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Abstract

We present a novel approach for the indirect generation of unstructured quadrilateral meshes. The al-

gorithm first creates a mesh of unstructured triangles, then partitions the edges of the triangular mesh

into three groups with a fast coloring algorithm. An all-quadrilateral mesh is obtained on the domain

interior by removing all edges of a particular color. The resulting unstructured quadrilateral mesh is then

post-processed using topological optimization techniques for quadrilateral meshes. We apply our algorithm

to a number of meshes and demonstrate that it is consistently one to two orders of magnitude faster than

a widely used recombination algorithm.

1. Introduction

Methods for quadrilateral mesh generation can generally be divided into two groups: indirect and

direct. Indirect methods generate a quadrilateral mesh by first meshing the domain with triangles and

then merging triangles to obtain quadrilateral elements, while direct methods produce a quadrilateral mesh

from the start. Some direct methods use techniques based on quadtree data structures [1, 2].

Indirect algorithms use a recombination procedure to generate a quadrilateral element by removing the

edge shared by two neighboring triangular elements. A mesh of quadrilaterals is produced by repeating

this procedure over the whole triangular mesh. This approach to quadrilateral mesh generation has been

examined in [3, 4, 5]. Removing edges in an arbitrary order, known as a greedy algorithm, works, but

triangles are likely to remain in the recombined mesh. In [3], every edge of the triangular mesh is assigned

a quality score. The score of an edge corresponds to the quality of the resulting quadrilateral should

that edge be removed from the mesh. The edges are then removed in the order of decreasing score. This

procedure will generate a quad-dominant mesh and will leave some triangles uncombined. The remaining

triangles are removed by uniformly refining the entire mesh (Figure 1). In [5], the Blossom algorithm is
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used to determine the optimal set of edges to remove, such that the quality of the resulting quadrilateral

mesh is maximized. There have been many implementations of the Blossom algorithm, e.g. Blossom I in

[6]. The Blossom IV implementation in [7] is used in the quadrilateral recombination algorithm described

in [5]. Other indirect approaches include the Q-Morph algorithm [8], which performs transformations on

an initial triangular mesh using an advancing front to generate a mesh of quadrilaterals. Generally indirect

methods require topological optimization techniques to improve quadrilateral element quality. However,

the Q-Tran [9] algorithm is an indirect algorithm with provable element quality that does not a require a

post-processing step.

In this work, we propose a new algorithm for finding the edges to remove from the mesh. Instead

of Blossom, we use a fast edge coloring algorithm from [10] to determine a set of edges to remove, such

that an all-quadrilateral mesh on the domain interior is obtained. This algorithm was originally intended

for work scheduling to avoid race conditions and optimize memory transfers in CFD codes for graphics

processing units (Section 2.1). Based on the edge coloring, we generate an all-quadrilateral mesh on the

domain interior and apply standard topological optimization subroutines (Section 3). In Section 4.1, we

show that the coloring algorithm is between one and two orders of magnitude faster than the Blossom

algorithm on a variety of mesh sizes. In Section 4.2, we show that although the set of edges removed by

the edge coloring is not optimal, the average mesh quality of the resulting quadrilateral mesh is in general

not very far from that determined by the Blossom algorithm. Further, in Section 4.3, we show that after

topological optimization, the average mesh qualities given by both coloring and Blossom become close.

Finally, in Section 4.4, we apply our quadrilateral mesh generator to a domain with a complex boundary

and variable triangular element size.

2. Quadrilateral mesh generation

The proposed method to quadrilateral mesh generation consists of five steps, given in Algorithm 1.

First, the domain is triangulated using, e.g., the Delaunay algorithm. Second, we use the edge coloring

algorithm proposed in [10], which partitions the edges of the triangular mesh into three groups, or colors,

such that no triangle has two edges of the same color, see Figure 2a. This is a fast procedure that

can color all edges of a million element mesh of triangles in a matter of seconds. Once the edges are

colored, the triangular elements of the mesh are recombined into quadrilaterals by removing all edges of

the chosen color (Figure 2c). This guarantees an all-quadrilateral mesh on the domain interior. However,
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(a) Triangulation of the domain (b) Quad-dominant mesh, with the
two remaining triangles in grey.

(c) All-quad mesh obtained by uni-
form refinement.

Figure 1: Triangular recombination.

some triangles may remain on the domain boundary. Many of these triangles can be removed by a simple

color swapping procedure that we will detail in Section 3. After this procedure, the number of remaining

boundary triangles is usually small and they can be removed with a collapsing subroutine. Finally, standard

topological optimization procedures are applied to improve the quality of the resulting quadrilateral mesh

(Figure 2d).

