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Abstract

Let A ⊂ C(X) be a topological algebra with respect to pointwise multiplica-
tion of functions which has certain mild regularity conditions. The algebra A is
said to admit spectral synthesis of ideals (A ∈ Synt) when each closed ideal is the
intersection of closed primary ideals. We consider the class of algebras such that
their quotients by the minimal closed ideals whose zero-set is a particular point are
finite-dimensional. For this class, we prove correspondences between ideals in the
generalized jet space and closed ideals in the algebra whose zero-set is a particular
point. We also prove thatA ∈ Synt if and only ifA satisfies a generalized Whitney
Spectral Theorem. In particular, using this result, we give an alternative proof that
certain Sobolev algebras belong to Synt.

1 Introduction
The primary decomposition of ideals in rings is generally a very interesting and classi-
cal problem. For regular semisimple commutative Banach algebras, Shilov [13] proved
that every proper ideal is an intersection of primary ideals. However, it is known only
in particular cases which topological algebras of continuous functions have the prop-
erty that each closed ideal is the intersection of closed primary ideals. A topological
algebra A ⊂ C(X) is said to admit spectral synthesis of ideals (notation: A ∈ Synt) if
it has this property.

The study of the spectral synthesis of algebras of continuous functions is a highly
individual process though, where most results are for particular examples of algebras,
not broad classes. It is a major goal of the study of spectral synthesis to unify these in-
dividual approaches, not just to study each example in particular. This work is different
in that it considers the relatively broad class of algebras whose quotients by minimal
closed ideals with a particular point as their zero-set are finite-dimensional. The only
result showing that a certain class of algebras admits spectral synthesis of ideals is for
the class of D-algebras, which are a certain type of Banach algebra [7]. The class
of algebras we consider in this paper allow the work that has been done with jets in
showing that Cm(X) ∈ Synt [18] to be generalized in certain ways to this broader
class. Specifically, we define generalized jets and define a generalized Whitney Spec-
tral Theorem. It turns out that for the class of algebras we consider, an algebra satisfies
the generalized Whitney Spectral Theorem if and only if it admits spectral synthesis of
ideals. Prior work that has been done on generalizing the Whitney Spectral Theorem
is restricted to spaces such as C∞ on smooth manifolds and its quotients [11]. This
equivalent formulation immediately provides interesting results, such as a rederivation
of a known result about which Sobolev algebras belong to Synt.
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The structure of this paper is as follows. We review background material in Section
2, starting with jet spaces and jet bundles. We then give a brief overview of the spectral
synthesis of ideals of topological algebras in C(X) and focus in particular on the Cm

case on 2.2.1. We outline a proof of the Whitney Spectral Theorem for Cm. Then, in
Section 3, we consider algebras of functions such that their quotients by the minimal
closed ideals whose zero-set is a particular point are finite-dimensional. We prove
a correspondence (Theorem 3.1 and Corollary 3.2) between ideals in these quotients
and closed primary ideals with zero-set a particular point, which is a generalization
of a theorem for the jet space of Cm functions at a point. Then, we prove that under
these same conditions, these algebras admit spectral synthesis of ideals if and only
if they satisfy a generalized Whitney Spectral Theorem (Theorem 3.3), defined using
generalized jets. In particular, for p > n

m or p = n
m = 1, this implies that Sobolev

algebras Wm,p(Rn), where either m ≥ 1, n = 1, and p ≥ 1 or m ≥ 1 and 2 ≤ n < p,
satisfy a generalized Whitney Spectral Theorem (Theorem 3.4) and so are in Synt. We
conclude with simple sufficient conditions for a Banach algebra to be in Synt (Theorem
3.6). The theorems in Section 2 are known, but the theorems in Section 3 appear not to
have been published before.
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2 Jet Spaces and Spectral Synthesis

2.1 Jet Spaces
Let OX be the structure sheaf of Cm real-valued functions on a smooth manifold X

of dimension n. Let Op be the stalk at p of OX , i.e. the ring of germs of Cm functions
at p. Since smooth manifolds are locally ringed spaces, there is a unique maximal ideal
mp in Op given by

mp = {f ∈ Op | f(p) = 0}

If (u1, . . . , un) is a coordinate system around p, thenOp is generated ([4]) by the germs
of

{u1 − u1(p), . . . , un − un(p)}

For k ≤ m + 1, the ideal mkp consists of the germs of Cm functions vanishing at p up
to order k − 1. For the rest of this paper, we take k ≤ m.

