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ABSTRACT

We prove that if a fractal set in Rd avoids lines in a certain quantitative sense, which
we call line porosity, then it has a fractal uncertainty principle. The main ingredient is
a new higher dimensional Beurling and Malliavin multiplier theorem, which allows us
to construct band-limited functions that decay rapidly on line porous sets.

To prove this theorem, we first explicitly construct certain plurisubharmonic func-
tions on Cd. Then, following Bourgain, we use Hörmander’s L2 theory for the ∂̄ equation
to construct band-limited functions.

The main theorem has since been applied by Kim and Miller to lower bounds for
the mass of eigenfunctions on higher dimensional hyperbolic manifolds.
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Chapter 1

Introduction

1.1 Main result

A fractal uncertainty principle (FUP) says that a function cannot be simultaneously
localized near a fractal set in physical space and near a fractal set in Fourier space.
Several such theorems have been proved in different contexts. In 2017, Bourgain and
Dyatlov [11] proved an important FUP for porous sets.

Given a parameter ν ∈ (0, 1/3), we say a set X ⊂ Rd is ν-porous on balls from scales
α0 to α1 if for every ball B of diameter R ∈ (α0, α1), there exists a point x ∈ B such
that the ball BνR(x) (with center x and radius νR) is disjoint from X. For example,
the middle-thirds Cantor set is 1/6-porous on all scales, and an h-neighborhood of this
set is porous from scales h to 1.

Theorem 1.1 (Bourgain–Dyatlov [11, Theorem 4]). Let ν > 0 and suppose that

• X ⊂ [−1, 1] is ν-porous from scales h to 1, and

• Y ⊂ [−h−1, h−1] is ν-porous from scales 1 to h−1.

Then there exist constants β, C > 0, depending only on ν, such that for all f ∈ L2(R)

supp f̂ ⊂ Y =⇒ ∥f1X∥2 ≤ C hβ ∥f∥2. (1.1)

In this theorem and throughout the thesis, we assume that h ∈ (0, 1/100) is a small
parameter.

Remark. In Bourgain and Dyatlov’s paper, the hypothesis is that X and Y are Ahlfors–
David (AD) regular rather than porous. These two notions are equivalent up to a
change in parameters: any AD regular set of dimension less than 1 is porous, and
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Figure 1.1: The Sierpinski carpet is
porous on balls but not on lines

Figure 1.2: The product of two middle-
thirds Cantor sets is porous on lines

any porous set is contained in an AD regular set of dimension less than 1. The first
statement of FUP using porous sets appeared in [21].

Theorem 1.1 fails in higher dimensions due to the following example. Consider a
thin horizontal rectangle X and a tall vertical rectangle Y,

X = [0, 1]× [0, h] and Y = [0, 1]× [0, h−1]. (1.2)

Let ψ be a fixed bump function satisfying supp ψ̂ ⊂ [0, 1]× [0, 1], and define the rescaled
function ψh(x, y) = ψ(x, h−1y). Then

supp ψ̂h ⊂ Y and ∥ψh1X∥2 ≥ (const.) ∥ψh∥2.

To rule out this example, we introduce the notion of line porosity. We say a set X is
ν-porous on lines from scales α0 to α1 if for all line segments τ with length R ∈ (α0, α1),
there exists a point x ∈ τ such that BνR(x) is disjoint from X.

Any line porous set is also ball porous, but not the other way around. The rectangle
sets X and Y in (1.2) are porous on balls, but not on lines. See Figure 1.1 for another
set that is porous on balls but not on lines, and Figure 1.2 for an example of a set that
is porous on lines. Similar notions have appeared before; for example, Chousionis [12]
introduced the notion of directional porosity to the study of iterated function systems.

Our main theorem is the following higher-dimensional fractal uncertainty principle,
which applies when one set is porous on balls and the other is porous on lines.

Theorem 1.2. Let ν > 0 and suppose that

• X ⊂ [−1, 1]d is ν-porous on balls from scales h to 1, and

• Y ⊂ [−h−1, h−1]d is ν-porous on lines from scales 1 to h−1.
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Then there exist constants β, C > 0, depending only on ν and d, such that for all
f ∈ L2(Rd)

supp f̂ ⊂ Y =⇒ ∥f1X∥2 ≤ C hβ∥f∥2. (1.3)

See [14] for the journal version of this result.

1.2 Connection to quantum chaos

The fractal uncertainty principle has striking applications to quantum chaos. By
applying FUP to fractal sets coming from chaotic dynamical systems, we can control
high frequency waves on those systems. Dyatlov–Zahl [23], Dyatlov–Zworski [24], and
Bourgain–Dyatlov [11] used Theorem 1.1 to prove a spectral gap for open quantum
systems. In what follows we’ll focus on applications to compact hyperbolic manifolds—a
classic example of a chaotic dynamical system.

To see why hyperbolic manifolds are chaotic, think of geodesic flow lines in the
unit tangent bundle. If you place a particle at almost any starting point, the flow
line equidistributes as time goes to infinity, a property called ergodicity. Also, two
nearby flow lines diverge exponentially fast, so the system is highly sensitive to initial
conditions.

However, not every flow line on a hyperbolic manifold equidistributes. Some return
to themselves, some stay trapped near fractal sets, and there are other, more complicated
behaviors as well. This variety of behaviors is one of the hallmarks of chaotic systems.

To study quantum dynamics on a manifold M , we look at the sequence {uj}∞j=1 of
L2 normalized Laplace eigenfunctions. A quantum mechanics version of asking what
the flow lines look like is to ask: what do the measures |uj|2dx look like as j → ∞?
Actually, we usually study the distribution of uj in the phase space S∗M , rather than
just on the base manifold M , although we’ll ignore this point in what follows. In
addition to physics, the study of eigenfunctions is motivated by number theory, because
eigenfunctions on certain hyperbolic manifolds encode arithmetic information.

One of the first results on this topic was the quantum ergodicity theorem of
Shnirelman [45], Zelditch [46], and Colin De Verdére [16], which states that a dense
subsequence of eigenfunctions equidistributes. This is a quantum version of the fact
that almost every flow line equidistributes.

Rudnick and Sarnak’s quantum unique ergodicity conjecture hypothesizes that the
entire sequence of measures |uj|2dx equidistributes, not just a dense subsequence. In
other words, for any open set U ⊂M ,

lim
j→∞

∥uj 1U∥22 = |U | where |U | is the Lebesgue probability measure. (1.4)
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This conjecture gets at a truly quantum phenomenon. Even though some special flow
lines do not equidistribute, we expect that every single high-frequency eigenfunction
equidistributes. The underlying mechanism is that waves tend to disperse, so we believe
they cannot stay trapped near the special flow lines that do not equidistribute.

Lindenstrauss [40] proved the quantum unique ergodicity conjecture in the special
setting of Hecke eigenfunctions on arithmetic hyperbolic manifolds. The first major
progress about general hyperbolic manifolds was made by Anantharaman [1], who proved
that the mass of |uj|2dx cannot be concentrated near too small of a set. Anantharaman
and Nonnenmacher [2] significantly strengthened this result by proving a lower bound
for the measure-theoretic entropy associated to eigenfunctions. The latest progress was
by Dyatlov and Jin [20], who used Theorem 1.1 to prove a uniform lower bound for the
L2 mass of any eigenfunction on a fixed open set.

Theorem 1.3 (Dyatlov & Jin [21]). Let M be a compact hyperbolic surface, and let
U ⊂M be a nonempty open set. Then for some cU > 0,

∥uk 1U∥2 ≥ cU for all L2-normalized Laplace eigenfunctions uk.

Proof sketch. We can write
M = Γ\D,

where D is the Poincaré disk and Γ ⊂ SL(2,R) is a group of isometries. Then uk lifts
to a Γ-invariant eigenfunction ũk on D, and U lifts to a Γ-invariant open subset Ũ ⊂ D.

For b ∈ S1 and z ∈ D, denote by Pb(z) the Poisson kernel. For any (b, r) ∈ S1 × R,
the hyperbolic plane wave

ψr
b(z) := Pb(z)

1
2
+ir, z ∈ D, (1.5)

solves the eigenfunction equation

−∆ψr
b = (r2 + 1

4
)ψr

b on D.

If r > 0 we call this an outgoing wave and if r < 0 it is incoming. Because uk has
eigenvalue λk, we take

r =
√
λk − 1

4
.

We can synthesize ũk in two ways, using either outgoing or incoming waves:

ũk(z) =

ˆ
S1
f(b)ψr

b(z) db,

ũk(z) =

ˆ
S1
g(b)ψ−r

b (z) db, r ∼ h−1,
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where f, g are distributions on S1. These distributions are related by an explicit formula
(see, e.g., [9, §4.4])

g(b) = cr

ˆ
S1
e−(1+2ir) log |b−a| f(a) da. (1.6)

Now let ε > 0 be small enough that B1−ε ⊂ D covers M . Let γ be a geodesic on D
with endpoints γ+, γ− ∈ S1. Define

X =
⋃

{γ+, γ−} over all γ such that γ ∩B1−ε ̸= ∅ and γ ∩ Ũ = ∅. (1.7)

The set X ⊂ S1 represents the geodesics on M that do not intersect U . Using unique
ergodicity of the horocycle flow on M , one can show that X is porous.

Morally speaking, if
∥uk 1U∥2 = o(1),

then f and g are both localized h-close to the set X where h = λ
−1/2
k . Because f and g

are related by the oscillatory integral (1.6), the fractal uncertainty principle applied to
the h-neighborhood of X rules out this scenario.

See Dyatlov’s survey [17] for details on the proof (which uses microlocal analysis
and does not follow this sketch).

Dyatlov, Jin, and Nonnenmacher [22] extended Theorem 1.3 to variable curvature.
These lower bounds were later applied to control for the Schrödinger equation and
exponential decay for the damped wave equation, see [22,32,33]. Dyatlov–Jezequel [19]
and Athreya–Dyatlov–Miller [5] proved similar results for certain higher-dimensional
quantum chaos systems that diverge faster in one direction than others. The applications
were limited to these special higher-dimensional systems because Bourgain and Dyatlov’s
FUP was restricted to subsets of R.

Our main result (Theorem 1.2) has recently been applied to prove mass lower bounds
for higher-dimensional eigenfunctions. Kim, Anderson, and Oliver [34] proved a lower
bound for the mass of eigenfunctions on quantum cat maps, a model system closely
related to hyperbolic manifolds. Kim and Miller [35] proved the following theorem
about eigenfunctions on higher-dimensional hyperbolic manifolds. Their actual theorem
is more general—we just state a special case.

Theorem 1.4 (Kim–Miller). Let M be a compact hyperbolic manifold with no immersed
totally geodesic submanifolds, and let U ⊂M be an open subset. For some cU > 0,

∥uk 1U∥2 ≥ cU for all L2-normalized Laplace eigenfunctions uk.

The hyperbolic manifold M and open subset U give rise to ball porous sets X ⊂ Sd−1.
If M has no immersed totally geodesic submanifolds, then X is also porous on lines,
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so Theorem 1.2 can be applied. In the related setting of cat maps, we really need
this extra hypothesis. If the cat map has totally geodesic submanifolds, eigenfunctions
might concentrate there.

1.3 Proof sketch of the fractal uncertainty principle

Let X ⊂ [−1, 1] be ν-porous from scales h to 1, and let Y ⊂ [−h−1, h−1] be ν-porous
from scales 1 to h−1. The goal in Theorem 1.1 is to prove

supp f̂ ⊂ Y =⇒ ∥f 1X∥2 ≤ hβ∥f∥2. (1.8)

It’s challenging to use the hypothesis that supp f̂ ⊂ Y . The Lebesgue measure of Y is
quite large—roughly h−1+ε, where ε→ 0 as ν → 0. How can we distinguish a function
with Fourier support in Y from a general L2 function?

Bourgain and Dyatlov developed an innovative strategy for this problem. They
brought in tools from complex analysis to control the tail behavior of functions with
Fourier support in Y . They proved that if supp f̂ ⊂ Y , then a significant amount of
the L2 mass of f leaks into the holes of X at every scale. They use this information at
many scales to prove (1.8).

Two main ingredients are needed to execute this strategy. The first is Beurling and
Malliavin’s multiplier theorem, which is about constructing functions with compact
Fourier support and prescribed decay rates.

Theorem 1.5 (Beurling and Malliavin [8]). Let ω : R → R≤0 be a Lipschitz function
satisfying the growth condition

ˆ ∞

−∞

|ω(t)|
1 + t2

dt <∞. (1.9)

Then for any σ > 0, there exists a nonzero f ∈ L2(R) with supp f̂ ⊂ [−σ, σ] and
|f(x)| ≤ eω(x).

The proof of Theorem 1.1 draws on a deep connection between Fourier analysis and
complex analysis. Chapter 2 describes this theorem as well as a higher-dimensional
version that I proved.

The Beurling and Malliavin theorem lets us construct damping functions for Y .
These are nonzero functions ψ ∈ L2(R) with suppψ ⊂ [−c1, c1] and

|ψ̂(ξ)| ≤ e−|ξ|/(log(2+|ξ|))α for all ξ ∈ Y ,
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where c1 > 0 is arbitrary and α ∈ (0, 1) is a parameter. It’s important that α < 1. If
α > 1, the Beurling and Malliavin theorem shows that there exists a ψ decaying this
fast on all of R. When α < 1, it is impossible for a nonzero function to decay this fast
on all of R. The construction of damping functions uses porosity, and distinguishes Y
from other sets with the same Lebesgue measure.