Algorithm 1 Quadrilateral mesh generation

1. triangulate the domain.
2. color the edges of the triangular mesh (Section 2.1).
3. perform color swapping to reduce the number of boundary triangles.
4. remove all edges of one color.
5. execute topological optimization subroutines on the resulting quadrilateral mesh (Section 3).

2.1. Coloring

Here we give a brief overview of the steps involved in the coloring procedure, for more detail see [10].

The coloring algorithm first colors the mesh imperfectly with a greedy algorithm, leaving some edges

uncolored. The greedy algorithm iterates through the edges of the triangular mesh and assigns to an edge

an available color, e.g., 1, 2, or 3, such that each triangle that shares the edge does not have two edges

of the same color. If no color is available, then the edge is left uncolored. Next, the uncolored edges

are colored using a swapping operation, which is a simple, local procedure illustrated in Figure 3. The

uncolored edge exchanges colors with neighboring edges as shown in Figures 3b and 3c. The swap does

not increase the number of uncolored edges and is a quick operation. Uncolored edges may be eliminated
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(a) Triangular mesh with colors 1, 2, and 3. (b) Mesh with no boundary edges of color 1.

(c) Mesh after removing all interior edges of color 1. (d) Quadrilateral mesh after topological optimization.

Figure 2: Triangular recombination.
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(a) A greedily colored triangu-
lar mesh with colors 1,2, and
3. Uncolored edges are indi-
cated by a dashed line.
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(b) Arrow indicates direction
of color swap.
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(c) After second color swap.
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(d) The two uncolored
(dashed) edges in Figure 3c
can now be colored.

Figure 3: Color swapping procedure.

when, for example, a triangle has two uncolored edges (Figures 3c and 3d). We note that certain steps of

the coloring algorithm are random, meaning that multiple runs of the coloring code on the same triangular

mesh may yield different colorings (Figure 4).

In the construction of the quadrilateral mesh, we can remove the edges of any one of the colors, however

a convenient choice is the one that leaves the fewest number of unmerged boundary triangles. Let us assume

in what follows that color 1 appears the least number of times on the boundary.

The number of remaining boundary triangles can be reduced with an additional color swapping pro-

cedure. Consider the dotted paths drawn over the mesh in Figure 5a. The paths connect two boundary

triangles of the same color. The path on the bottom right corner passes over edges of color 1,2,1,... We

can recolor the edges in the sequence to 2,1,2, etc., without affecting the coloring of other elements. This

eliminates the boundary triangles involved (Figure 5b).

2.2. Blossom-Quad

We contrast our approach with the Blossom-Quad algorithm described in [5]. Blossom-Quad is different

from our coloring algorithm in that it chooses a set of edges to remove such that the quality of the resulting

quadrilateral mesh is the best possible for a given metric. In [5], an element’s quality q is defined as

q = max

(
1− 2

π
max
j=1,..,4

∣∣∣π
2
− αj

∣∣∣ , 0) , (1)

where αj, j = 1, .., 4 are the angles formed by the edges of the quadrilateral. The values of measure q is

between 0 and 1, where q = 1 corresponds to a rectangle. The cost of an edge is defined as 1 minus the

quality q of the resulting quadrilateral should that edge be removed from the mesh, i.e. c = 1 − q. For

boundary triangles, ghost edges are introduced and given a cost of 1,000 [5]. Additionally, the Blossom
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(a) A possible coloring. (b) Another possible coloring.

Figure 4: Two possible edge colorings of the same triangular mesh.

algorithm requires that the cost associated with an edge be an integer. Therefore, we scale and round an

edge’s cost, c, such that it is an integer between 0 and 100, i.e., 0 ≤ b100cc ≤ 100. Next, the cost of a

quadrilateral mesh is defined as the sum of the costs of the edges removed from the original quadrilateral

mesh, C =
∑

k ck, where k is the index of an edge removed from the mesh. The Blossom algorithm [7]

then determines the edges of the mesh to remove such that the cost of the resultant quadrilateral mesh C

is minimized. Since boundary triangles have such a high cost, they are unlikely to be present in the final

mesh.

3. Topological optimization

Next, we outline the topological optimization techniques employed to remove remaining boundary

triangles and increase the quadrilateral quality.

3.1. Smoothing

The initial quadrilateral mesh may contain low-quality elements, e.g. concave and thin quadrilaterals.

We use several techniques available in the literature to address this issue. First, we smooth the geometrical

nodes xi of the mesh with an averaging procedure (Figure 6), [3]. The position of node xi is updated to
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(a) Two paths connecting boundary edges of color 1. The
colors of the edges over which the path passes alternate
1, 3, 1, ... and 1, 2, 1, ...

