ANALYSIS OF FUNCTIONS EXAMPLE SHEET 3

Roland Bauerschmidt (rb812@cam.ac.uk) (exercises due to Claude Warnick) Lent 2023

Exercise 1. a) Show that & is a vector subspace of &(R"). Show that if {¢; };‘0:1 is a sequence of rapidly
decreasing functions which tends to zero in &, then ¢; — 0in E(R").

b) Show that Z(R") is a vector subspace of . Show thatif {¢; };1 | 18 a sequence of compactly supported
functions which tends to zero in Z(R") then ¢; — 0in &.

c) Give an example of a sequence {¢; ;":1 Cc CZ(R™) such that
i) ¢; — 0in &, but ¢; has no limit in D(R").
ii) ¢; — 0in &(R"), but ¢; has no limitin &.
Exercise 2. For each X € {Z(R"), 8, &(R™)}, suppose ¢ € X and establish:

a) If x; e R", x; — 0, then
T, ¢ — @, in X as [ — oo,

where 1 is the translation operator defined by 7, ¢(y) := ¢(y — x).

b) If h; € R, h; — 0, then
A?’d) — D;¢, in X asl — oo,

in X, where Al’?qb =h! [T_heiqb - ¢] is the difference quotient.

Exercise 3. Suppose u € 9’(R) satisfies Du = (0. Show that u is a constant distribution, i.e. there exists
A € C such that:

ul ] =/l‘/R¢(x)dx, for all ¢ € D(R).

(*) Extend the result to R" for n > 1.
[Hint: Fix ¢ € D(R) and show that any ¢ € D(R) may be written as ¢(x) = ' (x) + ¢ 4po(x) for some
W€ D(R), cy €C.]

Exercise 4. Let X € {2(R"), 8, &(R™)}. Foru € X', x € R", define 7 u by 7xu[¢] = u[1_x¢] for all
¢ € X, and let Al’.‘u =h! [T_heiu - u]. Show that Aflu — Dju as h — 0 in the weak-* topology of X".

Exercise 5. Suppose u € 9'(R) satisfies xu = 0. Show that u = c¢dp for some ¢ € C. Find the most
general u € @’(R) which satisfies x*u = 0 for some k € N.

Exercise 6. Suppose # : & — C is a linear map. Show that u is continuous if and only if there exist
N,k € Nand C > 0 such that:

lulgll <C  sup |(1+x)VDY(x)|, forallgeS.

xeR™;|a|<k

Exercise 7. Suppose u € 2’(R") is positive, i.e. u[¢] > 0 for all ¢ € D(R") with ¢ > 0.Show that u has
order 0, i.e., for each K c R” compact, there is a constant C such that

lu[#]] < C sup |¢p(x)], forall ¢ € CZ(R").
xeK

(*) Deduce that u[¢] = /Rn ¢du for some regular measure y.
Exercise 8. Suppose f € L'(R"), with supp f ¢ Bg(0) for some R > 0.

a) Show that f € C*(R") and for any multi-index:

sup [D¥F(&)| < R || £l
EeR?
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b) (*)Show that £ is real analytic, with an infinite radius of convergence, i.e.:
N N f(l
_ a S
f&) =) DO
a

holds for all ¢ € R”. Deduce that if (&) vanishes on an open set, it must vanish everywhere.
You may assume the following form of Taylor’s theorem. Suppose g € C¥*1(B,.(0)). Then for x € B,(0):
x(l
g0)= ), DO+ > Rp(xa”
la|<k T |Bl=k+1

where the remainder Rg(x) satisfies the following estimate in B, (0):

1
Rg(x)| £ — max max |D%(y)|.
[Rs() Bl lel=I8l yeB, (0)

Exercise 9. Recall that L*(R) = L!(R)’. Consider the sequence (f,,)* ,, where f, € L®(R) is given by

n=1’

fn(x) = sin(nx). Show that f;, 2 0. Show that 12 SN g for some g € L*(R) which you should find.

Exercise 10. Suppose f € &(R™). By observing that

1
170 = [ st 7P dx

or otherwise, show that:

n 2 A
@02 If17: < il £l -] 11 Al -

with equality if and only if f(x) = ae= for some a € C, A > 0. Deduce that if xo, & € R™:

n 2 A
CmE I < ;Hlx =20l )| 2| 1€ = &0l F ()| -

Explain how this shows that a function f € L?(R™) cannot be sharply localised in both physical and Fourier
space simultaneously. This is the uncertainty principle.

Exercise 11. Let f : R — R be the sign function

-1 x<0
fx) = { 1 x>0
and define fr(x) = f(x)L|_g g (x).

a) Sketch fg(x), and show that T, — Ty in §’(R) as R — co.

b) Compute fz(&), and show that for ¢ € §(R):

T [¢] = —ZiAdex+2i'/ow(M) cos Rxdx.

X

Deduce T; =-2iP.V. ( ), where we define the distribution P.V. ( ) by:

1 1
X X

P.v. (1) [¢] = lim 90 4y ¢ € S(R).

X €-0 JR\(~€e,e) X
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¢) Write down f; where H is the Heaviside function:

0 x<0
H(x):{l x=20

By considering e €* H(x), or otherwise, find an expression for the distribution # which actson ¢ € §(R)
by:

Exercise 12. Suppose ¢ € CZ°(R" xR™). Foreachy € R™ let ¢, : R" — C be given by ¢, (x) = ¢(x, ).
Letu € 2'(R").

a) Show thaty : y — u[¢,] is smooth and find an expression for D“y. Deduce that
[ wdy=ulw), where W)= [ a(r)ay,

b) Show that there exists a sequence of smooth functions f,, € C2°(R") such that Ty, — u in the weak-*
topology of &' (R").



