bl) e~ I H e
-4(-() oddx  +é{+)
' ~[xd91)
- { dlx) dx

-

=S: Vi) &(x) dx

+ HW ‘i? ((i(g) .
= HE W'PMR) for ong P cine
VHtgoff"‘r& (:Of O\Vlbl FGL‘Nx

Ndahon: V2§ e’ moons J4*e | <}
v&T‘:cx:*‘
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Recall: V*Fe R < 3§ € [X(RY)
Xin. for ceR, feS'(R") belongs to HYR")
t | (7B 1P 03 <10,

HRY) is a Hilbot Space with ey Pmc\ud
(XA %’ﬁz—) 9(5) (1+1&R)* o3

[k s=k€Z5 Han HYR")= W' (R")

Tam. (Scholey ewbedding) Let s>8tk and
let f¢ H*R™. Than wists frect(R')
sh =1 oe Wl £-F ond MR R,

Pk Firs ossure fe SR, Then
P = 2 e ) dg ()

2m"

S PRI oy thi\* ) 3

< g (1 Qoo
y | 278 13\
(!th’sF (1+121%) 07)
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Sne ‘a\’il()
§ i (s Y5 d3< ¢ (s> g5 < oo
m’\

— -

2
- “
= Cn,k,s for ss :L-yk,

2 sp, IVHIE Cus il 1)

Atk

Noww for FEHYR™) | let ) CAR") ke sd.
=0 in B (Ex SabY) and £i—2F ae.

= § s C(xw:‘«ﬁ m H3

= L Caucht(} n (© by (+)

2 fi—= e CRY)

Sne =1 oe. thus =Face,

Exowple, Consicdes
-—jzuw# on R" (+)

Than £ FeH® Hae s o wnfci\m ne HS¥

(4) holds
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Phoct %3 Towne( hnw;&)ﬂw () Qc‘\u\la‘%\{\ b
(|§|z4l) (%) U%) 0.€.
u®) = 13 0.e.

[+ 132
QVLC‘ ”\k\'Hs-tz?— X@g\.\.'i\t)S+:. |G($)\2

| (i3 1192 = D]

Remorks = u & mo regulor thow £, og.

~Auntu €[ = ue H?

Tl\\S 1S OW exaw\r)k GF Q"\P"ac Nﬁuw\\}ﬁ

- f S>3 o HMW\ f¢ CO(R“, Ue& C’(Rh) ancl
(4 Mlo(& i e dqsmcc\\ Gnse,
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1) Trocos of Saboley funchons

I s>D Hen H® CC and §Fly mokes Sense
For oy fel® ond 2CR" a surfoce.

What oboud s<2

T, (T thoorens) . Let S>3 . Thou Hhere is
o bounded (near eporoter

T: HSR") — HSA(R™)
such fhat

k= ng"-‘ <$09 \ffe S(RY)
T is the frace of £ on T=R" <104,
ot Ex. Shest .

Rk . P)toL coordinate framfoimabions, Ha result

can b edended to suff. mju\&r wefocas
2 CR*,
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4y, The 0@ Ho (W)

et UCR™ be ond et f€ (W), Exlendin
f by O wK\JSPer, v“ﬂe H'(R) so ¥
W) ¢ H'R™N)

Defin, The SpoLe HO(W) o the clesgre of (ZO[U\)
in H(R") "ie) with wsped fo the noiws

“H\H‘ =(|[R"( 43?) m;)'zdﬁ)b‘
(g fosiors o) &)

Ho(W) 15 o Hilber 3pocs with gy Produc_\’
(v = ‘(W'Vv *Hv)d%,
U

&gp, £ weHY0) Haen u=0 for ae. x¢ Il
Pt H suffies fo show thot
§ dudx <0 WoeC((i)

lof 4e CCCU) and dekne Ag(v)= by dx.
Than Ao =0 for oll ve C(W).
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Sine also (A < iz | vlly2 <Clidli vl
Fune W) sabsRes v,— 0 e H' Hn

Asu) =0, .
Thus Tdudx=0 hdds for ue My, P (L)

Tod, I M is sufficiently replow, ong ueHe (W)
voiiches on D in #&(?.0&23& J

Post  T: H'(0)— H%(U) 5 bounded and
c\qaclg Tu=0 for ey 0€ G W), Thus
> wn n H', O(SD {‘PU\‘O