Damping functions are useful because they let us take the hypothesis that supp f̂ ⊂
Y and turn it into the knowledge that

(̂f ∗ ψ) = f̂ ψ̂ decays rapidly for ξ ∈ Y .

We exploit this rapid Fourier decay through the following quantitative unique continua-
tion principle. It shows that a function with this decay cannot have too small L2 mass
on certain sets E ⊂ R.

Theorem 1.6. Let E ⊂ R satisfy

|E ∩ [n, n+ 1]| ≥ λ for every n ∈ Z. (1.10)

Let α ∈ (0, 1), and suppose

∥ĝe|ξ|/(log(2+|ξ|))α∥2 ≤ A∥g∥2.

Then

∥g 1E∥2 ≥ c∥g∥2 for some c = c(α,A, λ) > 0. (1.11)

We apply Theorem 1.6 to f∗ψ to prove the following quantitative unique continuation
principle for sets with Fourier support in Y . Actually, we need to apply Theorem 1.6
to modulated copies of f convolved with ψ.

Proposition 1.7. Let ν, λ > 0. Suppose Y ⊂ [−h−1, h−1] is ν-porous from scales 1 to
h−1. Let E ⊂ R be a set such that

E ∩ [n, n+ 1] contains an interval of length λ > 0 for every n ∈ Z.

Then

supp f̂ ⊂ Y =⇒ ∥f 1E∥2 ≥ c∥f∥2 for some c = c(ν, λ) > 0.

With Proposition 1.7 in hand, we are ready to sketch the proof of Theorem 1.1.
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Proof sketch of Theorem 1.1. Let X ⊂ [−1, 1] be ν-porous from scale h to 1, and let
Y ⊂ [−h−1, h−1] be ν-porous from scale 1 to h−1. Let f ∈ L2(R) have Fourier support
in Y .

Set

Xk := X + [−L−k, L−k], where L > 10/ν,

and let ηXk
be an approximate cutoff to Xk with Fourier support in [−Lk+10, Lk+10].

Because X is porous, every interval of length L−k contains some interval of length
L−k−1/10 which is disjoint from Xk+1. We call the union of all these intervals the Holes
in X at scale L−k−1. One can use Proposition 1.7 to prove

∥f 1Holes in X at scale L−k−1∥2 ≥ c(ν)∥f ηXk
∥2,

which implies

∥f 1ηXk+1
∥2 ≤ (1− c(ν))∥f 1ηXk

∥2 as long as L−k ≥ h.

Iterating this result yields

∥f 1X∥2 ≤ (1− c(ν))c(ν) log h
−1∥f∥2 ≤ hβ(ν)∥f∥2,

as desired.

We follow the same strategy to prove Theorem 1.2. My contribution was proving a
higher-dimensional version of the Beurling and Malliavin multiplier theorem, which is
stated in Theorem 2.5. See Chapter 2 for the statement, proof, and exposition. Han
and Schlag [27] already proved a higher-dimensional version of the quantitative unique
continuation principle, which completes the proof. Jaye and Mitkovskii [31] gave a
different proof of the quantitative unique continuation principle, which we present in
Chapter 3

Remark. When I read Bourgain and Dyatlov’s proof of Theorem 1.1, I was uncomfortable
with their use of Beurling and Malliavin’s multiplier theorem and quantitative unique
continuation. I hadn’t encountered those techniques before, so I tried to prove their
theorem using more familiar methods such as L4 bounds, wave packets, the TT ∗ method,
etc, all of which came up short.

Now I understand why. For any two sets X, Y ⊂ R, one can ask about the operator
norm

∥1XF1Y ∥2→2.
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There are two easy bounds: the volume bound,

∥1XF1Y ∥2→2 ≤ |X|1/2|Y |1/2,

which is proved by interpolating the L1 → L∞ bound for the Fourier transform, and
the orthogonality bound

∥1XF1Y ∥2→2 ≤ 1

which comes from ignoring the sets X and Y . Bounding ∥1XF1Y ∥2→2 is related to
the large value problem in Fourier analysis, see Guth’s [26] recent survey about this
problem. The familiar methods tend to do well when |X|1/2|Y |1/2 is not too large.
However, Theorem 1.1 is about the challenging regime

|X||Y | ∼ h−1+ε where ε→ 0 as ν → 0.

In this difficult setting, Bourgain and Dyatlov succeed by exploiting subtle features of
the tail behavior of functions with Fourier support in Y . For discussion on uncertainty
principles in the bulk versus those in the tails, see §2.1.

1.4 Related work

A set X ⊂ Rd is Ahlfors–David δ-regular with constant CAD from scales α0 to α1 if
there is a measure µ supported on X satisfying the following. For every ball B with
diameter R ∈ (α0, α1),

µ(B) ≤ CADR
δ, (1.12)

and if in addition B is centered at a point in X, then

µ(B) ≥ C−1
ADR

δ. (1.13)

For X ⊂ [−1, 1]d a δ-regular set from scales h to 1 and Y ⊂ [−h−1, h−1]d a δ′-regular
set from scales 1 to h−1, there is a trivial bound

supp f̂ ⊂ Y =⇒ ∥f1X∥2 ≤ Cmin(1, h(d−(δ+δ′))/2)∥f∥2 (1.14)

where C depends only on δ, δ′, CAD, d. The estimate ∥f1X∥2 ≤ Ch(d−(δ+δ′))/2∥f∥2
follows from combining L1 → L∞ boundedness of the Fourier transform with a volume
bound on the sets X and Y. An FUP is any improvement over this trivial bound, and
the regimes δ + δ′ < d, δ + δ′ is close to d, and δ + δ′ > d are quite different.

In the regime δ+ δ′ < d, Backus, Leng, and Z. Tao [6] gave a definitive result. They
proved an FUP if δ + δ′ < d and X,Y are not orthogonal in a certain sense.

14



In the regime δ + δ′ is close to d, Cladek and T. Tao [13] proved an additive energy
estimate for fractal sets and used this to prove an FUP when the ambient dimension d is
odd and X,Y are δ-regular with d/2− ε(d, CAD) < δ < d/2+ ε(d, CAD). Shmerkin [44]
proved an inverse theorem for additive energy that implies an FUP in this regime in all
dimensions, assuming the fractal sets are directionally porous in a certain sense.

The present paper is about the δ + δ′ > d regime. Han and Schlag [27] proved an
FUP when X is an arbitrary porous set and Y is a Cartesian product of one dimensional
porous sets. A cartesian product of one dimensional porous sets is line porous, so
Theorem 1.2 recovers this result. The author [15] proved an FUP when X,Y are Cantor
sets in Z/NZ× Z/NZ which don’t contain a pair of orthogonal lines (the ideas in this
thesis are unrelated to that work).

We also mention that Dyatlov [18] wrote an expository note giving an alternative
point of view on some of the proofs in this thesis.

1.5 Outline

Chapter 2 is about the Beurling and Malliavin multiplier theorem, one of the key
ingredients in the proof of FUP.

• §2.1 introduces the Beurling–Malliavin problem in the context of uncertainty
principles, and states the higher-dimensional Beurling and Malliavin theorem
that I proved.

• §2.2 is about how the Beurling–Malliavin multiplier problem naturally splits into
two steps.

Step 1: Plurisubharmonic Beurling–Malliavin (PSH-BM) is a potential theory
problem about constructing plurisubharmonic functions.

Step 2: Analytic Beurling–Malliavin (A-BM) is a several complex variables
problem about constructing entire functions from those plurisubharmonic
functions.

Towards the end of §2.2 we state our solution to each of these steps, Proposi-
tion 2.8 and Proposition 2.9, and then use them to prove the higher-dimensional
Beurling–Malliavin theorem (Theorem 2.5).

• §§2.3-2.4 together present my solution to PSH-BM.

• §2.5 starts with an exposition of Hörmander’s L2-theory for the ∂̄-equation. Then,
following Bourgain, we apply this theory to solve A-BM.

15



Chapter 3 is about quantitative unique continuation. This chapter completes the proof
of FUP.

• §3.1 states the quantitative unique continuation principles necessary for the proof
of fractal uncertainty. At the end of this section we prove our higher-dimensional
FUP (Theorem 1.2) conditional on these results.

• §3.2 proves that functions with rapidly decaying Fourier transform have a quanti-
tative unique continuation principle, following Jaye and Mitkovski’s [31] proof
using quasi-analytic classes.

• §3.3 uses the results of the prior section to prove that if a set Y admits damp-
ing functions, functions with Fourier support in Y have a quantitative unique
continuation principle. This section also follows Jaye and Mitkovski [31].

• §3.4 uses the results of the prior two sections to prove a fractal uncertainty
principle, conditional on the construction of damping functions. The main result
of this section was proved by Han and Schlag [27].

• §3.5 uses the higher-dimensional Beurling and Malliavin theorem to construct
damping functions for line porous sets, completing the proof of Theorem 1.2.

See Figure 1.3 for a diagram of the proof.
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Construction of plurisubharmonic functions (Proposition 2.8)

Construction of analytic functions (Proposition 2.9)

Construction of band-limited functions (Theorem 2.5)

Quantitative unique continuation principle (Theorem 3.4)

Fractal uncertainty principle (Theorem 1.2)

Hörmander’s L2 theory for the ∂̄ equation, following Bourgain [10]

Paley–Wiener (Theorem 2.1)

Han–Schlag [27], Jaye–Mitkovski [31]

Bourgain–Dyatlov [11]

Figure 1.3: Diagram of steps in the proof of Theorem 1.2.

1.6 Notation

For f ∈ L2(Rd), we use the Fourier transform

f̂(ξ) =

ˆ
Rd

f(x) e−2πix·ξ dx

and the inverse Fourier transform

g∨(x) =

ˆ
Rd

g(ξ) e2πix·ξ dξ.

We often denote vectors z ∈ Cd by z = x+ iy, with x,y ∈ Rd. We use ŷ to denote a
unit vector, and if y ∈ Rd \ {0} we write ŷ = y/|y|. The ℓ2 norm on Rd, Cd is denoted
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|x|, |z|. We let
⟨x⟩ = (1 + |x|2)1/2.

We denote the Hilbert transform on L2(R) by f 7→ H[f ]. For functions f ∈ C1
0(R),

this is given by

H[f ](x) = p.v.

ˆ ∞

−∞

f(x− t)

t

dt

π
. (1.15)

For u ∈ C2(Cd), ∂∂̄u is a Hermitian form which can be represented in coordinates as
the Hermitian matrix

⟨(∂∂̄u)êj, êk⟩ =
∂2u

∂zj ∂̄zk

=
1

4
(∂xj

∂xk
+ ∂yj∂yk)u+

1

4
i(∂xj

∂yk − ∂xk
∂yj)u

where êj = (0, . . . , 0, 1, 0, . . . , 0).
For functions f ∈ C2(Rd), the quadratic form D2f(x) applied to the vector v is

given by
⟨(D2f(x))v,v⟩. (1.16)

We denote Daf = (∂αf)|α|=a where α ranges over multi indices, and

|Daf(x)| = sup
|α|=a

|∂αf(x)|. (1.17)

We use A ≲ B to denote that A ≤ CdB where Cd > 0 only depends on the ambient
dimension. We use cd, Cd > 0 to denote small/large constants depending only on the
dimension which may change from line to line.
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Chapter 2

The Beurling and Malliavin multiplier
theorem

2.1 Introduction

A function is called band-limited if it can be synthesized using a finite range of wave-
lengths,

f(x) =

ˆ σ

−σ

f̂(ξ)e2πiξx dξ,

or equivalently, if its Fourier transform is supported in an interval. This chapter is
about Beurling and Malliavin’s Theorem 1.5, which constructs band-limited functions
with specified decay rate. We restate the theorem here:

Theorem (Beurling and Malliavin [8]). Let ω : R → R≤0 be a Lipschitz function
satisfying the growth condition ˆ ∞

−∞

|ω(t)|
1 + t2

dt <∞.

Then for any σ > 0, there exists a nonzero f ∈ L2(R) with supp f̂ ⊂ [−σ, σ] and
|f(x)| ≤ eω(x).

Weights obeying the growth condition (1.9) are called Poisson integrable, because the
factor 1/(1 + t2) comes up in the Poisson kernel.

The story of this theorem involves a connection to complex analysis, and through
complex analysis a connection to potential theory—that is, the theory of subharmonic
functions. My goal is to explain these connections, and to explain a higher dimensional
version of Theorem 1.5 that I proved.
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Yet our interest in Beurling and Malliavin’s theorem comes not from complex
analysis or potential theory, but from uncertainty principles. Uncertainty principles
govern the trade-off between localization in physical space and localization in frequency
space. There are two broad categories: some control the bulk of the function, while
others deal with decay in the tails. The Beurling and Malliavin theorem lands squarely
in the tails category, and to put it in context, it is helpful to distinguish these two
kinds of uncertainty principles.

2.1.1 Uncertainty principles in the bulk and in the tails

Uncertainty principles in the bulk express the heuristic that

If supp f̂ ⊂ [−1, 1], then f is locally constant at scale 1.

There are several ways to make the notion “locally constant” precise. For example, if η
is a smooth bump function which equals one on [−1, 1], then f̂ = f̂ · η, and inverting
the Fourier transform gives f = f ∗ η∨ where η∨ is the inverse Fourier transform. Since
η∨ is a Schwarz function it decays faster than any polynomial, so

|f(x)| ≤ CN

ˆ
|f(x− y)|(1 + |y|)−N dy for all N ≥ 0 and x ∈ R. (2.1)

Harmonic analysts often pretend that f is constant on every interval of length 1, and
then use (2.1) to make the resulting arguments rigorous.