Definition 2.1. If X is a smooth manifold, p ∈ X , and f ∈ Cm(X), then the k-jet at
p of f is denoted by Jkp f and is given by the equivalence class of f in Op/mk+1

p . We
define the k-jet space at p by Jkp (X) := Op/mk+1

p . We define the k-jet space of X by
Jk(X) :=

⊔
p∈X J

k
p (X).

More intuitively, on Rn, the k-jet at p of f is the Taylor expansion of f at p up to
order k. An alternative characterization of the k-th order jet space at p is given by

Jkp (X) := Cm(X)/mk+1
X,p
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where mX,p is the ideal of all functions in Cm(X) vanishing at p. We automatically
have the structure of a fiber bundle with Jk(X) the total space, X the base space, and
π : Jk(X) → X the natural projection map with fibers π−1(p) = Jkp (X). This is a
vector bundle over R since the target of the maps in Cm(X) is the vector space R. In
fact, the fibers are R-algebras, with the product in Jkp (X) given by the typical product
of jets. The fibers Jkp (X) are also smooth manifolds diffeomorphic to Euclidean space
by the map

Jkp f 7→ (f(p), T kp f) ∈ RN(n,k)

where T kp f is the vector of coefficients of terms with nonzero degree in the first k terms
of the Taylor series of f at p. In this case, N(n, k) = (n+k)!

n!k! . Since the bundle we are
considering is trivial, Jk(X) is diffeomorphic to X × RN(n,k), a smooth manifold.
Note that ifX is additionally a Lie group, then Jk(X) is a Lie group, since the product
of Lie groups is a Lie group. This construction is an instance of a more general con-
struction known as a jet bundle, whose fibers are the infinitesimal germs of sections of a
surjective submersion of smooth manifolds. The case above is for the trivial projection
map X × RN(n,k) → X .

The space C∞(X) does not come equipped with an obvious topology inherited
from the manifold X . The most typical topology is the Ck-Whitney topology which is
induced by the obvious topology on Jk(X), since the k-jet space is a finite-dimensional
manifold. It is induced by the projection map

Jk· · : X × C∞(X)→ Jk(X)

given by (p, f) 7→ Jkp f . That is, for each open U ⊂ Jk(X), a basis of open sets in
C∞(X) in the Ck-Whitney topology is given by

Sk(U) = {f ∈ C∞(X) | ∀p ∈ X, Jkp f ∈ U}

Equivalently, we may define a neighborhood basis of open sets in C∞(X) in the Ck-
Whitney topology. Since every manifold is metrizable, we choose a metric d on Jk(X),
choose a continuous map δ+ : X → R≥0, and define the neighborhood basis by

Bδ+(f) = {g ∈ C∞(X) | ∀p ∈ X, d(Jkp f, J
k
p g) < δ+(p)}

Now, Jkp (X) ⊂ Jk(X) is an embedded submanifold, so the projection map

Jkp : Cm(X)→ Jkp (X)

is continuous, and it is also a ring homomorphism. We will use this topology on
Cm(X) for the remainder of the paper, unless otherwise stated.

2.2 Spectral Synthesis
Understanding the spectral synthesis of families of operators on a topological vec-

tor space is a very general and important problem, but here, we focus on the spectral
synthesis of ideals in algebras of continuous functions. IfX is a locally compact Haus-
dorff space, then let C(X) be the space of continuous functions on X . Consider a
linear subspace A ⊂ C(X) that is a topological algebra with respect to the pointwise
multiplication of functions in C(X). We will use the following definition throughout
the rest of this paper.
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Definition 2.2. The algebra A ⊂ C(X) is Shilov regular if for each closed F ⊂ X
and for each p ∈ X/F , there exists fp ∈ A such that fp(p) = 1 and fp = 0 on F .

We will suppose that A is Shilov regular throughout the rest of this paper. We will
also assume that A has the property that Specm(A) = X , i.e. its set of maximal ideals
is in bijective correspondence with X . Every algebra mentioned in this paper has this
property.

Now, an ideal in A is a linear subspace that is an ideal in the ring structure of A.

Definition 2.3. If I ⊂ A is an ideal, then we define its cospectrum by σ(I) :=⋂
f∈I f

−1(0).

Definition 2.4. For closed F ⊂ X , let VA,F be the set of functions in A vanishing on
F , and letNA,F be the closure of the set of functions inA vanishing in a neighborhood
of F .