MQ (Elfiphic bovwfavg volig Prolo‘ew'\l.

ot UCR" bo epen ond considey

Ay +u =1 n U
w=0 on o\

We seek we Ho() sd. Auta =4 o fh
dishbuRonal sense (for fe 12(W)):

fFIAvHTY) dx = X?\( dx  YueC (i),
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Gines we H' - [UWv dx = &)V dx for
ol ve CRM, so this BWQS

W smiv)de = [Ty de Ve CR)

Defn  ueHol) iy o weok sdubon o~ 09,
whae fel2(W) i

WV = E\) 2 ¥ ve Hy(W),

Pop. Let fel?(l1). Than Huwe exids o uni
ﬁk sduhon o oF (:\ ond ﬁ‘\\ﬂ\ sﬂ@(lﬁfo

The soluhon oPQm}ov St AU = Ha (1), @Hu{
s bounded linvor, lwlup&kd as S'-Ll—-)l,)
it is also sdmwh\‘c.

Pock A HY(W)— C, N=(5Vv)z |
\fo%i;ncléh lea mop. Ths by the ‘e':za

rRpesentoRon Theorewy there™is a bique
we HolW) st A) =(u,Vv)y .

linonkt is dear: i £, 1€ XY, ae €, ond
UQ.’S& -;(17,.' S"'z H’&V\ Uzl +alr, &\HB"\QS
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vl (heafy Ve Yverol)
S S(Ftal) = S ta SK by MG HOSS.
SUMWQ‘WUL U,Sﬁ),} = (8 Ss)w
i (83, SHHO
’WLL = (SF)3> 12 -

Wha is u o nice funchon?
. For $20, defng
He ) = Jue Ll 0) - Xne HRY) foral XeCD).

Pop, lef (L be open, WCQ. Than e M (Q
A CHUY # sSBak. =)

Pk B 1L is cpon, UCEY Haan Hare is Xe@)
sh. A=) for xell. Hena # s> 94K,

ne Hic(V), than Xo e CHN). Sne Yu=u
on U thus ye C*Y.
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e (Elliphe boundory volue prehlem cont'd).
%ﬁﬂg%w) ﬁs the (uw;véo\ WQQE solubhon fo
i'ﬁu ‘Hkt‘F in U (*)
w=0 onoU

where £€ LF(W) than we Hiwe (L), More 3gnm|§/
F RO HRW) ton we HE2M)Y:

I parh culor, it we WO CR (W) then we®
ond &) holde dc\ssica\\uﬁ‘. This € called
Q“ip he regm\oh\\a,.

Paf. Fix KCW com and et Xee G
kol %= | oon K(,)ngca\\ 0 cohsRes
{1000 +av) de= [Tu de Yuetio)

Civen 6€ SR, lel v\ = X Px). Then
TR = T 496

- v (AW $ +VK P+ VX TV KO
i +1 VX, Vo

= "g M(’M‘b ~1 V-V & + Y OB) x
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> | Lu(-Ad+¢) b= j(m—zmvumwx

W
2., [w(-ad+d) dx- Sa<t> b Ve S®),
2"
Nde thot 3€L2UR“ avd W is & weok son. o
“Awtw=g on R
Tacfore we H2RY) as sen before.
For ony V(). we con toke K= Supp Y Then
Yu=Ywe H’(K)
S e Hue (W) .

0‘“ ’{'PGL’-(UGHkx %EHQQ‘
%t‘ ¢ e Hacll), |hc\&c\we‘\d i £E 20k

H&m w eHSZ (W),
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4.4, Rellich- kondrachoy Theorem

Town, Lot lc R" be epen ord bounded. Assume
Hot ;)¢ SHAT\ soxlw'%ﬁQs lujly €K and thod
u, 50 in LQ(U\) ueMo . Then u;—> U in L*{W),

Rk, By Borodh-Al o, Wil € K jwilies thot
H\N?B?s o sub \C:E(& s.lrj. m.—ﬂ%ﬂin HYW
for ome @ m *H‘o(\k\ al s wnd |
Note ﬂm‘l W—=5 0 in Ho " alwo '\w\Pl\'e