Over the p-adics, this pretend picture—that f is constant on unit intervals—is
exactly true. Suppose that f ∈ L2(Qp) is band-limited in the sense that supp f̂ ⊂ B,
where B ⊂ Qp is the p-adic unit ball. The indicator function of the p-adic unit ball is
preserved under the Fourier transform, leading to the following convolution equation
for f ,

supp f̂ ⊂ B =⇒ f̂ = f̂ · 1B =⇒ f = f ∗ 1B.

If B′ is some translate of the unit ball, then for any x ∈ B′

f ∗ 1B(x) =
ˆ
B′
f(y) dy,

thus f is constant over any translate of the unit ball.
The locally constant heuristic is not exactly true over the real numbers because,

unlike the p-adics, η∨ is not compactly supported. That’s why equation (2.1) involves
an integral over R with rapidly decaying weight, rather than an integral over a compact
set. This is no accident—it’s a consequence of uncertainty in the tails:
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If f̂ is compactly supported, then f is not compactly supported.

In other words, band-limited functions have tails. A stronger version says that if f̂ is
compactly supported, f cannot decay exponentially fast, by which we mean there are
no constants C and c such that |f(x)| ≤ Ce−c|x|. We will later explore exactly how fast
band-limited functions may decay.

When dealing with the locally constant property, tails are an annoying error term—
they make equation (2.1) more complicated, and they mess up our heuristic picture
that f is constant on intervals of length 1. But in other parts of harmonic analysis,
tails are the whole game. This paper is all about tails.

Uncertainty principles in the bulk are robust. They don’t care if f̂ is truly compactly
supported, or if f̂ just decays very rapidly. Take the Gaussian function, for example:
f(x) = e−πx2 . Its Fourier transform is also Gaussian, and it decays quickly enough
to satisfy the uncertainty principle in the bulk. Tails, on the other hand, are more
delicate. A Gaussian just barely fails to have compactly supported Fourier transform,
but this slight failure is enough to permit super-exponential decay of the tails.

2.1.2 The decay rate of band-limited functions

We will use complex analysis to prove that a band-limited function cannot be compactly
supported. Let f ∈ L2(R) have supp f̂ ⊂ [−σ, σ], and synthesize f as

f(x) =

ˆ σ

−σ

f̂(ξ) e2πiξ·x dξ.

By plugging in a complex number we may extend f to an analytic function on the
complex plane,

f̃(x+ iy) =

ˆ σ

−σ

f̂(ξ) e2πiξ(x+iy) dξ. (2.2)

The integrand is bounded by |f̂(ξ)|e2πσ|y|, with partial derivatives obeying similar
bounds, so we may differentiate under the integral sign to prove f̃ is analytic on all of
C. Because f̃(z) is analytic it has at most countably many zeros, and that implies f(x)
cannot be compactly supported. If we only knew that f̂ decayed exponentially fast,
rather than being compactly supported, this argument would still show that f extends
to an analytic function in some strip {x+ iy : |y| ≤ c}, and that would imply f is not
compactly supported. Thus band-limited functions cannot decay exponentially quickly.

In order to obtain sharp information about how fast band-limited functions can
decay, we need to use the growth of the extension far away from the real axis. If f
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is band-limited, the holomorphic extension f̃ grows at most exponentially in the y
direction,

|f̃(x+ iy)| ≤ ∥f̂∥L1e2πσ|y| ≤ (2σ)1/2∥f∥L2 e2πσ|y|.

As it turns out, the converse is also true. If f̃(x+ iy) is an analytic function growing
at most exponentially in the y-direction, and if its restriction to R lies in L2, then its
restriction to R is band-limited. This is known as the Paley-Wiener theorem.

Theorem 2.1 (Paley–Wiener [43, Theorem X]). A function f ∈ L2(R) has Fourier
transform supported in [−σ, σ] if and only f is the restriction to R of a holomorphic
function f̃ : C → C such that

|f̃(x+ iy)| ≤ Ae2πσ|y| for some A > 0. (2.3)

Proof sketch. We already explained that if f ∈ L2(R) is band-limited, it extends to a
holomorphic function on C obeying the growth condition (2.3).

For the reverse direction, suppose f̃(x+ iy) is a holomorphic function on C obeying
(2.3), and such that the restriction to R lies in L2. For the purpose of this proof sketch
we’ll also assume

f̃(x+ iy) ≤ Ae2πσ|y|(1 + |x|)−10, (2.4)

one can remove this hypothesis after the fact. The Fourier transform is given by

̂̃f |R(ξ) = ˆ
R
f̃(x)e−2πiξx dx.

The Cauchy integral theorem allows us to shift the contour up or down in the complex
plane,

̂̃f |R(ξ) = ˆ
R
f̃(x+ iy)e−2πiξ(x+iy) dx for any y ∈ R.

To rigorously justify this, apply the Cauchy integral theorem to wider and wider
rectangles and use the hypothesis that f̃ decays faster than |x|−10 in the x-direction to
take a limit. If we put absolute values on the inside and use the growth hypothesis
(2.4), we find

|f̂(ξ)| ≤ e2πξy
ˆ

|f̃(x+ iy)| dx ≤ Ce2π(σ|y|+ξy).

If ξ > σ we take y → −∞ to find f̂(ξ) = 0, and if ξ < −σ we take y → +∞ to find
f̂(ξ) = 0.
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The Paley-Wiener theorem establishes a close connection between band-limited functions
and complex analysis. This connection is special to the Euclidean Fourier transform. It
doesn’t apply to the p-adic Fourier transform, where uncertainty in the tails isn’t true.

Our Main Question is, what does the magnitude of band-limited functions look
like? Or, using the Paley-Wiener theorem, it’s equivalent to ask: if an analytic function
grows at most exponentially in the y-direction, what can its magnitude on the real axis
look like? In order to answer this question we have to understand how the growth of f̃
far from the real axis controls its decay rate on the real axis.

The growth and decay of f̃ is governed by the following fundamental fact of complex
analysis:

If f̃(z) is an analytic function, then log |f̃(z)| is a subharmonic function.

Recall that a function u : C → R is called subharmonic if it is upper semicontinuous
and satisfies the sub-mean value property

u(z) ≤ 1

2π

ˆ 2π

0

u(z + reiθ) dθ for all z ∈ C and r > 0.

There is an equivalent characterization using the Laplacian: an upper semicontinuous
function f is subharmonic if ∆f ≥ 0 in the sense of distributions.

The proof that log |f̃ | is subharmonic is an explicit calculation. In any open ball
U ⊂ C we may write

f̃(z) = eg(z)(z − α1) . . . (z − αn),

where g is analytic and α1, . . . , αn are the roots of f in U . Then

log |f̃(z)| = Re g(z) + log |z − α1|+ · · ·+ log |z − αn|.

Re g(z) is harmonic, so its Laplacian vanishes. The logarithm function is the funda-
mental solution to Laplace’s equation in two dimensions, so its Laplacian is a delta
function:

∆ log |f̃(z)| = 2π
∑

1≤j≤n

δαj
where δαj

is a δ-mass centered αj.

As the Laplacian is a local operator, the same formula extends to all of C

∆ log |f̃(z)| = 2π
∑
j

δαj
,
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where the sum may extend over countably many roots. We’ve learned that if f̃ is an
analytic function, then ∆ log |f̃ | is a sum of delta functions. In particular, log |f̃ | is
subharmonic.

It’s often a good idea to just use the fact that log |f̃ | is subharmonic, and forget
the sum of delta functions property. That way we can move away from thinking about
analytic functions towards thinking about subharmonic functions. There’s a lot to say
about subharmonic functions—this is the realm of potential theory.

If f̃ is the holomorphic extension of an L2 function with Fourier transform in [−σ, σ],
then u(x+ iy) = log |f̃(x+ iy)| is a subharmonic function growing at most linearly in
the y direction,

u(x+ iy) ≤ A+ 2πσ|y|.

Motivated by band-limited functions, we are led to ask: if u is a subharmonic function
growing at most linearly in the y-direction, what might u look like on the real axis?
Studying this potential theory question tells us most of what we know about the
magnitude of band-limited functions. This is the approach we’ll take to the Beurling
and Malliavin problem. As our first application, we’ll use this perspective to prove the
following theorem about band-limited functions.

Proposition 2.2. If f ∈ L2(R) is band-limited and nonzero, then
ˆ ∞

−∞

log |f(x)|
1 + x2

dx > −∞. (2.5)

Proof. Let f̃(x+iy) be the holomorphic extension of f , and let u(x+iy) = log |f̃(x+iy)|.
We compare u(x+ iy) to the harmonic extension of log |f(x)| to the upper half plane.
This harmonic extension is given by a Poisson integral:

v(x+ iy) =

ˆ ∞

−∞
log |f(x+ t)| y

t2 + y2
dt

π
, y > 0

is the unique bounded function which is harmonic on the upper half plane H = {x+ iy :

y > 0} and approaches log |f(x)| as y goes to zero. To be precise, v(•+ iy) → log |f(•)|
as y → 0 in the L2 sense.

Consider the auxiliary function

w(x+ iy) = u(x+ iy)− (2πσ + 1)|y| − v(x+ iy).

As u is subharmonic and the other two terms are harmonic on H, w is subharmonic
on H. Because u(x+ iy) ≤ A+ 2πσ|y|, we have w(x+ iy) → −∞ as y → ∞. By the
maximum principle for subharmonic functions, w attains its maximum on the real line.
But w is zero on the real line, so w(x+ iy) ≤ 0 for all y ≥ 0.
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We evaluate w(x+ i) and find

0 ≥ w(x+ i) = u(x+ i)− (2πσ + 1)−
ˆ ∞

−∞

u(x+ t)

1 + t2
dt

π
.

Choose some value of x ∈ R where f̃(x+ i) ̸= 0, so u(x+ i) > −∞. Rearranging gives
ˆ ∞

−∞

u(x+ t)

1 + t2
dt

π
≥ u(x+ i)− (2πσ + 1) > −∞.

The above integral is a shifted version of the integral (2.5), so (2.5) is finite as well.

The integral in (2.5) is called the logarithmic integral of f . The theorem we stated
earlier, that band-limited functions cannot decay exponentially quickly, follows from
Proposition 2.2. Indeed, if |f(x)| ≤ Ce−c|x|, then the logarithmic integral would be
less than

´∞
−∞

logC−c|x|
1+x2 dx, which diverges to negative infinity. On the other hand,

Proposition 2.2 permits band-limited functions decaying like e−|x|0.9 .
The first Beurling and Malliavin multiplier theorem provides a partial converse to

Proposition 2.2. It constructs band-limited functions with specified decay rate, provided
the logarithmic integral is finite and the logarithmic decay rate is Lipschitz continuous.

In order to understand why the Beurling and Malliavin theorem has a Lipschitz
condition, it is helpful to look at a related context where the converse to Proposition 2.2
is sharp. A function f ∈ L2(R) has semi-bounded Fourier transform if supp f̂ ⊂ [0,∞),
or equivalently if it can be synthesized as

f(x) =

ˆ ∞

0

f̂(ξ)e2πiξx dx.

Just as we extended band-limited functions to analytic functions on C, we may extend
semi-bounded functions to analytic functions on the upper half plane

f̃(x+ iy) =

ˆ ∞

0

f̂(ξ)e2πiξ(x+iy) dx, y ≥ 0.

One can check that f̃ is analytic on H and f̃(• + iy) → f(•) in the L2 sense as
y → 0. Conversely, if f ∈ L2(R) extends to a bounded analytic function on H, then
supp f̂ ⊂ [0,∞).

Just as it was true for band-limited functions, its also true that semi-bounded
functions have finite logarithmic integral. The following Theorem asserts that this is
the only constraint on the magnitude of semi-bounded functions.
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Theorem 2.3 (Second F. & M. Riesz theorem). If f ∈ L2(R) has semi-bounded Fourier
transform, then ˆ

log |f(x)|
1 + x2

dx > −∞.

Conversely, if g ∈ L2(R) is nonnegative and has finite logarithmic integral, then there
exists a semi-bounded f ∈ L2(R) with |f | = g.

See Paley and Wiener’s book [43, Theorem XII] for a proof.

Proof sketch. The forward direction is just like Proposition 2.2.
For the backward direction, we are given a nonnegative g ∈ L2(R) with finite

logarithmic integral and must construct a semi-bounded function f with magnitude
equal to g.

We construct f as the boundary value of an analytic function on H. Using the
hypothesis that the logarithmic integral of g is finite, we can harmonically extend g to
the upper half plane by convolving with a Poisson kernel:

u(x+ iy) = The harmonic extension of log |g(x)| to the upper half plane

=

ˆ ∞

−∞
log |g(x+ t)| y

t2 + y2
dt

π
, y > 0.

There exists a complementary harmonic function v(x+iy) such that u+iv is analytic on
H. Assuming we can make sense of the boundary values v(x), we set f(x) = eu(x)+iv(x),
and observe that f is a semi-bounded function with |f | = g.

Actually, there is an explicit formula for the boundary values of v on R: this is the
Hilbert transform of log |g|,

v|R = H[log |g|](x) = p.v.

ˆ
log |g(x+ t)|

t

dt

π
,

and it exists in L2 because log |g| does.