By a theorem of Shilov [13], when A ⊂ C(X) is Shilov regular and Specm(A) =
X , VA,F is the maximal closed ideal ofAwith cospectrum F , andNA,F is the minimal
closed ideal of A with cospectrum F .

Definition 2.5. If A ⊂ C(X) is a topological algebra that is Shilov regular and
Specm(A) = X , we say that A ∈ synt if VA,F = NA,F , . In other words, when
A ∈ synt, each closed ideal is the ideal of functions vanishing on a closed set.

Remark. Not many interesting algebras A ⊂ C(X) are in synt. The most notable one
is C(X), where X is a compact Hausdorff space, with the norm

||f ||X = sup{|f(p)|
∣∣ p ∈ X}

This was first proved by Stone [15]. Let f ∈ C(X) vanish on a closed set F ⊂ X .
Define

Tεg :=

{
g, if |u| ≤ ε
εsgn(g), otherwise

Then, define gε = f − Tεf , which is continuous, vanishes in a neighborhood of F ,
and ||gε − f ||X = ||Tεf ||X ≤ ε. This implies that every function vanishing on F is in
the closure of the ideal of functions vanishing in a neighborhood of F . Thus, for each
closed F ⊂ X , VC(X),F = NC(X),F and so C(X) ∈ synt.

The algebras in synt are a particular case of the more general phenomenon of alge-
bras admitting spectral synthesis of ideals.

Definition 2.6. We say thatA admits spectral synthesis of ideals,A ∈ Synt, if for each
closed proper ideal I ⊂ A, I =

⋂
p∈σ(I) closA(I +NA,{p}).

The ideal closA(I + NA,{p}) is in fact the minimal closed ideal containing I that
has cospectrum {p}. An ideal that has cospectrum {p} is said to be primary at p. In
other words, A ∈ Synt if each closed proper ideal in A is an intersection of closed
primary ideals. Clearly, synt is a subset of Synt. The problem of understanding which
algebras are in Synt is a closed primary decomposition problem for closed ideals in
these function spaces.
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2.2.1 Spectral Synthesis of Cm

The known results in this subsection will motivate their generalization in Section 3 of
this paper. A classical theorem of H. Whitney says that Cm(Ω) ∈ Synt for any open
subset Ω ⊂ Rn [18] [10]. More generally, Cm(X) ∈ Synt where x is any smooth
manifold [11]. This is also true for C∞(X) by [10]. In fact, more can be said than just
this. For each ideal I ⊂ Cm(X), the minimal closed ideal primary at p and containing
I is

(Jmp )−1(Jmp (I)) = I +NCm,{p}

The minimal closed ideal primary at p can be represented as

NCm,{p} = closCm(X)V
m+1
Cm,{p} = {f ∈ Cm(X) | Jmp f = 0}

This suggests Whitney’s Spectral Theorem, Theorems 2.2 and 2.3 [18]. To prove this,
we begin with a lemma, closely following the approach of Malgrange [10].

Since the map Cm(X) → Jmp (X) is a surjective ring homomorphism, for each
ideal I ⊂ Cm(X), Jmp (I) is an ideal of Jmp (X). Also, in the following lemma, we
consider Cm(Q), where Q is compact, so the topology can be given by the norm

||f ||cm(Q) =
∑
|k|≤m

sup
x∈Q
|Dkf(x)|

Lemma 2.1. Let Q be a closed cube in Rn. Let I ⊂ Cm(Q) be an ideal, and let
K ⊂ Q be a compact subset such that for all p ∈ K, the rank of Jmp (I) is r, where r
is independent of p. If F ∈ Î , then for any ε > 0, there exists φ ∈ Cm(Q) and f ∈ I
such that φ = 1 in a neighborhood of K and ||φF − f ||Cm < ε.