U"x' U Lz. |V\d°.m\,

\ ~+
uilut m H, & (u;,v)—(u,v) YveW,
= (UJ"V) — (U,\I) VVGL"

(=3 u)'—w*"\k "n Lz.

oot B3 the. Porseval ic‘QV\H}g ,
“Uj °U“é = (?‘E‘“)n “G$°G“\}1
0 ey AR
. @)“\;S«LG"%) ((®I° o2
D
44 ( \3{®) -1 dZ

V" 7k
)
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1) < 25 ey SR (1P417) 02

< 9 e L)« ZKl
-(—@l)Olu)\\Hw\\ullH) < 2 <o (Rp)

. Snee (A bourded
Hhe osswkom w0 in 1 implies thed

U/\\s(i) z(e-.,u,') — (&g, 0) = U‘(i) 3
Also A
& 13) -B0EY|® € 2 ()12 A3 )

<2 (o lls + el d)
< 2000 (Yol + i)
< Y4l k?

Thas by DCT

T) —0 « | 0.

e, W<e fu 2o

Thes M +D) <X for 20,
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Cor. et UCR" be cpen ond bounded | ond
(1) € Ho(W) be bounded. T'\(rmm fhore i¢ q
Su\‘os u.chsL('Q% sd. 050 n Ha()

|3

and “j—) W n LI(U\.

(or. lef UCR" be epan ond bowded | ond
A LA — Hy(W)
Than A 1) — L30) i com"hd .

Bomple . et UCR" be epon ond bounded ond
|dMV? U= R be smm ond boumdQJ.O
Fo fc2(W), considev

—Au+Vu =4 n (I
u=0 on QU
Defin, ue Holl) iy o weok Solu\"iow fo &) ¢
0§ -V + Vi) dx =§ivdx WveHs W)
i

The LHS is not on inner pmclud, so the pevieus
oroef to dow eddene  (for V=1) does nd ik

o bosnded fnoon o‘mc&@&'
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, Bther fere exidds we Hy ) 0 CR(1) 4.

-Aw+ Yw=0
% rfe L) T uebd) wving (.

fioek
H e g V Vv'ruv)c\x S (V) u) v dx \I‘VGH

lof St L) = Holh) be e wlihon o'pm’r@\'
corespoding o V=1, e, u=SF i¢ He \mic'u&
weok ' solahbn to

%"AU\* =4 n U
WzQ On W

Ther @) & w=SE+U-VI)
& (d-Ku=St ku=S(-V)u)

Sna KL= Bell) s bounded, K: 2L
is COW\PG& Thus etber:

0) ker(I-K) #0, ie., Juel W <} ak)w=0.
) im (T-K)=W), ie. ) I wel0) s}, T-Kn=S4
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h cose (u\) kot TK) 15 Finite c\'\w&msiovw\)
I-K)n=0 & w=3((-V)w) = weny(n)
By terohion we Molll) 0 CO().

b cose (B)  u=S(§ +(1-V) Ju) € H, W*) SO
TR waok Quhon 4o @),

Tm. Thee easts on othonomol bosis fwd
oF W i wee Ra®) st

A =Nwe Wl
\J)\M.V(’ Oﬁ)\;i)\f."-- OVLd XK—*OO.

M RQCCL" S: sz How ls bou«\dgc‘
noey ond sef-adjoint. l%jﬂq(\m(o-(oadm&%
Harefore S0 LHW = L1 f¢ com[k\

By the sPQcHu[ ﬂuerem

o{(S)= {0 Hi,Ma, ... (‘

ath ,uLGP ovd only accommul hon v/\Jr
ot 0. and Hhre s :t‘ ONB o e\gﬂhved@us
Wik tﬁf L ((l\
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Assume Smk':/ukwh. Then w.‘@HL(U\) cmcj
(15,¥) 2 = (Sw, V) = i (0, V) Vbl

Sd-HV\}‘é, V=W W SR LO\C':O ol Pkio.
Thes i 0 O Han Wy is & weok soln to
- _ 1 :
(*)2 A +0 = f Wk in U
We = ®) on M

o AV A Wi in W
We O on aU
(VN

hore NJ'H‘LK. Since fu hos ol
occumu\mROmH PON o\f% A= 03!/

Also sinca Lok € Hh[I) € Hoc (L) elliphc

)

lanty. implies L€ HLIW)0 30
m: ‘?‘m& b;e N (\YaX el (N}
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4 5, The dired malhed b the coleulus

of venohons
Given W€ Ho(lk\) fe Ll(‘)\)/ consicle(
S = §(19ul® + lul* ~Fu - £5) o