Unlike semi-bounded functions, there’s no easy way to determine if there exists
a band-limited function with a given magnitude. Theorem 2.3 shows that one needs
to impose some regularity condition on the decay rate in addition to logarithmic
integrability, and in practice, the Lipschitz condition is easy to verify.

There is an easier version of the Beurling and Malliavin theorem that imposes a
harder-to-verify regularity condition on the weight.

Theorem 2.4. Let ω : R → R≤0 satisfy the regularity condition

∥H[ω′]∥ < C, (2.6)
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where H[ω′] is the Hilbert transform of the derivative, and the growth conditionˆ ∞

−∞

|ω(t)|
1 + t2

dt <∞. (2.7)

There exists a nonzero f ∈ L2(R) with supp f̂ ⊂ [−2C, 2C] and |f(x)| ≤ eω(x).

If |ω′(x)| ≤ C and |ω′′(x)| ≤ C⟨x⟩−1, then (2.6) holds.

The Hilbert transform appears naturally because of its connection to complementary
harmonic functions, the same reason it appeared in the proof of Theorem 2.3. While
Theorem 2.4 is significantly weaker than Theorem 1.5, it is still useful. For instance,
it allows one to construct band-limited functions decaying like e−|x|/(log(1+|x|)2), and I
don’t know any explicit formula for functions like this. It is also strong enough to be
used in the proof of Bourgain and Dyatlov’s fractal uncertainty principle (Theorem 1.1).
We will explain the proof of Theorem 2.4 in §2.2.

2.1.3 Beurling and Malliavin in higher dimensions

I proved a higher dimensional version of the Beurling and Malliavin multiplier theorem.
Let ω : Rd → R≤0 be a weight function, and define the following growth functions that
depend on the magnitude of ω on lines through the origin:

G(x) =

ˆ 2

1/2

|ω(sx)| ds,

G∗(r) = sup
|x|=r

G(x). (2.8)

Also let ⟨x⟩ = (1 + |x|2)1/2.

Theorem 2.5. Let ω : Rd → R≤0 be a weight satisfying the three-derivative regularity
conditions

|Daω(x)| ≤ Creg⟨x⟩1−a for 0 ≤ a ≤ 3, (2.9)

and the growth condition ˆ ∞

0

G∗(r)

1 + r2
dr ≤ Cgr. (2.10)

Letting σ = Cd max{Creg, Cgr}, there exists a nonzero function f ∈ L2(Rd) such that
supp f̂ ⊂ Bσ and

|f(0)| ≥ c(d, Creg, Cgr) > 0

f(x) ≤ eω(x) for all x ∈ Rd,

f(x) ≤ e
− σ

Cd
⟨x⟩1/2 for all x ∈ Rd.
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See [14, Theorem 1.4] for explicit dependence on the parameters.

The regularity condition (2.9) is a Kohn-Nirenberg symbol condition up to three
derivatives. Setting a = 0 gives the mild growth condition |ω(x)| ≤ Creg⟨x⟩, and setting
a = 3 gives the 3rd derivative condition |D3ω(x)| ≤ Creg⟨x⟩−2. Theorem 2.5 is much
weaker than the Beurling–Malliavin theorem in one dimension because we require a
lot more regularity. Nevertheless, the weights we construct for fractal sets will satisfy
(2.9).

Let’s discuss the growth condition (2.10). On the one hand, taking ω → G smooths
out ω and makes it grow less quickly. On the other hand, taking G→ G∗ is a maximum
and makes it grow more quickly. Morally, G∗ is constant on dyadic scales [2j, 2j+1]. In
one dimension,

ˆ ∞

0

G∗(r)

1 + r2
dr ∼

ˆ ∞

−∞

|ω(t)|
1 + t2

dt

up to constants on both sides, so (2.10) is the same growth condition on R as in the
classical Beurling–Malliavin theorem. The proof of Theorem 2.5 involves estimating
different dyadic pieces and then summing them together. We can get a decent estimate
for each dyadic piece using only the regularity of ω, and (2.10) is needed to sum these
contributions. The growth condition controls the mass of ω on lines through the origin.
This makes sense, because the restriction of a band-limited function to any line is also
band-limited, thus the restriction of ω to any line must be Poisson integrable. We only
need to impose a growth condition on lines through the origin because the regularity
hypotheses let us control general lines in terms of their translates that go through the
origin.

2.1.4 Outline of the chapter

• In §2.2 we discuss how the Beurling–Malliavin multiplier problem naturally splits
into two steps.

Step 1: Plurisubharmonic Beurling–Malliavin (PSH-BM) is a potential theory
problem about constructing plurisubharmonic functions.

Step 2: Analytic Beurling–Malliavin (A-BM) is a several complex variables
problem about constructing entire functions from those plurisubharmonic
functions.

Towards the end of §2.2 we state our solution to each of these steps then use them
to prove the higher dimensional Beurling–Malliavin theorem (Theorem 2.5).
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• In §2.3 we define an extension operator taking functions on Rd to functions on
Cd and use this operator to construct plurisubharmonic functions. In §2.4 we
show how to take a weight function satisfying the hypotheses of Theorem 2.5 and
modify it so the construction in §2.3 is applicable.

Together, §2.3 and §2.4 complete PSH-BM.

• In §2.5, we give an exposition of Hörmander’s L2-theory for the ∂̄-equation. Then,
following Bourgain, we apply this theory to solve A-BM.

2.2 Beurling and Malliavin’s multiplier problem

2.2.1 Beurling and Malliavin in R

We start by sketching the proof of Theorem 2.4, the easier version of Beurling and
Malliavin’s multiplier theorem.

Let ω : R → R≤0 be a weight function that is Poisson integrable and sufficiently
regular. We want to construct a band-limited function decaying like ω. By the Paley-
Wiener theorem (Theorem 2.1), it is equivalent to construct a holomorphic function
f : C → C such that

|f(x)| ≤ eω(x) for x ∈ R,
|f(x+ iy)| ≤ Ae2πσ|y| for some A > 0 and all x+ iy ∈ C,

|f(0)| ≠ 0.

(2.11)

The first equation describes the decay of f ; the second ensures the Paley-Wiener
criterion is satisfied, so supp f̂ ⊂ [−σ, σ]; and the third quantifies the non-vanishing of
f .

As we discussed in §2.1.2, if f : C → C is analytic then log |f | is a subharmonic
function, and this is the most important piece of information about the magnitude of
f . If f satisfies (2.11), then u = log |f | is a subharmonic function satisfying

u(x) ≤ ω(x) for x ∈ R,

u(x+ iy) ≤ A+ 2πσ|y| for some A > 0 and all x+ iy ∈ C,

u(0) > −∞.

(2.12)

Several of the proofs of the Beurling and Malliavin theorem find a converse to this
situation. There are two steps: the subharmonic Beurling–Malliavin problem and the
analytic Beurling–Malliavin problem.
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SH-BM. Find a subharmonic function u : C → R solving (2.12).

A-BM. Find an analytic function f : C → C such that log |f | ≤ u + C and
f(0) = 1.

Each of these steps are approachable problems. As a first attempt towards SH-BM,
we’ll remove flexibility. We’ll try finding a subharmonic function u which is equal to ω
on the real line, rather than just being bounded above by ω.

Exact
SH-BM.

Find a subharmonic function u : C → R such that u|R = ω and
u(x+ iy) ≤ σ|y|.

A natural candidate solution is

u = Eω + C|y|

where Eω : C → R is obtained by separately harmonically extending ω to the upper
and lower half planes. There is an explicit formula for Eω in terms of the Poisson
kernel,

Eω(x+ iy) =

ˆ ∞

−∞
ω(x+ t)

|y|
t2 + y2

dt

π
, |y| > 0

=

ˆ ∞

−∞

ω(x+ ty)

1 + t2
dt

π
.

The function Eω is harmonic on C \ R, it is symmetric about the real axis, and it
extends continuously to C by taking the value ω on the real line. The Laplacian of
Eω, in the sense of distributions, is supported on the real line. The ∂2x part of the
Laplacian doesn’t contribute, and the ∂2y part contributes twice the normal derivative
away from R times the Lebesgue measure on R. This is a two-dimensional version of
the calculation d2

dx2 |x| = 2δ0, and can be justified rigorously using integration by parts.
The normal derivative of C|y| is just C, so

∆u = 2
(
lim
y→0+

Eω(x+ iy)− ω(x)

y
+ C

)
δR.

The operator that takes ω to the normal derivative of Eω has a name. It is called the
Dirichlet-to-Neumann operator of C \ R, because it transforms Dirichlet data for the
harmonic extension problem to Neumann data. The Dirichlet-to-Neumann operator
is given by the Hilbert transform of the derivative. To see this, let v(x + iy) be the
harmonic complement of Eω, so that Eω(x+ iy) + iv(x+ iy) is analytic on the upper
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half plane. The derivative of Eω in the y-direction is the negative derivative of v in
the x-direction,

∂yEω(x+ iy) = −∂xv(x+ iy) y > 0,

and taking a limit as y → 0, we find

lim
y→0+

Eω(x+ iy)− ω(x)

y
= − d

dx
v(x).

The Hilbert transform is precisely the operator mapping H[ω](x) = v(x). Thus

lim
y→0+

Eω(x+ iy)− ω(x)

y
= H[−ω′](x),

and
∆u = 2

(
H[−ω′] + C

)
δR. (2.13)

Assuming
∥H[ω′]∥∞ <∞, (2.14)

we can take C = ∥H[ω′]∥∞ and then u = Eω + C|y| will be subharmonic on C. If
(2.14) holds, Exact SH-BM is solved in a canonical way.

The main challenge of Theorem 1.5 is solving SH-BM under the weaker condition
that ω is just Lipschitz and Poisson integrable. In general the solution will have u|R ≤ ω

rather than u|R = ω. There have been many approaches to this problem over the years.
In their original paper Beurling & Malliavin [8] use a variational argument based on
the energy method for Dirichlet’s problem. Koosis [38] developed an approach based on
Perron’s method of subsolutions for the Dirichlet problem. Mashreghi, Nazarov, and
Havin [41] solve SH-BM by explicitly manipulating a Lipschitz weight ω to a modified
weight ω̃ ≤ ω which satisfies ∥H[ω̃′]∥ <∞.

Stepping back for a moment, SH-BM is a familiar type of problem from potential
theory. It is an obstacle problem:

Given an obstacle v : C → R, what is the maximal subharmonic function u∗ such that
u∗ ≤ v?

Our obstacle is v(x + iy) = ω(x) + 2πσ|y|. The pointwise maximum of a family of
subharmonic functions is also subharmonic, assuming this pointwise maximum is upper
semicontinuous. In the case of Lipschitz obstacles the pointwise maximum is either
−∞ or Lipschitz (see Lemma 2.29), so

u∗ω,σ(z) = max{u(z) : u is subharmonic and u ≤ ω(x) + 2πσ|y|} (2.15)
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is the unique solution to the obstacle problem. If there do not exist any nontrivial
subharmonic functions that lie below the obstacle, then u∗ω,σ = −∞. From this
perspective, the goal in SH-BM is to prove u∗ω,σ(0) > −∞.

We now turn to the analytic BM problem. We start with a subharmonic function
u : C → R and want to construct a nonzero analytic function f with log |f | ≤ u+ C.
Beurling and Malliavin’s original proof—and many of the proofs since then—solve
A-BM by writing f as a product over its roots, as in the Weierstrass product formula:

f(z) =
∏
αj

(1− z/αj).

If the roots are real, symmetric around 0, and have bounded density, which we can
assume in this setting, then this product converges uniformly in compact sets. The
logarithm of the magnitude of f is a sum of logarithmic potentials

log |f | =
∑
αj

log |1− z/αj|.

Similarly, under some conditions, a subharmonic function u solving (2.12) can be
written as a logarithmic potential convolved with the measure µ = ∆u:

u(z) =

ˆ
log |1− z/α| dµ(α).

In order to turn our subharmonic function u into an analytic function, we select a
countable sum of delta masses that approximate the measure µ = ∆u, and make these
the roots. For example, if ∥H[−ω′]∥∞ ≤ C, we can take µ = (H[−ω′] + C)δR and
try to find a discrete approximation to this measure. This approach works to prove
Theorem 2.4

Bourgain wrote an unpublished note [10] describing a completely different approach
to A-BM, based on the following theorem of Hörmander about the ∂̄ equation. Koosis
describes a similar approach in his book [38] on the Beurling and Malliavin theorem.

Theorem 2.6 (Hörmander [28, Theorem 2.2.1’]). Let φ : C → R be a strictly subhar-
monic function. Let η ∈ L2

loc(C) satisfy
ˆ

|η(z)|2 e
−φ(z)

∆φ
dλ ≤ C. (2.16)

Then there exists g ∈ L2
loc(C) such that ∂g/∂z̄ = η in the sense of distributions and

ˆ
|g(z)|2e−φ(z) dλ ≤ 4C.
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Recall that

∂g

∂z̄
=
∂g

∂x
+ i

∂g

∂y
,

and analytic functions are characterized as solutions to ∂f/∂z̄ = 0.
Suppose we are given a subharmonic function u solving (2.12), and we would like

to construct an analytic function f : C → C solving (2.11). As a first attempt, we
could try applying Theorem 2.6 with η = 0 to find a solution to ∂f/∂z̄ = 0 with´
|f(z)|2e−u(z) dz < ∞. This L2 bound on f is useful: assuming u is Lipschitz, we

can combine the L2 bound with subharmonicity of |f |2 to prove the pointwise bound
log |f(z)| ≤ u(z) + C, exactly our goal. The problem is, f(z) might equal zero.