(b) Eliminate the boundary triangles by recoloring the
paths. The path 1-3-1 becomes 3-1-3 and 1-2-...-1 be-
comes 2-1-...-2.

Figure 5: Removal of boundary triangles.

be the average position of the nodes connected to it by an edge

x′i =
1

N

N∑
j=1

xi,j, (2)

where x′i is the updated position of the ith node, xi,j is the jth node connected to xi by an edge, and N

is the number of neighboring nodes. For some configurations, this smoothing operation is insufficient and

additional topological optimization operators are required.

3.2. Other operations

We also use the quad-vertex merge and doublet collapse operators [11] and introduce a boundary

triangle removal subroutine for remaining triangles that were not eliminated by the procedure described

in Section 2.1 (Figure 5). First, the quad-vertex merge operator acts on excessively thin elements (Figure

7a) by collapsing these quadrilaterals as illustrated in Figure 7b. An excessively thin quadrilateral can be

defined as one with two opposite corner angles being smaller than than some user-defined threshold angle.

After collapsing the quadrilaterals, the mesh configuration is shown in Figure 7c. Next, the doublet collapse

operators act on quadrilaterals with two adjacent edges that are almost parallel and neighboring the same

quadrilateral (Figure 8a). The operation simply removes the two almost parallel edges and merges the
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(a) A set of deformed quadri-
laterals.

(b) The center node is reposi-
tioned to the average of the four
nodes to which it is connected
by an edge.

(c) Final position of the center
node.

Figure 6: Mesh smoothing described in Section 3.1.

(a) The greyed quadrilaterals are ex-
cessively thin.

(b) Collapsing the thin quadrilaterals. (c) Final mesh.

Figure 7: Quad-vertex merge operator.

two quadrilaterals (Figure 8b). Finally, the boundary triangle removal subroutine described in Section 2.1

(Figure 5) may not succeed in eliminating all boundary triangles. Usually, the number of triangles that

remain is small and we can safely collapse them as shown in Figure 9.

We note that the described topological optimization subroutines are not perfect, and sometimes fail.

Though this is an inherent complication of indirect quadrilateral mesh generation algorithms. Typically,

the number of remaining triangles and problematic quadrilaterals is low. Since the focus of this work is

to demonstrate the speed of our recombination algorithm, we leave the development of better topological

optimization subroutines to a future work.
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(a) A quadrilateral with two al-
most parallel edges, neighbor-
ing a quadrilateral.

(b) After doublet collapse.

Figure 8: Doublet collapse operator.

(a) Remaining boundary triangle. (b) Collapsing of the boundary trian-
gle.

(c) Final configuration.

Figure 9: Collapsing of boundary triangles.

4. Examples

We now apply our recombination algorithm to a number of test meshes to demonstrate its efficacy.

The code was executed on a 2.6 GHz Intel Core i7 processor. First, we compare the recombination timings

of the coloring and Blossom algorithms. Then, we compare quadrilateral mesh quality before and after

topological optimization for both recombination algorithms. We note that meshes generated with the

Blossom algorithm use the edge cost c = 1− q computed from the quality measure q in (1).

In the following examples, the smoothing algorithm in Section 3.1 is only executed for elements of

quality less than 0.5. The quad-vertex merge operator is applied on quadrilaterals with two corner angles

opposite one another that are less than 45◦.

4.1. Recombination timings

In Table 1, we report the timings of the coloring and Blossom algorithms. We recombine triangular

meshes on the rectangular domain [0, 1]×[0, 3.5] and a domain in the shape of Lake Ontario’s coastline [12].

The final two meshes in the rectangle and Lake Ontario mesh sequences are composed of approximately

four times as many triangles as the previous mesh in the sequences. These meshes are obtained by halving

9



Mesh No. of triangles Coloring (s) Blossom (s) Coloring vs. Blossom speed-up
Rectangle 1 14,956 0.0063 0.12 19.0
Rectangle 2 59,012 0.042 0.39 9.2
Rectangle 3 236,586 0.50 5.34 10.7

Lake Ontario 1 192,808 0.06 7.12 118.6
Lake Ontario 2 836,398 1.35 449 332.5
Lake Ontario 3 3,310,650 10.1 1667 165.0

Table 1: Timings in seconds using coloring and Blossom algorithms.

the target element size in the mesh generator, rather than refining by splitting. On the tested meshes, the

coloring algorithm is consistently one to two orders of magnitude faster than the Blossom algorithm.