Proof. Let a ∈ K. By assumption, there exists a neighborhoodBa 3 a and f1, . . . , fr ∈
I such that for x ∈ Ba ∩ K, Jmx f1, . . . , J

m
x fr is a basis of Jmx (I) in the finite di-

mensional Euclidean vector space Jmx (I). Then, there exist continuous λ1, . . . , λr on
Ba ∈ K such that

Jmx F =

r∑
i=1

λJmx fi

for all x ∈ Ba ∩K. Using a partition of unity, we can find f1, . . . , fs ∈ I , λ1, . . . , λs
on L, and a constant C such that for all x ∈ K,

Jmx F =

s∑
i=1

λi(x)Jmx fi

and sup
i≤s,x∈L

|λi(x)| ≤ C. Let α be a modulus of continuity for F, f1, . . . , fs. Define

for any a ∈ K, x ∈ Q, fa(x) =
s∑
i=1

λi(a)fi(x). Clearly,

Jma F (z) = Jma fa(z)

Thus, for a ∈ K, x ∈ Q, and z ∈ Rn,

|Jmx F (z)− Jmx fa(z)| ≤ |Jmx F (z)− Jma fa(z)|+ |Jma fa(z)− Jmx fa(z)|

≤ C ′(|z − x|m + |z − a|m)α(|x− a|) (1)
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where C ′ does not depend on a, x, z. Then, up to constants not depending on a, x, z,
and defining z − x := |x− a|(z′ − x),

|
∑
|k|≤m

(Dkf(x)−Dkfa(x))
(z − x)k

k!
| ≤ C ′(|z − x|m + |z − a|m)α(|x− a|)

≤ C ′′|x− a|mα(|x− a|)(1 + |z′ − x|m)

Then, there exists a constant C ′′ not depending on a, x, z, such that

|DkF (x)−Dkfa(x)| ≤ C ′′|x− a|m−|k|α(|x− a|)

Now, we proceed with a decomposition of Rn into cubes. Divide Rn into cubes
with side d, and let I denote the family of open cubes of side 2d with the same center.
There is a partition of unity subordinate to I such that for |k| ≤ m,∑

i∈I
|Dkφi(x)| ≤ C

d|k|
(2)

where C is a constant depending only on m and n. Let I ′ be the family of those S in I
which meet K and for each such S, let aS be a point in S ∩K. Note that I ′ is a finite
set. Define

φ :=
∑
S∈I

φS , f :=
∑
S∈I

φSfaS

Obviously, φ(x) = 1 in a neighborhood of K, and

||φF − f ||Cm(Q) =
∑
|k|≤m

sup
x∈Q
|Dk(φF − f)(x)|

≤
∑
|k|≤m

∑
S∈I′

sup
x∈Q
|Dk(φSF − φSfaS )(x)|

Differentiating and applying (1) and (2), it follows that

||φF − f ||Cm(Q) ≤ C ′′′α(d)

where C ′′′ is independent of d and α(d) gets small as d gets small. Then, choosing the
sides of our cubes to be small, the lemma follows.

We start by proving the Whitney Spectral Theorem for X = Q, a closed cube in
Rn [10].

Theorem 2.2. Let Q ⊂ Rn be a closed cube. If I is an ideal of Cm(X), then

closCm(I) = Î

where Î = {f ∈ Cm(I) | ∀p, Jmp (f) ∈ Jmp (I)}.

Proof. Define Br by
Br = {p ∈ Q | rk(Jmp (I)) ≤ r}

LetAr = Br\Br−1 for r ≥ 0. By Lemma 2.5 and the fact thatB0 = A0 is closed, it is
true that given any F ∈ Î and for any ε > 0, there exists φ ∈ Cm(Q) and f ∈ I such
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that φ = 1 in a neighborhood of B0 and ||φF − f ||Cm < ε. We will prove inductively
that given any F ∈ Î and for any ε > 0, there exists φ ∈ Cm(Q) and f ∈ I such that
φ = 1 in a neighborhood of Br and ||φF − f ||Cm < ε. Suppose this holds for Br−1.
Fix F ∈ I , and denote by φr−1 ∈ Cm(Q) and fr−1 ∈ I the functions satisfying the
inductive hypothesis for ε > 0. Pick a compact neighborhood K ′ of supp(1 − φr−1)
such that K ′ ∩ Br−1 = ∅. Let K = K ′ ∩ Br. Then, K ⊂ Cm(Q). Applying Lemma
2.5 to (1 − φr−1)F on K, we find ψ ∈ Cm(Q) with ψ = 1 in a neighborhood of K
and f ∈ I such that

||ψ(1− φr−1)F − f ||Cm ≤ ε

Then, define φr and fr by

φr = 1− (1− ψ)(1− φr−1)

fr = f + fr−1

We have that φr ∈ C(Q) and fr ∈ I , satisfying ||φrF − f ||Cm ≤ 2ε and φr = 1
in a neighborhood of Br. So, by induction, this is true for any r. So, taking r to be
the dimension of Jmp (Q), we get that there exists f ∈ I for every ε > 0 such that
||F − f ||Cm ≤ ε. Thus, F ∈ closCm(I), and the theorem follows.