In order to construct a nonzero f , we must solve an inhomogeneous ∂̄-equation.
First set h to be a smooth bump function equal to one on the unit ball and vanishing
outside the ball of radius two. Consider the subharmonic weight function

φ(z) = u(z) + 10 log |z|+ (a strictly subharmonic term),

and use Hörmander’s theorem to solve the equation ∂̄g = ∂̄h with respect to this weight.
We then set f = h− g. The strictly subharmonic term ensures that the denominator in
(2.16) remains bounded. The logarithmic term guarantees that g(0) = 0, so f(0) = 1.
As we discussed before, Hörmander’s L2 bound can be used to prove the pointwise
bound log |f | ≤ u+ C, just like we wanted.

Both approaches to A-BM involve some non-canonical choices. In the Weierstrass
product approach, the roots can all wiggle a little bit and the resulting analytic function
will be just as good of a solution. In Hörmander’s theorem, the non-canonical choice is
more buried. The proof of Hörmander’s theorem uses Hilbert space methods: we work
in a weighted L2 space H, and letting ∂̄∗ be the adjoint of ∂̄ in this weighted space, we
prove an estimate

∥f∥H ≤ ∥∂̄∗f∥H .

This estimate is a quantitative version of saying ∂̄∗ is injective. As we know from linear
algebra, the adjoint being injective corresponds to the operator being surjective. The
proof that ∂̄ is surjective uses the Hahn-Banach theorem and the Riesz representation
theorem. The non-canonical step is the application of the Hahn-Banach theorem to
produce a linear extension. I think it is an advantage of Hörmander’s approach that
the non-canonical step is dealt with in a clean way, and the main work is proving a
nice PDE estimate using integration by parts.
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2.2.2 Beurling–Malliavin in Rd

Higher dimensional band-limited functions are also characterized by a Paley–Wiener
theorem.

Theorem 2.7 (Paley–Wiener). A function f ∈ L2(Rd) has Fourier support in {ξ :

|ξ| ≤ σ} if and only if f is the restriction to Rd of an entire function f̃ : Cd → C such
that

|f̃(x+ iy)| ≤ Ae2πσ|y| for some A > 0. (2.17)

In this theorem, |y| is the ℓ2-norm of y. The proof is just like the one dimensional
case. See [29, Theorem 7.3.1] for a full proof.

Let ω : Rd → R≤0 be a weight function as in the statement of the higher dimensional
Beurling and Malliavin theorem (Theorem 2.5). We would like to construct a band-
limited function decaying like ω. By the Paley–Wiener theorem, our goal is to construct
an analytic function f : Cd → C such that

|f(x)| ≤ eω(x) for x ∈ Rd,

|f(x+ iy)| ≤ Ae2πσ|y| for some A > 0 and all x+ iy ∈ Cd,

|f(0)| ≠ 0.

(2.18)

The key idea in the last section was that

The best way to think about the magnitude of an entire function on C is to use the
fact that its logarithm is subharmonic.

How should we think about the magnitude of an entire function on Cd?
If f : Cd → C is entire, then log |f | is a plurisubharmonic function. A function

u : Cd → R is plurisubharmonic if it is upper semicontinuous and its restriction to
every complex line is subharmonic. Written explicitly, this means that we have the
sub-mean value property

u(z) ≤
 2π

0

u(z+ eiθv) dθ for any z,v ∈ Cd. (2.19)

Here
ffl 2π

0
= 1

2π

´ 2π

0
is a mean value. See the beginning of §2.3.2 for more discussion of the

sub-mean value property and equivalence with the definition in terms of a nonnegative
Laplacian. A C2 function u is plurisubharmonic if the Hermitian matrix

(
∂u

∂zj ∂̄zk

)
is

positive semidefinite. It is an key insight from several complex variables that

The best way to think about the magnitude of an entire function on Cd is to use the
fact that its logarithm is plurisubharmonic.
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This insight is even more important in several complex variables than it is in one
complex variable. In one complex variable the Weierstrass product formula offers an
alternative, quite precise way to understand the magnitude of analytic functions, but
in higher dimensions we have to rely on plurisubharmonicity.

If f : Cd → C is an analytic function satisfying (2.18), then u = log |f | is a
plurisubharmonic function satisfying

u(x) ≤ ω(x) for x ∈ R,

u(x+ iy) ≤ A+ 2πσ|y| for some A > 0 and all x+ iy ∈ C,

u(0) > −∞.

(2.20)

Once again, we find a converse to this situation by splitting the Beurling–Malliavin
problem into two steps: the plurisubharmonic BM problem and the analytic BM
problem.

PSH-BM. Find a plurisubharmonic function u : Cd → R solving (2.20).

A-BM. Find an analytic function f : Cd → C such that log |f | ≤ u + C and
f(0) = 1.

This is the same two steps but with plurisubharmonic in place of subharmonic and
vectors x,y in place of scalars x, y.

Hörmander’s L2 theorem for the ∂̄ equation generalizes naturally to higher dimen-
sions, so we can solve the analytic BM problem using that same approach. (Actually,
Hörmander discovered his theorem in several complex variables before it was discovered
in one complex variable). Thus our task is to solve the plurisubharmonic BM problem.
As a first step, in §2.3 we solve

Exact
PSH-BM.

Find a plurisubharmonic function u : Cd → R such that u|Rd = ω

and u(x+ iy) ≤ σ|y|.

In equation (2.22) we define an extension operator ω → Eω which takes a function
on Rd to a function on Cd. In one dimension E is the Poisson extension operator,
and in higher dimensions it is the operator that separately harmonically extends ω to
every complex line with real coefficients. Proposition 2.10 says that if ω satisfies two
conditions (labeled (i) and (ii)) then Eω + C|y| is plurisubharmonic on Cd. Condition
(i) says that the Hilbert transform of the derivative is uniformly bounded for every
restriction of ω to a line. Condition (ii) is new to higher dimensions, and involves the
second derivative of the integral of ω over lines.

It turns out that in higher dimensions, the exact problem really is too restrictive—
the weights we care about for fractal sets do not satisfy condition (ii). In §2.4 we show
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how to modify a weight ω to a weight ω̃ ≤ ω which has similar regularity, but behaves
better with respect to integrals over lines. Proposition 2.10 can be applied to ω̃, and
this solves PSH-BM. Here is the precise statement of our solution to PSH-BM, see
§2.4 for the proof.

Proposition 2.8 (PSH-BM). Suppose that ω : Rd → R≤0 satisfies (2.9) and (2.10), the
conditions of Theorem 2.5, with constants Creg and Cgr. Then letting σ = Cd max(Creg, Cgr),
there exists a plurisubharmonic function u : Cd → R satisfying

u(0) ≥ −5Creg,

u(x+ iy) ≤ ω(x) + 2πσ|y|.

We now turn to the analytic Beurling–Malliavin problem, where we use Hörmander’s
L2-theory for the ∂̄-equation. Our solution to A-BM is stated using the obstacle problem
solution

u∗ω,σ(z) = sup {u(z) : u is plurisubharmonic and u(x+ iy) ≤ ω(x) + 2πσ|y|}.

In Lemma 2.29, we prove that if u∗ω,σ is finite at any point, it is Lipschitz continuous.
Lipschitz continuity guarantees that the supremum defining u∗ω,σ is itself plurisubhar-
monic. In terms of the obstacle problem, Proposition 2.8 states that if ω satisfies the
hypotheses of Theorem 2.5, then u∗ω,σ(0) ≥ −5Creg.

Proposition 2.9 (A-BM). Let ω : Rd → R≤0 be a Lipschitz weight function, and let
u∗ω,σ be the maximal plurisubharmonic function ≤ ω(x)+ 2πσ|y|. If u∗ω,σ(0) > −∞ then
for every ε > 0, there exists an f ∈ L2(Rd) with supp f̂ ⊂ Bσ+ε(0) and

|f(0)| ≥ c(d, ε)e−2max{∥ω∥Lip,2πσ}eu
∗
ω,σ(0),

|f(x)| ≤ eω(x) for all x ∈ Rd,

|f(x)| ≤ e
− ε

Cd
⟨x⟩1/2 for all x ∈ Rd.

We prove Proposition 2.9 in §2.5.4 following Bourgain’s one dimensional argument.
Now we can finish the proof of our higher-dimensional Beurling–Malliavin multiplier

theorem by combining PSH-BM and A-BM.

Proof of Theorem 2.5. Let ω : Rd → R≤0 satisfy the conditions of Theorem 2.5 with
constants Creg and Cgr, and let σ = 2Cd max(Creg, Cgr) be twice the value of σ in
Proposition 2.8. By Proposition 2.8, u∗ω,σ/2(0) ≥ −5Creg. By Proposition 2.9, there
exists an f ∈ L2(Rd) with supp f̂ ⊂ Bσ such that

f(0) ≥ c(d, σ)e−2max{∥ω∥Lip,2πσ}e−5Creg ≥ c(d, Creg, Cgr)

f(x) ≤ eω(x) for all x ∈ Rd

f(x) ≤ e
− σ

Cd
⟨x⟩1/2 for all x ∈ Rd.
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2.3 Exact plurisubharmonic extension

To solve Exact SH-BM problem in one dimension, we separately harmonically extend ω
to each half plane. The harmonic extension is given by integrating against the Poisson
kernel,

Eω(x+ iy) =

ˆ ∞

−∞
ω(x+ t)

|y|
y2 + t2

dt

π

=

ˆ ∞

−∞

ω(x+ ty)

1 + t2
dt

π
by change of variables. (2.21)

In higher dimensions we define an extension operator taking functions on Rd to functions
on Cd by

Eω(x+ iy) =

ˆ ∞

−∞

ω(x+ ty)

1 + t2
dt

π
. (2.22)

If ω is Lipschitz and satisfies the growth condition (2.10) then the integral is finite,
see Lemma 2.11. The operator ω → Eω separately harmonically extends ω to every
real-linear complex line

ℓx,y = {x+ zy : z ∈ C} ⊂ Cd, (x,y) ∈ Rd × (Rd \ {0}).

Equivalently, Eω is the unique bounded solution to the PDE{
⟨(∂∂̄Eω)(x+ iy)y,y⟩ = 0 for x+ iy ∈ Cd \ Rd,

Eω(x) = ω(x) for x ∈ Rd.
(2.23)

It is not obvious at first that all these separate harmonic extensions combine to give a
nice global extension, but equation (2.22) shows that they do.

Given a weight ω,
u = Eω + C|y| (2.24)

will be our candidate plurisubharmonic function. Unlike the one dimensional case Eω
is not plurisubharmonic away from Rd, so adding the term C|y| will have to both make
u satisfy the sub-mean value property (2.19) on complex disks centered at points of
Rd and points off of Rd. Analyzing this equation leads to the following proposition
which solves the Exact PSH-BM problem. For ℓ = {x+ tŷ : t ∈ R} a line in Rd, let
ω|ℓ(t) = ω(x+ tŷ) be ω restricted to ℓ (this function just depends on the line itself up
to translation and reflection).
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Proposition 2.10 (Exact PSH-BM). Let ω : Rd → R≤0 be a C2 and compactly
supported function satisfying

(i) For every line ℓ ⊂ Rd,
∥H[ω|′ℓ]∥∞ ≤ C1. (2.25)

(ii) For every x ∈ Rd, ŷ a unit vector, and v̂ a unit vector with ŷ ⊥ v̂,
ˆ ∞

−∞
⟨(D2ω(x+ tŷ))v̂, v̂⟩ dt

π
≥ −C2. (2.26)

If C ≥ max(C1, C2), then

u(x+ iy) = Eω(x+ iy) + C|y|

is plurisubharmonic on Cd and continuous. We have

u(x) ≤ u(x+ iy) ≤ u(x) + 2C|y|. (2.27)

Condition (i) implies that Eω + C|y| satisfies the sub-mean value property for
complex disks centered at points of Rd. Condition (ii) is new to higher dimensions and
it implies that Eω + C|y| is plurisubharmonic on Cd \ Rd.

Remarks. 1. It turns out that in d ≥ 2 condition (i) essentially follows from condition
(ii). This observation is due to Semyon Dyatlov, see [18].

2. Proposition 2.10 is strong enough to prove Proposition 2.8 in the special case of
radial weights ω(x) = f(|x|).

2.3.1 Basic properties of the extension operator

Let
ERω(x+ iy) =

ˆ
|t|≤R

ω(x+ ty)

1 + t2
dt

π
(2.28)

be the partial integral for Eω.

Lemma 2.11. Let ω : Rd → R be Lipschitz with constant CLip and satisfy the growth
condition (2.10) with constant Cgr. Then the integral defining Eω is absolutely conver-
gent and ERω → Eω uniformly on compact subsets.
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Proof. First of all,
ˆ

|ω(x+ ty)|
1 + t2

dt

π
≤ CLip|x|+

ˆ
|ω(ty)|
1 + t2

dt

π
<∞

using both the Lipschitz property and the growth condition.
Let R ≥ 1 and set

ErrR(x+ iy) =

ˆ
|t|≥R

|ω(x+ ty)|
1 + t2

dt

π
.

Using that ω is Lipschitz we have

ErrR(x+ iy) ≤ 2CLip|x|
R

+

ˆ
|t|≥R

|ω(ty)|
1 + t2

dt

π
.

We have ˆ
|t|≥R

|ω(ty)|
1 + t2

dt

π
=

ˆ
|t|≥R

|ω(ty)|
1 + t2

1|ty|≤1 dt+

ˆ
|t|≥R

|ω(ty)|
1 + t2

1|ty|≥1 dt.