= lwllpy - 2Re oy

Thm.
0= In“'{S(U) U\GHOUA\h > =00
ondH\mKo\umclun we Ho(0) ¢t

o= Slun)
This w s the Wqwe weok duhon fo

}‘Au-tuﬁt ;V\ U
=0 on OU
E[{:A B Caud/\ ~Cchworz

o) 2 llullH. -7 llH\Lz Iwl) =

> Tl -2 Y%
2 ‘!"U\“Hv 2\\““
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Thes Sla) 2 =2WMIt2 ond &> =0,

To see the infimum is otteunad, let

(x) CHo[W) bR & minimicing " sequen:
Ju) — &

I Pcwkcu[ag (Que) ) ie bounded ) and

(be) i then bounaded in Hb (W) since
luclige < 29M) + 4IHE

By &gv\ada ~Alc,o&;u faw is eH () ok

U™ TX in H‘o( O\IOVLa Q S\\\QSQC‘UQ\ACQ,

= (&g € Bamied Nadll
Fuhe = lw Eud)e

g2

3 Q) < hpied Sloe) =

Since UcinH"“l. in fud J0)=6.
To set vniguaness ) suttcos o chow

Hot &% is'o weok sduhon of Fee PDE,
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let veHo(W) {eR. Thn
Ot tv) = S+ £ IV
+ 24 Re IVG- Ty + v - 1\1)6‘
Sing SOHY) € SIR) [Xisa minizer]
Re V& Qv +Gv-Tv)dx =0 ek,
ﬁiﬁ-Vw&\/:‘ivdx YveHs (),

i€, Bis o weok cduhon fo the PDE.

The PrmF con be ngfa\isecl

M‘n Lot X bo & fopolegical mMnSX"Q
« 18 coRrcive i m:ﬁ (18 CX with Slu)K
fore s 0 comeigent s ‘Q, (‘Ma K)

* lowu sewiortinucss if %{ avud (e <f vSa
S(u\ < fmind S(up)

k=>t A
— /
- v N X

> )
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T, Lot St X+ R be werive ovd LSC

Then S adhieves s minimum.

ﬂe& N\Q[egtms *6 'QS’T ‘H"QOVQM

Fiom now, lef X be o reflxive Bonods $poce,

k Su)<K = fullsK thn S e

codrave whl. the weok ’ro‘?olom on X
Reeh Bov\o\c\a—Nc.ogiu (os W pr& o Haoorem),

\emng If (€ X s - dosed ond convex Hhen
I is oko doted i weok *qb'bg\&

R Tolows o Hobu—Bonodh  separolion iy

For xe W, takoe A={x) (convey, bounded) and
B=1\ (com(Qs( closadl). Thae ¢ A€ X ¢4

P(A‘( -K'(Kl-RQ/\j \V‘Sﬁu

1Re Az < ¥,¢ in fle ek topdlogy |
COP’\"O\\'\E X (w\d 'Sts Jo\ﬁ ﬁomw\/\ POD%\&

S U W MQ(LHLJ epen = i mea\(\tj closed,
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P&P, S X-R « convex ovd LSC ' the

E:;;?Ts \Lo\ob\d)g., thon ¢ 5 also L9C in the cpeok
09

oot S KY is comvex ovd closed in

the shvorey fopelogy. , thus weakly dosed .

Thus §# @G> u Haw aioma a sdoseqwnw

S(ug) — limint Slu,)
= Slug) = K= luanf Swd s ¥V jay(e),

Since uk-l—\'-'-ru ond {S(WEKT & \z)eo\\;\'j
closed. 1t followr that

g\k‘ E\(i
S § is orln trory , Sluw) € hmind S(ue) .
bowple, Let e R™ be bounded ond cpan,
L: R"—= R convex ond

Lz) 2 xl2l’-C fo some (,%>0.

T S MW =R, Slo) =§ L) dx
hot o minimizey u
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