Corollary 2.3. Let X ⊂ Rn be an open set. If I is an ideal of Cm(X), then

closCm(I) = Î

where Î = {f ∈ Cm(I) | ∀p, Jmp (f) ∈ Jmp (I)}.

Proof. Find a smooth partition of unity φi in X . If f ∈ Î , then φif can be used in
Theorem 2.2. By the topology of uniform convergence of all derivatives on compact
subsets, which is the same as the Whitney topology described in Section 2.1,∑

i

φif ∈ closCm(X)(I)

So, Î ⊂ closCm(X)(I) and since the reverse direction is obvious, the corollary follows.

Corollary 2.4. Let X be a smooth manifold. If I is an ideal of Cm(X), then

closCm(I) = Î

where Î = {f ∈ Cm(I) | ∀p, Jmp (f) ∈ Jmp (I)}.

Proof. This follow immediately from Theorem 2.2 and Corollary 2.3, using the topol-
ogy of uniform convergence of all derivatives on compact subset of X .

3 Spectral Synthesis of Algebras of Continuous Func-
tions

3.1 Generalized Whitney Spectral Theorem and Synt
The following theorem is a generalization of Theorem 3.1 to a broad class of algebras
of C(X) functions, where X is a locally compact Hausdorff space, unless otherwise
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specified. If A ⊂ C(X) is a linear subspace of C(X) which is a topological algebra
with respect to multiplication of functions pointwise, let NA,{p} be the minimal closed
ideal primary at p, the closure of the ideal of functions vanishing in a neighborhood of
p. Note that the topology on A may be different than that on C(X).

Theorem 3.1. Let A ⊂ C(X) be a topological algebra that is Shilov regular and sat-
isfies Specm(A) = X . Suppose that for some p ∈ X , there is a compact neighborhood
around the origin in A/NA,{p}. Then, there is an order-preserving (by inclusion) bi-
jective correspondence between the proper ideals of A/NA,{p} and the closed ideals
of A that are primary at p.

Moreover, the closed ideals of A that are primary at p take the form I + NA,{p}
for each ideal I ⊂ A.

Proof. Since A is a topological vector space and since NA,{p} is a closed linear sub-
space, A/NA,{p} is a Hausdorff topological vector space with the quotient topology.
Now, there is a compact neighborhood around the origin in A/NA,{p}, which implies
that A/NA,{p} is locally compact. The space A/NA,{p} is a locally compact Haus-
dorff topological vector space, so it is finite-dimensional [12]. In a Hausdorff topo-
logical vector space, every finite-dimensional linear subspace is closed, which means
that every linear subspace of A/NA,{p} is closed and so every ideal in A/NA,{p} is
closed. Each proper ideal in A/NA,{p} takes the form I/NA,{p} for a proper ideal
I ⊂ A. So, since the canonical map A → A/NA,{p} is continuous, for each ideal
I ⊂ A, the ideal I + NA,{p} is closed. Thus, the minimal closed ideal primary at p
containing the proper ideal I is closA(I + NA,{p}) = I + NA,{p}, using the Shilov
regular and maximal spectrum assumptions on A (see Section 2.2) [13]. So, there is a
bijective order-preserving correspondence between the proper ideals of A/NA,{p} and
the closed ideals of A that are primary at p.

The following equivalent formulation of the above theorem clarifies the connection
to Theorem 3.1 and jet spaces.

Corollary 3.2. Let A ⊂ C(X) be a topological algebra that is Shilov regular and
has Specm(A) = X . Suppose that for some p ∈ X , A/NA,{p} is a finite-dimensional
topological R-algebra with the quotient topology. Then, there is an order-preserving
(by inclusion) bijective correspondence between the proper ideals of A/NA,{p} and
the closed ideals of A primary at p.

Moreover, the closed ideals of A that are primary at p take the form I + NA,{p}
for each ideal I ⊂ A.