The first term is ≲ (|ω(0)| + CLip)/R. For the second term we replace R by R̃ =

max(R, 1/|y|) and estimate
ˆ
|t|≥R̃

|ω(ty)|
1 + t2

dt ≤
ˆ
|t|≥R̃

|ω(ty)|
t2

dt ≲
ˆ
|t|≥R̃

ˆ 2

1/2

|ω(ty)|
(t/r)2

drdt

≲
ˆ
|t|≥R̃

ˆ 2

1/2

|ω(rty)|
t2

drdt ≲
ˆ ∞

R̃

G∗(|ty|)
t2

dt

≲
ˆ ∞

R̃|y|
|y|G

∗(t)

t2
dt ≲ |y|

ˆ ∞

R̃|y|

G∗(t)

1 + t2
dt

≲ R−1/2

ˆ ∞

0

G∗(t)

1 + t2
dt+ |y|

ˆ ∞

R1/2

G∗(t)

1 + t2
dt

where in the last line we split into the two cases |y| ≤ R−1/2 and |y| ≥ R−1/2. Suppose
that |y|, |x| ≤M . Then combining our estimates,

ErrR(x+ iy) ≲
CLipM

R
+

|ω(0)|+ CLip

R
+R−1/2Cgr +M

ˆ ∞

R1/2

G∗(t)

1 + t2
dt.

The right hand side goes to zero as R → ∞ so ErrR(x+ iy) goes to zero uniformly in
compact subsets. It follows that ERω → Eω uniformly on compact subsets.

Next we prove our earlier claim that the Dirichlet-to-Neumann operator of C \ R is
ω → H[−ω′].
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Lemma 2.12. Let ω ∈ C1
0 (R) and let u = Eω be the bounded harmonic extension of ω

to the upper half plane H. Then

∂yu(x+ i0) = H[−ω′]. (2.29)

Proof. Because u is harmonic on the upper half plane H and u(x+ iy) → 0 as y → ∞,
we can write u = Re f where f = u+ iv is analytic on H and f(x+ iy) → 0 as y → ∞.
By the Cauchy-Riemann equations,

∂yu = −∂xv. (2.30)

For fixed y > 0, let uy(x) = u(x+ iy) and vy(x) = v(x+ iy) be functions on R. By the
complex analytic characterization of the Hilbert transform,

vy = H[uy] for all y > 0. (2.31)

Thus
∂yu(x+ iε) = −∂xvε = H[−u′ε](x) for all ε > 0. (2.32)

We have uε → u in C1 as ε→ 0, so taking a limit gives the result.

Now we establish some basic properties of ω → Eω.

Lemma 2.13. Suppose ω ∈ C2
0(Rd). Then

(a) Eω is C2 on Cd \ Rd.

(b) For x+ iy ∈ Cd \ Rd, let ℓx,y = {x+ tŷ : t ∈ R}. We have

|Eω(x+ iy)− Eω(x)| ≤ |y| ∥H[ω|′ℓx,y ]∥∞. (2.33)

(c) Let x+ iy ∈ Cd \ Rd. The Hermitian form ∂∂̄Eω(x+ iy) has real coefficients.
Let v ∈ Rd be given by

v = v1 + rŷ, v1 ⊥ ŷ. (2.34)

Then

⟨(∂∂̄Eω(x+ iy))v,v⟩ = ⟨(∂∂̄Eω(x+ iy))v1,v1⟩

=
|v1|2

4|y|

ˆ ∞

−∞
⟨(D2ω(x+ tŷ))v̂1, v̂1⟩

dt

π
.

(2.35)
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Proof of (a). Differentiate under the integral sign in (2.22).

Proof of (b). First we show (2.33) in d = 1. Let ω ∈ C2
0(R), and let u = Eω be the

harmonic extension to H. We have

u(x+ iy) ≤ u(x) + y sup
z∈H

∂yu(z).

The function ∂yu is harmonic on H, so by the maximum principle

sup
z∈C

∂yu(z) = sup
x∈R

∂yu(x+ i0).

By Lemma 2.12 we have supx∈R ∂yu(x + i0) ≤ ∥H[ω′]∥∞. Thus u(x + iy) ≤ u(x) +

y∥H[ω′]∥∞. The same argument shows u(x+ iy) ≥ u(x)− y∥H[ω′]∥∞.
Now let x+ iŷ ∈ Cd \ Rd, ŷ a unit vector. Let

u(z) = Eω(x+ zŷ), z ∈ C.

Then u(z) harmonically extends ω|ℓ(t) = ω(x+ tŷ), so

|Eω(x+ irŷ)− Eω(x)| = |u(ir)− u(0)| ≤ r ∥H[ω|′ℓ]∥∞.

Proof of (c). First of all, ∂∂̄Eω has real coefficients because

Im ∂zj ∂̄zkEω =
1

4
(∂xj

∂yk − ∂xk
∂yj)Eω

=
1

4

ˆ
t(∂j∂kω)(x+ ty)− t(∂k∂jω)(x+ ty)

1 + t2
dt

π
= 0.

It follows that ∂∂̄Eω = 1
4
(D2

x +D2
y)Eω. For any x+ iy ∈ Cd \ Rd we have

∂∂̄Eω(x+ iy) =
1

4
(D2

x +D2
y)

ˆ ∞

−∞

ω(x+ ty)

1 + t2
dt

π

=
1

4

ˆ ∞

−∞
D2ω(x+ ty)

dt

π
.

It is nice in this computation that the differentiation on x and y combine to give a
1 + t2 factor, cancelling the 1

1+t2
factor in the Poisson measure. Notice ∂∂̄Eω(x,y) =

1
|y|∂∂̄Eω(x, ŷ) by change of variables. Also notice that if v1 ⊥ ŷ then

⟨(∂∂̄Eω(x+ iy))v1,v1⟩ =
|v1|2

4|y|

ˆ ∞

−∞
⟨(D2ω(x+ tŷ))v̂1, v̂1⟩

dt

π
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and (2.35) holds in this special case. To prove (2.35) in general, we will show that if
v = v1 + ry as in (2.34) then

⟨(∂∂̄Eω(x+ iy))v,v⟩ = ⟨(∂∂̄Eω(x+ iy))v1,v1⟩. (2.36)

Define the X-ray transform by

X(f)(x, ŷ) =

ˆ ∞

−∞
f(x+ tŷ) dt, (x, ŷ) ∈ Rd × Sd−1.

We have

∂∂̄Eω(x+ iŷ) =
1

4
X(D2ω)(x, ŷ) =

1

4
D2

x(Xω)(x, ŷ).

The X-ray transform is constant along lines, meaning Xω(x+ aŷ, ŷ) = Xω(x, ŷ). It
follows from this property that

D2
x(Xω)(x, ŷ)ŷ = 0

where D2
x(Xω) is viewed as a linear map. Equation (2.36) follows.

The following lemma isn’t used in the proof of Proposition 2.10, but will be used in
the application of Proposition 2.10 to Proposition 2.8. Note that this Lemma is not
necessary for the application to fractal uncertainty because the weights we construct to
prove Theorem 1.2 are compactly supported.

Lemma 2.14. Let ωj ∈ C(Rd), j ≥ 1 be a sequence converging to ω ∈ C(Rd) uniformly
on compact subsets. Suppose {ωj} is uniformly Lipschitz,

|ωj(x1)− ωj(x2)| ≤ CLip|x1 − x2| for all j ≥ 1, all x1,x2 ∈ Rd, (2.37)

and satisfies the uniform growth condition

G∗(r) = sup
j≥1

sup
|y|=r

ˆ 2

1/2

|ωj(sy)| ds,
ˆ ∞

0

G∗(r)

1 + r2
dr <∞.

(2.38)

Then Eωj → Eω uniformly on compact subsets.

Proof. Let

G∗
1(r) = sup

|y|=r

ˆ 2

1/2

|ω(sy)| ds
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be the growth function of ω. Because this integral is over a compact region, G∗
1(r) ≤

G∗(r). Let

ERωj(x+ iy) =

ˆ
|t|≤R

ωj(x+ ty)|
1 + t2

dt

π

and similarly for ω. Let ε > 0 and M > 0 be given. By Lemma 2.11, if R ≥ R0(ε,M)

then for all |x|, |y| ≤M we have

|ERωj(x+ iy)− Eωj(x+ iy)| ≤ ε,

|ERω(x+ iy)− Eω(x+ iy)| ≤ ε.

If j ≥ j0(ε) then for all |x|, |y| ≤M we have.

|ERωj(x+ iy)− ERω(x+ iy)| ≤ ε.

Combining these we see |Eωj(x+ iy)− Eω(x+ iy)| ≤ ε in the same region.

2.3.2 Proof of Proposition 2.10

Let U ⊂ Cd be an open set. In §2.2.2 we defined a function u : U → R to be
plurisubharmonic if it is upper semicontinuous and every restriction to a complex line
is subharmonic, meaning the Laplacian is non-negative in the distributional sense. An
equivalent condition is that u is upper semicontinuous and satisfies the sub-mean value
property

u(z) ≤
 2π

0

u(z+ eiθv) dθ for all |v| < r0(z) (2.39)

where r0(z) > 0 may depend arbitrarily on z. For a proof see [29, Theorem 4.1.11].
The upshot is that the proof of Proposition 2.10 can be split into two parts. Let

C > max(C1, C2). We show u = Eω + C|y| is plurisubharmonic, and it follows
from continuity that we can take C = max(C1, C2) as well. First we prove u is
plurisubharmonic on Cd \ Rd using our computation of ∂∂̄Eω. Then we prove (2.39)
holds for all z ∈ Rd using our estimates on Eω near Rd (2.33). It is in this step that
we use C > max(C1, C2) rather than C ≥ max(C1, C2).

Before proving plurisubharmonicity we show (2.27). By (2.33) we have

ω(x)− C1|y| ≤ Eω(x+ iy) ≤ ω(x) + C1|y|

and because C ≥ C1, we have

ω(x) ≤ Eω(x+ iy) + C|y| ≤ ω(x) + 2C|y|

as desired.
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Plurisubharmonicity on Cd \ Rd

We start with a Lemma.

Lemma 2.15. Let U ⊂ Cd be an open set. If v ∈ C2(U), then v is plurisubharmonic
on U if and only if ∂∂̄v(z) is positive semidefinite for every z ∈ U .

See [30, Corollary 4.1.5] for a proof.

By Lemma 2.13(a), u ∈ C2(Cd \ Rd), so it suffices to show ∂∂̄u(x+ iy) is positive
semidefinite for all x+ iy ∈ Cd \ Rd in order to establish (2.39) on Cd \ Rd. For y ̸= 0

we have
∂∂̄|y| = 1

4|y|
(I − ŷŷt) =

1

4|y|
π⊥
y (2.40)

as a Hermitian form. That is, ∂∂̄|y| orthogonally projects away from y and then scales
by 1

4|y| . If v = v1 + ry with v1 ⊥ y, then

⟨(∂∂̄|y|)v,v⟩ = |v1|2

4|y|
. (2.41)

Because ∂∂̄Eω is real-linear, the goal is to show that for any v ∈ Rd,

⟨∂∂̄(Eω + C|y|)v,v⟩ ≥ 0. (2.42)

Write v = v1 + ry, v1 ⊥ y. Combining (2.35) and (2.41), we have

⟨(∂∂̄Eω + C|y|)v,v⟩ = |v1|2

4|y|

ˆ ∞

−∞
⟨(D2ω(x+ tŷ))v̂1, v̂1⟩

dt

π
+ C

|v1|2

4|y|

=
|v1|2

4|y|

(
C +

ˆ ∞

−∞
⟨(D2ω(x+ tŷ))v̂1, v̂1⟩

dt

π

)
so if C ≥ C2 then (2.42) holds.

Plurisubharmonicity on Rd

This part is analogous to the 1D argument. Let C ≥ C1 + ε. Let x ∈ Rd, v ∈ Cd \ {0}.
By (2.33),

u(x+ eiθv) ≥ ω(x+Re(eiθv)) + ε| Im(eiθv)|. (2.43)

Because ω ∈ C2
0(Rd) there is a constant λ > 0 so that

|ω(x+ h)− ω(x)−∇ω(x) · h| ≤ λ|h|2
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for all x,h ∈ Rd. Integrating, we find
 2π

0

ω(x+Re(eiθv)) dθ ≥ ω(x)− λ|v|2

for all x ∈ Rd, v ∈ Cd. On the other hand,
 2π

0

| Im(eiθv)| dθ ≥ |v|
 2π

0

| Im(eiθv̂)|2 dθ

=
|v|
2

 2π

0

(| Im(eiθv̂)|2 + |Re(eiθv̂)|2) dθ = |v|
2
,

so
 2π

0

u(x+ eiθv) dθ ≥
 2π

0

ω(x+Re(eiθv)) dθ + ε

 2π

0

| Im(eiθv)| dθ

≥ ω(x)− λ|v|2 + ε

2
|v|.

If |v| ≤ ε
2λ

then the sub-mean value property holds.

2.4 Modifying weight functions

In this section we prove Proposition 2.8. Suppose ω : Rd → Rd
≤0 satisfies the hypotheses

of Theorem 2.5. It would be nice if ω also satisfied the hypotheses of Proposition 2.10,
because then we could complete the PSH-BM problem. In general condition (i) will
be satisfied, but condition (ii) on the integral of the second derivative over lines (2.26)
will not. Using regularity of D2ω (2.9) we can get a decent estimate for (2.26) on each
dyadic scale by putting absolute values inside the integral, but these contributions will
not be summable. To fix this issue we modify the weight ω to a new weight ω̃ ≤ ω

which has a lot of cancellation in (2.26). In our estimates we will not put absolute
values inside the integral.