4.2. Quality without topological optimization

A mesh of triangles can have multiple admissible edge colorings (Figure 4). As a result, there are many

possible meshes of quadrilaterals that can be obtained from the same initial triangulation. Since there are

random components of the coloring algorithm described in Section 2.1, multiple executions of the code will

yield different edge colorings. Conversely, the Blossom algorithm will compute the optimal mesh, subject

to some constraints on the boundary elements.

In this example, we show that the average element quality q of the mesh generated by Algorithm 1 is,

in general, not very far from the q of the mesh determined by Blossom before topological optimization. We

do this by running the coloring algorithm 100,000 times on the same input mesh of triangles (Rectangle

1 in Figure 11a). We compute the average element quality q from the resulting quadrilateral mesh. The

distribution of q from the quadrilateral meshes is given in Figure 10. Clearly, the distribution is very tight,

with 0.505 ≤ q ≤ 0.522. This is not very far from the average element quality of Blossom’s quadrilateral

mesh before topological optimization, which is 0.610. In the next section, we show that the topological

optimization subroutines bring the average element qualities of the coloring and Blossom meshes even

closer to one another.

4.3. Quality with topological optimization

The quadrilateral meshes of the rectangular domain in Section 4.1 obtained from Algorithm 1 are now

compared to those obtained with the Blossom algorithm after topological optimization is applied. The

minimum and average element qualities of the coloring and Blossom meshes are reported in Table 2. The

coarsest meshes on the rectangular domain are plotted in Figure 11. Topological optimization improved the

quality of meshes obtained by both methods, but more so for the meshes obtained with coloring. However,
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Figure 10: The distribution of average element quality q over 100,000 executions of the coloring algorithm on the mesh of
triangles in Figure 11a.

Coloring Blossom
Mesh Minimum q q Minimum q q

Rectangle 1 0.27 0.66 0.31 0.7
Rectangle 2 0.24 0.66 0.26 0.69
Rectangle 3 0.22 0.66 0.23 0.69

Table 2: Minimum and average quadrilateral quality q of the quadrilateral meshes on the rectangular domain in Table 1.

the Blossom meshes are better in quality, but only marginally so. From Table 2, both approaches yield

similar minimum and average element qualities, e.g., the average element quality for the Rectangle 1 and 2

meshes is 0.66 for coloring and 0.69 for Blossom. We also color plot element quality q on each quadrilateral

in Figures 12a, 12c, beside the quality distribution of the whole mesh in Figures 12b, 12d. On these

histograms, there is a sharp jump at q = 0.5. This is due to the smoothing procedure in Section 3.1 that

is activated only on nodes of elements with q less than 0.5.

4.4. Lake Ontario domain

Next, we discuss the quality of a quadrilateral mesh generated with Algorithm 1 from the Lake Ontario 1

triangulation (Table 1) with topological optimization (Figure 13a). With this example, we demonstrate the

coloring algorithm’s ability to generate meshes with variable element sizes and complex domain boundaries.

The quadrilateral mesh using coloring is shown in Figures 13b and 13c along with a color plot in Figure

14a. The histogram of the quality of the elements for the coloring and Blossom meshes are given in Figures

14b and 14c. After smoothing, the average mesh quality of the coloring mesh is 0.62 and 0.66 for the

Blossom mesh. As noted in Section 4.3, the spike in the quality histograms around q = 0.5 is caused by
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(a) Initial mesh of triangles.

(b) Coloring.

(c) Blossom.

Figure 11: The initial mesh of triangles, called Rectangle 1 in Table 1, and final quadrilateral meshes obtained with the
coloring and Blossom algorithms.
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(a) Coloring. (b) Coloring.

(c) Blossom. (d) Blossom.

Figure 12: Quality comparison between meshes obtained with coloring and Blossom algorithms. Element quality is plotted
in Figures 12a, 12c and quality histograms in Figures 12b and 12d for coloring and Blossom quadrilateral meshes.

the smoothing procedure in Section 3.1.

5. Conclusion

In this work, we present a fast unstructured quadrilateral mesh generator. It uses a triangle-to-

quadrilateral recombination algorithm that is based on an edge coloring algorithm [10]. We report that

the recombination algorithm is consistently one to two orders of magnitude faster than a widely used

recombination algorithm [5, 7] on a number of example meshes.
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(a) Initial mesh of triangles.

(b) Final recombined mesh of quadrilaterals.

(c) Coastline elements.

Figure 13: Quadrilateral mesh of Lake Ontario obtaining with Algorithm 1.
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(a) Quality of the coastline elements.

(b) Quality histogram for coloring. (c) Quality histogram for Blossom.

Figure 14: Quality plot and distribution of the Lake Ontario 1 mesh.
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