Proof. Since every finite-dimensional Hausdorff topological vector space is isomor-
phic to every other Hausdorff topological vector space of the same dimension,A/NA,{p}
is isomorphic to finite-dimensional Euclidean space. Thus, it is locally compact, and
the corollary follows from the proof of Theorem 3.1. On the other hand, the proof
of Theorem 3.1 shows that the conditions of Theorem 3.1 imply that A/NA,{p} is
finite-dimensional, implying that Theorem 3.1 and this corollary are equivalent state-
ments.

Remark. If we let A = Cm(X), where X is a smooth n-manifold, then from Section
2,

Cm(X)/NCm,{p} ∼= Jmp (X) ∼= R
(n+m)!
n!m!

and so Corollary 3.2 applies to Cm(X). Corollary 3.2 is in fact a generalization of a
known result for Cm(X). Clearly, Corollary 3.2 implies that an ideal in Jmp (X) is the
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jet of NCm,{p}, the closure of the ideal of functions vanishing in a neighborhood of p,
if and only if the ideal is zero. Also, an ideal in Jmp (X) is the jet of VCm,{p}, the ideal
of functions vanishing at p, if and only if the ideal is maximal. More generally, using
the Whitney Spectral Theorem, a closed ideal I ⊂ Cm(X) is the ideal of functions
vanishing in a neighborhood of F , the minimal closed ideal with cospectrum F , if for
each p ∈ F , Jmp (I) = 0. Also, a closed ideal I ⊂ Cm(X) is the ideal of functions
vanishing on a set F , the maximal closed ideal with cospectrum F , if for each p ∈ F ,
Jmp (I) is the maximal ideal in Jmp (X).

The following definition pushes the analogy withCm further, leading to a definition
of a generalized Whitney Spectral Theorem.

Definition 3.1 (A-Jets). IfA ⊂ C(X) satisfies the conditions of Theorem 3.1 for some
p ∈ X , then denote theA-jet at p of f ∈ A by JA,pf , and define JA,pf to be the image
of f under the quotient map A → A/NA,{p}.

Definition 3.2. Let A ⊂ C(X) satisfy the conditions of Theorem 3.1 for each p ∈ X .
If I is an ideal ofA and σ(I) is its cospectrum, a function f ∈ A is said to be pointwise
in I if JA,pf ∈ JA,p(I) for each p ∈ σ(I). We define Î to be the ideal of all functions
pointwise in I .

Definition 3.3 (Generalized Whitney Spectral Theorem). We say that a topological
algebra A ⊂ C(X) satisfies the generalized Whitney Spectral Theorem (WST) on X
if for any ideal I ⊂ A, closA(I) = Î .

Theorem 3.3. Let A ⊂ C(X) be a topological algebra that is Shilov regular and sat-
isfies Specm(A) = X . Suppose that for each p ∈ X , there is a compact neighborhood
around the origin in A/NA,{p}. Then, A satisfies the generalized Whitney Spectral
Theorem on X if and only if A ∈ Synt.

Proof. Suppose A satisfies the generalized Whitney Spectral Theorem on X . Let I be
a closed ideal in A, and as before, let σ(I) be its cospectrum. Suppose

F ∈
⋂

p∈σ(I)

(I +NA,{p})

Then, JA,pF ∈ JA,p(I) for each p ∈ σ(I), which means that F ∈ Î = closA(I) = I .
Thus, ⋂

p∈σ(I)

(I +NA,{p}) ⊂ I

The fact that I is contained in the intersection is obvious. Then, by the conditions on
A, Theorem 3.1 holds, so I +NA,{p} is a closed ideal primary at p, which implies that

I =
⋂

p∈σ(I)

(I +NA,{p})

Thus, A ∈ Synt.
On the other hand, suppose A ∈ Synt. Using the result of Theorem 3.1, for any

ideal I ∈ A,

closA(I) =
⋂

p∈σ(I)

closA(I +NA,{p}) =
⋂

p∈σ(I)

(I +NA,{p})
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Then, if F ∈ Î , for each p ∈ σ(I), JA,pF ∈ JA,p(I) and so F belongs to the inverse
image of the ideal JA,p(I) by the map A → A/NA,{p}. By Theorem 3.1, this means
that for each p ∈ σ(I), F ∈ I + NA,{p}. Thus, F ∈ closA(I). Now, if we have that
F ∈ closA(I), then it is obvious that JA,pF ∈ JA,p(closA(I)). Thus, closA(I) = Î ,
which means A satisfies the generalized Whitney Spectral Theorem on X .