An important observation is that when we zoom out far enough all lines look like
they pass through the origin. To be a bit more precise, using the regularity hypothesis
(2.9) it suffices to estimate (2.26) for lines through the origin. For a function f : Rd → R,
let

πSd−1f(v̂) =

ˆ ∞

0

f(tv̂) t−2dt

be a weighted spherical projection of f . The factor t−2 allows us to compare the
translational derivative to the rotational derivative.
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Lemma 2.16. Suppose f : Rd → R is a C2 function compactly supported and supported
away from the origin. Let ŷ ⊥ v̂. Then

ˆ ∞

0

⟨(D2f(tŷ))v̂, v̂⟩ dt = πSd−1f(ŷ) +
d2

dθ2

∣∣∣
θ=0

πSd−1f(ŷ cos θ + v̂ sin θ). (2.44)

Proof. We have

d2

dθ2

∣∣∣
θ=0

f(tŷ cos θ + tv̂ sin θ) = t2⟨(D2f(tŷ))v̂, v̂⟩ − t(∂ŷf)(tŷ).

Integrating,

d2

dθ2

∣∣∣
θ=0

πSd−1f(ŷ cos θ + v̂ sin θ) =

ˆ ∞

0

d2

dθ2

∣∣∣
θ=0

f(tŷ cos θ + tv̂ sin θ) t−2dt

=

ˆ ∞

0

⟨(D2f(tŷ))v̂, v̂⟩ dt−
ˆ ∞

0

t−1 d

dt
f(tŷ) dt

=

ˆ ∞

0

⟨(D2f(tŷ))v̂, v̂⟩ dt−
ˆ ∞

0

f(tŷ) t−2dt

using integration by parts in the last step.

We write the modified weight as a sum of dyadic pieces, ω̃ =
∑

k ω̃k. The idea is to
design each piece ω̃k so that πSd−1ω̃k ≡ qk = const. Lemma 2.16 then gives

ˆ ∞

0

⟨(D2ω̃k(tŷ))v̂, v̂⟩ dt = qk, (2.45)

and as long as
∑

k |qk| <∞ we obtain a favorable estimate.
We implement this plan with the following two Lemmas. The first Lemma modifies

the weight ω → ω̃.

Lemma 2.17. Suppose that ω : Rd → R≤0 satisfies (2.9) and (2.10), the conditions
of Theorem 2.5, with constants Creg and Cgr. Then there exists a weight ω̃ =

∑
k≥0 ω̃k

such that

(i) ω̃(x) ≤ ω(x) for all x ∈ Rd,

(ii) ω̃(x) = ω(x) for |x| ≤ 2,

(iii) supp ω̃0 ⊂ {x : |x| ≤ 5} and supp ω̃k ⊂ {x : 2k−1 ≤ |x| ≤ 2k+2} for k ≥ 1,

(iv) We have
∥Daω̃k∥∞ ≤ C ′

reg2
(1−a)k for 0 ≤ a ≤ 3, (2.46)
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(v) For k ≥ 5, πSd−1ω̃k = qk is constant over the unit sphere and∑
k

|qk| ≤ C ′
gr. (2.47)

We may take C ′
reg ≤ CdCreg and C ′

gr ≤ CdCgr.

Condition (2.46) is just another way of writing the regularity condition (2.9), and
(2.47) is another way of writing the growth condition (2.10).

The second lemma analyzes the modified weight ω̃ and shows it is admissible for
Proposition 2.10.

Lemma 2.18. Suppose that ω̃ =
∑

k≥0 ω̃k satisfies the conditions Lemma 2.17(ii)-(v).
Let C = Cd max(C ′

reg, C
′
gr). Then u = Eω̃ + C|y| is continuous and plurisubharmonic

on Cd and satisfies
u(x) ≤ u(x+ iy) ≤ u(x) + 2C|y|. (2.48)

Combining these two lemmas proves Proposition 2.8 and completes the PSH-BM
problem.

2.4.1 Proof of Lemma 2.17: Modifying the weight

Let ω satisfy the conditions of Theorem 2.5 with constants Creg, Cgr. Let

1 =
∞∑
k=0

ψk

be a partition of unity of R≥0 where suppψk ⊂ Ak,

A0 = [0, 5],

Ak = [2k−1, 2k+2] for k ≥ 1.

We may choose ψk(x) = ψ1(2
1−kx) giving a derivative estimate |Daψk(x)| ≤ Ca2

−ak

for all a ≥ 0. Write ψk(x) = ψk(|x|) for x ∈ Rd. Let

πSd−1ψk(v̂) = pk, pk ∼ 2−k up to universal constants.

Write
ω =

∑
k≥0

ωk, ωk(x) = ψk(x)ω(x).
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For k ≥ 1, let
qk = inf

v̂∈Sd−1
πSd−1ωk(v̂).

Recall that ω ≤ 0, so |qk| = supv̂∈Sd−1 πSd−1|ωk(v̂)|. Now set

gk(x) = p−1
k ψk(x) (qk − (πSd−1ωk)(x̂)), k ≥ 1. (2.49)

Notice that by the definition of qk, we have gk ≤ 0. We define

ω̃k =

{
ωk 0 ≤ k < 5,

ωk + gk k ≥ 5,

ω̃ =
∑
k≥0

ω̃k.

Certainly ω̃ ≤ ω because gk ≤ 0 for all k. Also, because we only add the modification
gk for k ≥ 5, we have ω̃(x) = ω(x) for |x| ≤ 2. By construction,

πSd−1ω̃k = qk for k ≥ 5. (2.50)

We have

|qk| = sup
v̂∈Sd−1

ˆ ∞

0

|ωk(tv̂)| t−2dt ≲ 2−2k sup
v̂∈Sd−1

ˆ 2k+2

2k−1

|ω(tv̂)| dt

≲ 2−k(G∗(2k) +G∗(2k+1)).

Choose x ∈ Rd with |x| = r so that G∗(r) = G(x). We have

G∗(r) =

ˆ 2

1/2

|ω(sx)| ds ≲
ˆ 2

1/2

ˆ 2

1/2

|ω(stx)| dsdt ≲
ˆ 2

1/2

G∗(tr) dt

leading to the pointwise bound

G∗(2j) ≲ 2−j

ˆ 2j+1

2j−1

G∗(r) dr

which gives ∑
k

|qk| ≲
∑
k

2−kG(2k) ≲
ˆ ∞

0

G∗(r)

1 + r2
dr

as needed.
Finally, we must show that ω̃ satisfies the regularity condition (2.46). Let 0 ≤ a ≤ 3.

By the Leibniz rule,

∥Daωk∥∞ ≲
∑

0≤b≤a

∥Da−bψk∥∞ sup
|x|∈Ak

|Dbω(x)|

≲ Creg

∑
0≤b≤a

2−(a−b)k2(1−b)k ≲ Creg2
(1−a)k.
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Let hk(x) = πSd−1ωk(x̂). We have

hk(x) =

ˆ 2k+2

2k−1

ωk(tx̂) t
−2dt

= |x|−1

ˆ ∞

0

ωk(sx) s
−2ds,

gk(x) = p−1
k ψk(x)(qk − hk(x))

Thus

∥Dagk∥∞ ≲ 2k
∑

0≤b≤a

∥Da−bψk∥∞ sup
|x|∈Ak

|Db(qk − hk)(x)|

≲
∑

0≤b≤a

2−(a−b)k+k sup
|x|∈Ak

|Dbhk(x)|.

Let |x| ∈ Ak, 0 ≤ b ≤ 3. We have

|Dbhk(x)| ≲
∑
0≤c≤b

|Db−c|x|−1|
ˆ 10

1/10

|Dcωk(sx)| sc−2 ds

≲ Creg

∑
0≤c≤b

2−(1+(b−c))k2(1−c)k ≲ Creg2
−bk.

Combining these estimates we obtain that for 0 ≤ a ≤ 3,

∥Dagk∥∞ ≲ Creg2
(1−a)k

∥Daω̃k∥∞ ≲ Creg2
(1−a)k

as needed.

2.4.2 Proof of Lemma 2.18: Analyzing the modified weight

We would like to apply Proposition 2.10 to ω̃. Let ω̃ =
∑

k≥0 ω̃k satisfy the conditions
Lemma 2.17(ii)-(v). First we prove an estimate on the Hilbert transform of the derivative
of ω̃ restricted to lines.

Lemma 2.19. Let ℓ = {x + tŷ : t ∈ R} be a line. Let ω̃k|ℓ(t) = ω̃k(x + tŷ) be the
restriction of ω̃k to this line. For all such lines, we have∑

k≥0

|H[ω̃k|′ℓ](0)| ≲ C ′
reg + C ′

gr. (2.51)
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Proof. Let r = 0 if |x| ≤ 4, and otherwise let r ≥ 1 be such that |x| ∈ [2r−1, 2r).
For any k, r we have the following estimate, although we only use it when r − 5 ≤

k ≤ r + 5:

|H[ω̃k|′ℓ](0)| =
∣∣∣∣ˆ ∞

0

∂ŷω̃k(x+ tŷ)− ∂ŷω̃k(x− tŷ)

t

dt

π

∣∣∣∣
≲ 2k∥D2ω̃k∥∞ ≤ C ′

reg.

For k < r − 5, ω̃k is supported away from x, and we have

|H[ω̃k|′ℓ](0)| =
∣∣∣∣ˆ ∞

−∞

1

t

d

dt
ω̃k(x+ tŷ)

dt

π

∣∣∣∣
=

∣∣∣∣ˆ ∞

−∞

ω̃k(x+ tŷ)

t2
dt

π

∣∣∣∣ by integration by parts,

≲ 2−2r2k∥ω̃k∥∞ ≤ C ′
reg2

2(k−r).

Finally, for k > r + 5, ω̃k is once again supported away from x, and integrating by
parts we have

|H[ω̃k|′ℓ](0)| =
∣∣∣∣ˆ ∞

−∞

ω̃k(x+ tŷ)

t2
dt

π

∣∣∣∣
≲ 2−2k

ˆ ∞

−∞
|ω̃k(x+ tŷ)| dt

≲ C ′
reg2

−k|x|+ 2−2k

ˆ ∞

−∞
|ω̃k(tŷ)| dt by Lipschitz regularity

≲ C ′
reg2

−k|x|+ |qk|.

Summing these contributions,∑
k≥0

|H[ω̃k|′ℓ](0)| ≲ C ′
reg + C ′

reg

∑
k<r−5

22(k−r) + C ′
reg

∑
k>r+5

2r−k +
∑
k≥5

|qk|

≲ C ′
reg + C ′

gr.

Now we prove an estimate on the integral of the second derivative of ω̃ over lines.

Lemma 2.20. Let ℓ = {x0 + tŷ} be a line, where x0 is the closest point to the origin.
We have ∑

k≥0

∣∣∣∣ˆ ∞

−∞
⟨(D2ω̃k(x0 + tŷ))v̂, v̂⟩ dt

∣∣∣∣ ≲ C ′
reg + C ′

gr for all v̂ ⊥ ŷ. (2.52)
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Proof. Let v̂ ⊥ ŷ. Let r = 0 if |x0| ≤ 4, and otherwise let r ≥ 1 be so that
|x0| ∈ [2r−1, 2r). For k < r − 5 the support of ω̃k does not intersect ℓ and

ˆ ∞

−∞
⟨(D2ω̃k(x0 + tŷ))v̂, v̂⟩ dt = 0.

For r− 5 < k < r+ 5 we put the absolute values inside the integral and use the second
derivative regularity condition,∣∣∣ˆ ∞

−∞
⟨(D2ω̃k(x0 + tŷ))v̂, v̂⟩ dt

∣∣∣ ≲ ˆ ∞

−∞
|D2ω̃k(x0 + tŷ)| dt

≲ 2k∥D2ω̃k∥∞ ≤ C ′
reg.

Next, let k > r + 5. We translate the integral to a line through the origin using the
third derivative regularity condition,∣∣∣∣ˆ ∞

−∞
⟨(D2ω̃k(x0 + tŷ))v̂, v̂⟩ dt

∣∣∣∣ ≤ ∣∣∣∣ˆ ∞

−∞
⟨(D2ω̃k(tŷ))v̂, v̂⟩ dt

∣∣∣∣+ C ′
reg|x0|2−k.

By the hypothesis that πSd−1ωk = qk and Lemma 2.16 on the second derivative of
spherical projections,

ˆ ∞

−∞
⟨(D2ω̃k(tŷ))v̂, v̂⟩ dt = 2qk.

Thus ∑
k

∣∣∣∣ˆ ∞

−∞
⟨(D2ω̃k(x0 + tŷ))v̂, v̂⟩ dt

∣∣∣∣ ≲ C ′
reg +

∑
2k≥|x0|

(
C ′

reg|x0|2−k + |qk|
)

≲ C ′
reg + C ′

gr.

Finally, we finish the proof of Lemma 2.18.

Proof of Lemma 2.18. Let
ω̃≤k =

∑
0≤j≤k

ω̃j. (2.53)

By (2.51) and (2.52) the compactly supported weights ω̃≤k satisfy the hypotheses of
Proposition 2.10 uniformly in k, and there is some C ≲ C ′

reg + C ′
gr such that for all

k ≥ 1,
u≤k = Eω̃≤k + C|y|
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is plurisubharmonic and satisfies

u≤k(x) ≤ u≤k(x+ iy) ≤ u≤k(x) + 2C|y|.