Remark. Theorem 3.3 is in fact a direct generalization of the original Whitney Spectral
Theorem and Whitney’s proof that Cm(X) ∈ Synt for X a smooth manifold. Con-
sider the topological algebra Cm(X) ⊂ C(X). Since smooth bump functions exist in
Cm(X), for any closed F ⊂ X , and for each p ∈ X/F , there exists fp ∈ A such that
fp(p) = 1 and fp = 0 on F , so Cm(X) is Shilov regular. Also, the only maximal
ideals of Cm(X) are the ideals of functions vanishing at a point in X , so Specm = X .
As mentioned in Section 2.1, Jkp (X) ∼= R

(n+k)!
n!k! and so the equivalence of the Whitney

Spectral Theorem on Cm(X) and spectral synthesis of ideals for Cm is established by
Theorem 3.3.

Remark. Note that there exist topological algebras A ⊂ C(X) such that for each
p ∈ X , A/NA,{p} is infinite-dimensional and so there is no compact neighborhood
around the origin, yet A ∈ Synt. An example of this is Lip(X, d) ⊂ C(X), where
(X, d) is a compact metric space. This algebra is given by the finite norm

||f ||X,d = max{||f ||X , ||f ||d}

where ||f ||X = sup{|f(p) | p ∈ X|} and

||f ||d = sup{ |f(p)− f(q)|
d(p, q)

| p, q ∈ X, p 6= q}

In fact, for each p ∈ X , the quotient of the maximal by the minimal closed ideals
primary at p in Lip(X, d) is infinite-dimensional, i.e. VLip,{p}/NLip,{p} is infinite-
dimensional [7]. Thus, Lip(X, d)/NLip,{p} is infinite-dimensional. However, in 1958,
Glaeser [3] proved that for compact K ⊂ Rn and d(p, q) = |x− y|α with 0 < α ≤ 1,
Lip(K, d) ∈ Synt. In 1966, Waelbroeck [17] completed Glaeser’s original approach,
proving that Lip(X, d) ∈ Synt for any compact metric space (X, d).

Theorem 3.3 has implications for many topological algebras. Consider the Sobolev
space Wm,p(Rn), 1 ≤ p < ∞, of functions f on Rn where for each |α| ≤ m, the
distributional derivative Dαf ∈ Lp(Rn). This space can be given the norm

||f ||Wm,p =
∑
|α|≤m

||Dαf ||Lp

If p > n
m or p = n

m = 1, Khanin provided a technical proof that Wm,p(Rn) ∈ Synt
if either m ≥ 1, n = 1, and p ≥ 1 or m ≥ 1 and 2 ≤ n < p [7]. This result can be
proved using Theorem 3.3, which we show in the following theorem.

Theorem 3.4. Let p > n
m or p = n

m = 1. The Sobolev algebra Wm,p(Rn) satisfies
the generalized Whitney Spectral Theorem on Rn for either m ≥ 1, n = 1, and p ≥ 1
or m ≥ 1 and 2 ≤ n < p. In fact, under these conditions, Wm,p(Rn) ∈ Synt.

Proof. Under the given conditions on m, n, and p, it is known that Wm,p(Rn) con-
tinuously embeds into Cl0(Rn), the space of functions with derivatives up to order l
vanishing at infinity, where l = m−n for p = 1 or l = bm− n

p c−1 for p > 1 [16] [2].
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Thus, under these conditions, Specm(Wm,p(Rn)) = Rn. We also have thatWm,p(Rn)
is Shilov regular. Now, by a theorem of Khanin [7], NWm,p,{q} has the structure

NWm,p,{q} = {f ∈Wm,p(Rn) | ∀|α| ≤ l, Dαf(q) = 0}

Note that this is precisely the same as NCl
0,{q}, the minimal closed ideal in Cl0 pri-

mary at {q} [6]. So, the generalized Wm,p-jet at a point is simply the image of
f ∈ Wm,p(Rn) ⊂ Cl0(Rn) in the quotient Wm,p(Rn)/NCl

0,{q}, which is J lqf , the
usual l-jet at q of f ∈ Cl0(Rn). Then, since Wm,p(Rn) is continuously embedded in
Cl0(Rn) and the Whitney Spectral Theorem holds for Cl0(Rn), we have that

closWm,p(I) = closCl
0
(I) = Î

Thus, Wm,p(Rn) satisfies the generalized Whitney Spectral Theorem.
Now, since Cl0(Rn)/NCl

0,{q} is the typical l-jet space at q and is finite-dimensional,
this implies that Wm,p(Rn)/NWm,p,{q} is also finite-dimensional since Wm,p(Rn) is
a subset of Cl0(Rn). Now, a finite-dimensional topological vector space is locally com-
pact, meaning that there is a compact neighborhood around 0 inWm,p(Rn)/NWm,p,{q}
for each q ∈ Rn. So, we may apply Theorem 3.3 to get that, under the conditions on
m, n, and p, Wm,p(Rn) ∈ Synt.

3.2 Simple Sufficient Conditions for Synt
We now conclude with simple sufficient conditions for a topological algebra A ⊂
C(X) with certain conditions to be in Synt.We consider algebras A ⊂ C(X) that are
normable, i.e. there exists a norm on A that induces the topology. By a theorem of
Kolmogorov, a topological vector space is normable if and only if it is Hausdorff and
has a convex, bounded neighbourhood of 0 [9]. So, we will assume thatA is Hausdorff
and has a convex, bounded neighborhood of 0. In particular, we will consider Banach
algebras, which are Banach spaces (A, || · ||A) that are associative algebras satisfying
the property that for every f, g ∈ A, ||fg||A ≤ ||f ||A||g||A. Many of the algebras
of interest are Banach, such as Cm(X), Cmlipφ(X), and Wm,p(X). Now, we give
sufficient conditions for a broad class of Banach algebras to admit spectral synthesis of
ideals and satisfy the generalized Whitney Spectral Theorem.

Lemma 3.5. Let A ⊂ C(X) be a Banach algebra. Then, for each ideal I ⊂ A,
closA(I) is an ideal.

Proof. In any topological vector space, the closure of a linear subspace is a linear
subspace. Now, if g ∈ closA(I), then for each ε > 0, there exists f ∈ I such that
||g − f ||A < ε. Now, if h ∈ A, then hf ∈ I and

||hg − hf ||A = ||h(f − g)||A ≤ ||h||A||f − g||A ≤ ||h||Aε

Thus, hf ∈ closA(I) and so closA(I) is an ideal of A.

Theorem 3.6. Let A ⊂ C(X) be a Banach algebra that is Shilov regular and satisfies
Specm(A) = X . Suppose that for each p ∈ X , there is a compact neighborhood
around the origin in A/NA,{p}. Additionally, suppose that for each closed proper
ideal I ⊂ A, ( ⋂

p∈σ(I)

(I +NA,{p})
)/
I

is totally bounded. Then, A ∈ Synt.
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Proof. Define I∗ by
I∗ :=

⋂
p∈σ(I)

(I +NA,{p})

By Theorem 3.1, I +NA,{p} is closed, meaning that I∗ is a closed subspace of A and
hence is a Banach space. Now, I∗/closA(I) is complete since it is the quotient of a
Banach space by a closed subspace. By assumption, I∗/closA(I) is totally bounded,
so it is compact. Now, we know that I∗/closA(I) is a Hausdorff topological vector
space since it is the quotient of a topological vector space by a closed subspace [12].
Then, a compact Hausdorff topological vector space is in fact trivial, since every locally
compact Hausdorff topological vector space is isomorphic to Euclidean space. Thus,
I∗ = closA(I) for each proper ideal, which implies that A ∈ Synt.

4 Concluding Remarks
Approaching the study of topological algebras of continuous functions through gener-
alized jets appears to be a fruitful direction of research. The equivalent formulation in
Theorem 3.3 appears that it will help characterize the structure of the closure of ideals
in many topological algebras through the generalized Whitney Spectral Theorem, be-
yond just the Sobolev algebras. It may even lead to proving that new classes of algebras
admit spectral synthesis of ideals. For example, it has been conjectured that the algebra
Cm Lip φ(Q) ∈ Synt, where Cm Lip φ(Q) consists of the Cm functions whose order
m derivatives are in Lip φ (Q) with Q ⊂ Rn a closed cube [6]. This algebra may
satisfy the required conditions for Theorem 3.3 and the generalized Whitney Spectral
Theorem, which would imply that this conjecture is true. More generally, the notion
of generalized jets opens up the possibility of studying these algebras through gener-
alized jet spaces, generalized jet bundles, and the sheaf associated to a generalized jet
bundle. This could potentially allow for more algebraic and topological techniques to
be used, such as cohomological obstructions for the existence of certain subbundles of
the generalized jet bundle.
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