Notice that the sequence {ω̃k}∞k=1 is uniformly Lipschitz by (2.46), and satisfies the
uniform growth condition (2.38) because of (2.47). By Lemma 2.14, Eω̃≤k → Eω̃

uniformly on compact sets. It follows that

u = Eω̃ + C|y|

is plurisubharmonic and satisfies

u(x) ≤ u(x+ iy) ≤ u(x) + 2C|y|.

2.5 Constructing the analytic function

We crucially use Hörmander’s L2 theory for the ∂̄ equation in order to construct analytic
functions from plurisubharmonic functions. This section includes an exposition of
Hörmander’s theorem. We already stated his one dimensional result in the introduction
(Theorem 2.6), and his higher-dimensional result is stated in Theorem 2.28. After the
exposition we prove Proposition 2.9, which is where we construct analytic functions.

Hörmander’s method is related to prior work of Kodaira [36], Andreotti–Vesentini [3],
Morrey [42], Kohn [37], and Ash [4]. We are ignorant of this prior work and refer the
reader to Hörmander’s paper [28] and Berndtsson’s survey [7] for more discussion.

Hörmander’s theorem uses the following principle from linear algebra.

Theorem 2.21. Let T : H1 → H2 be a linear map between two finite dimensional
Hilbert spaces. If

∥u∥H2 ≤ C∥T ∗u∥H1 for all u ∈ H2, (2.54)

then for any v ∈ H2 there exists w ∈ H1 with Tw = v and ∥w∥H1 ≤ C∥v∥H2.

Proof. Let v ∈ H2, and define a linear map on a subspace of H1 by

ℓ : {T ∗u, u ∈ H2} → C
ℓ(T ∗u) = ⟨v, u⟩.
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Because T ∗ is injective, ℓ is well defined, and by (2.54)

|ℓ(T ∗u)| ≤ ∥v∥H2∥∥u∥H2 ≤ C∥v∥H2∥T ∗u∥H1 ,

so ℓ is a bounded linear functional on its domain. By the Hahn-Banach theorem, ℓ
can be extended to a linear functional on H1 with norm bounded by C∥v∥H2 . By the
Riesz representation theorem there exists w ∈ H1 with ∥w∥H1 ≤ C∥v∥H2 such that
⟨w, T ∗u⟩ = ⟨v, u⟩ for all u ∈ H2. This implies Tw = v, as T ∗∗ = T .

Theorem 2.21 lets us solve linear equations by proving estimates. This is very useful.
The main ingredient in the proof of Hörmander’s theorem is a bound like (2.54) for the
adjoint of the ∂̄ operator in a weighted Hilbert space.

2.5.1 The ∂̄ equation over C.

We would like to solve the inhomogenous equation

∂g

∂z̄
= η, η ∈ C∞

c (C).

Let’s first try using fundamental solutions. In the sense of distributions ∂
∂z̄

1
z−τ

= 2πδτ ,
so

g(z) =
1

2π

ˆ
C

1

z − τ
η(τ) dλ (dλ is the Lebesgue measure on C)

solves ∂g
∂z̄

= η.
This solution is not useful to us. We are interested in constructing nonzero analytic

functions with certain decay rates on C. To do so we start with a bump function h,
solve the inhomogenous equation ∂̄g = ∂̄h, and then set f = g − h to be our analytic
function. The method of fundamental solutions will return g = h, f = 0. In order to
construct nonzero analytic functions f , we need to enforce the constraint g(0) = 0 so
that f(0) ̸= 0. The Hilbert space method allows us to enforce this constraint.

We consider the weighted Hilbert space L2(φ) with the inner product

⟨f, g⟩φ =

ˆ
f(z)ḡ(z)e−φ(z) dλ

and the norm

∥f∥2φ =

ˆ
|f(z)|2e−φ(z) dλ.
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We want to prove surjectivity of the unbounded linear map ∂/∂z̄ on L2(φ). We compute
the formal adjoint of ∂/∂z̄ on L2(φ), which we call δ:

⟨∂u/∂z̄, v⟩φ =

ˆ
∂u

∂z̄
v̄(z) e−φ(z) dλ

= −
ˆ
u(z)

(
eφ

∂

∂z̄
e−φ(z)v̄(z)

)
e−φdλ

= ⟨u, δv⟩φ

where

δ = −eφ ∂
∂z
e−φ = − ∂

∂z
+
∂φ

∂z
. (2.55)

(We use the term “formal adjoint” because we only verified this property for functions
in Dp,q). The commutator between ∂/∂z̄ and δ is positive if φ is strictly subharmonic,

[∂/∂z̄, δ] =
[
∂/∂z̄,−∂/∂z + ∂φ

∂z

]
=

∂2φ

∂z̄∂z
=

1

4
∆φ, (2.56)

leading to the identity

∥δu∥2φ = ⟨ ∂
∂z̄
δu, u⟩φ

= ⟨δ ∂
∂z̄
u, u⟩φ + ⟨[∂/∂z̄, δ]u, u⟩φ

= ∥∂u/∂z̄∥2φ +
1

4

ˆ
|u(z)|2∆φ e−φdλ.

Subtracting ∥∂u/∂z̄∥2φ from both sides gives

Lemma 2.22. For u ∈ C∞
c (C),ˆ

|u(z)|2∆φ e−φdλ ≤ 4∥δu∥2φ.

With Lemma 2.22 in hand, we are ready to prove the ∂̄ theorem. We restate
Theorem 2.6 for the reader’s convenience.

Theorem. Let φ : C → R be a smooth, strictly subharmonic function. Let η ∈ L2
loc(C)

satisfy
ˆ

|η(z)|2 e
−φ(z)

∆φ
dλ ≤ C.

Then there exists g ∈ L2(φ) such that ∂g/∂z̄ = η in the sense of distributions andˆ
|g(z)|2e−φ(z) dλ ≤ 4C.
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If η is smooth then by elliptic regularity g is smooth as well, and ∂g/∂z̄ = η in the
classical sense.

Proof. Suppose that
ˆ

|η(z)|2 e
−φ(z)

∆φ
dλ ≤ C.

We define the following linear functional on a subspace of L2(φ),

ℓ : {δv : v ∈ C∞
c (C)} → C

ℓ(δv) = ⟨η, v⟩φ.

Using Cauchy-Schwarz and Lemma 2.22,

|ℓ(δv)| = |⟨η, v⟩φ| ≤
(ˆ

|η(z)|2 e
−φ(z)

∆φ
dλ

)1/2(ˆ
|v(z)|2∆φ e−φ(z) dλ

)1/2

≤ 2
√
C∥δv∥φ.

Thus ℓ is well-defined and bounded by 2
√
C on its set of definition, so by the Hahn-

Banach theorem ℓ extends to a linear functional on L2(C), which is also bounded by
2
√
C. By the Riesz representation theorem, there is some g ∈ L2(C) with ∥g∥2φ ≤ 4C

such that for all v ∈ C∞
c (C),

⟨g, δv⟩φ = ⟨η, v⟩φ. (2.57)

This equation almost says that ∂̄g = η in the sense of distributions, although not quite
because of the φ-weighted inner product. That is just a technicality—its easy to convert
to the usual inner product. Given v ∈ C∞

c (C), let v′ = eφv̄. Then v′ also lies in C∞
c (C),

and the φ-weighted inner products with v′ equal the Lebesgue inner products with v,

⟨g, δv′⟩φ = −
ˆ
g
∂v̄

∂z
dλ =

ˆ
g(z)

∂v

∂z̄
dλ,

⟨η, v′⟩φ =

ˆ
η(z)v(z) dλ.

The left hand sides are equal by (2.57), so the right hand sides are equal as well. The
right hand sides being equal is exactly the statement that ∂g/∂z̄ = η in the sense of
distributions.

In the sequel we ignore this subtlety around converting between the φ-weighted
inner product and the usual inner product.
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When I read this proof, it made me uncomfortable that we used the Hahn-Banach
theorem to construct linear extensions. There may be several linear extensions of ℓ, and
each one might lead to a different solution to the ∂̄ equation. Is there a constructive
proof that chooses a canonical solution?

I think there is not a canonical solution. There are many solutions to ∂̄g′ = 0 with
g′ ∈ L2(φ), so there are also many solutions to ∂̄g = η in L2(φ). It is a feature of
Hörmander’s method that it deals with non-uniqueness in a clean way—by using the
Hahn-Banach theorem.

2.5.2 The ∂̄ operator over Cd.

Theorem 2.6 has a higher-dimensional analogue; to state it we need some notation. Let
Ωp,q denote the vector space of (p, q)-forms at a point of Cd. Every element of Ωp,q can
be written in the standard basis

α =
∑

|I|=p,|J |=q

αI,J dz
Idz̄J , αI,J ∈ C, I and J are ordered subsets of {1, . . . , d}.

Let Dp,q denote the space of smooth, compactly supported (p, q) forms on Cd. An
element u ∈ Dp,q can be written as

u =
∑
I,J

uI,J dz
Idz̄J , uI,J ∈ C∞

c (Cd).

We put an inner product structure on Ωp,q by asserting this standard basis is orthonor-
mal,

⟨α, β⟩Ωp,q =
∑
I,J

αI,J β̄I,J .

We consider the weighted inner product

⟨u, v⟩φ =
∑
I,J

ˆ
Cd

uI,J(z)v̄I,J(z) e
−φ(z) dλ, dλ is the Lebesgue measure on Cd,

∥u∥2φ = ⟨u, u⟩φ.

We let

L2
p,q(φ) = {u : uI,J ∈ L2

loc(Cd) and ∥u∥φ <∞}

be the Hilbert space generated by this inner product.
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The ∂̄ operator maps Dp,q → Dp,q+1. For a function u ∈ C∞
c (Cd),

∂̄u =
∑
j

∂̄ju dz̄j, ∂̄j =
∂

∂z̄j
,

for a form u ∈ Dp,q,

∂̄u =
∑
I,J

∂̄uI,J ∧ dzIdz̄J .

We have ∂̄2 = 0, so for each p there is a chain complex

· · · ∂̄→ Dp,q
∂̄→ Dp,q+1

∂̄→ Dp,q+2
∂̄→ · · · .

Given a (p, q)-form η, we are interested in solving the inhomogenous ∂̄ equation

∂̄g = η where g is a (p, q − 1)-form.

As ∂̄2 = 0, it is a necessary condition that ∂̄η = 0. This is a new condition in higher
dimensions: in one complex dimension, ∂̄η = 0 for any η ∈ D0,1. Hörmander proved
the following theorem about the inhomogenous ∂̄ equation.

Proposition 2.23. Let φ : Cd → R be a smooth, strictly plurisubharmonic function
with ∂∂̄φ(z) ≥ κ(z), where κ : Cd → R>0. Let η be a (p, q)-form with L2

loc coefficients
satisfy ∂̄η = 0, and suppose

ˆ
|η(z)|2 e

−φ(z)

κ(z)
dλ ≤ C.

Then there exists g ∈ L2
p,q−1(φ) such that ∂̄g = η in the sense of distributions and

∥g∥2
L2
p,q−1(φ)

≤ C.

The first step is to prove a higher-dimensional version of Lemma 2.22 asserting quanti-
tative injectivity of the adjoint. This involves more calculation but no new difficulties.
The second step—using this estimate to solve the ∂̄ equation—is a bit more subtle than
it was in one dimension because of the need to assume ∂̄η = 0. To solve this step we
need to prove an approximation lemma.

We begin by analyzing the adjoint operator. We write ∂̄ as

∂̄ =
∑
j

∂̄jdz̄j. (2.58)

In this notation dz̄j is an operator mapping Dp,q → Dp,q+1 by wedge product, and ∂̄j
as an operator mapping Dp,q+1 → Dp,q+1 by partial derivatives.
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The formal adjoint is the operator ∂̄∗ : Dp,q+1 → Dp,q such that

⟨∂̄u, v⟩φ = ⟨u, ∂̄∗v⟩φ for all u ∈ Dp,q and v ∈ Dp,q+1.

Notice that ∂̄∗ depends on the weight φ. To compute ∂̄∗, we first compute the adjoint
of ∂̄j with respect to the weight e−φ,

ˆ
(∂̄ju)v̄e

−φ dλ = −
ˆ
u(eφ∂̄je

−φv̄) e−φdλ.

Just as in (2.55), the adjoint of ∂̄j is

δju = − ∂u

∂zj
+
∂φ

∂zj
u (2.59)

and ⟨∂̄ju, v⟩φ = ⟨u, δjv⟩φ. There is a commutator identity generalizing (2.60),

[∂̄k, δj] =
∂2φ

∂z̄k∂zj
. (2.60)

Using the notation of (2.58), we may write

∂̄∗ =
∑
j

δjdz̄
∗
j . (2.61)

Here, dz̄∗j : Dp,q+1 → Dp,q is the adjoint of the wedge product operator dz̄j, and
δj : Dp,q → Dp,q acts coordinate-wise. To be explicit,

dz̄∗j (dz̄
I) =

{
0 j ̸∈ I,

sgn(j ∈ I)dz̄I\{j} j ∈ I

where sgn(j ∈ I) = 1 if j occupies an odd index in I, and otherwise equals −1. For
example,

∂̄∗
(∑

j

ujdz̄j

)
=

∑
j

δjuj.

Define the ∂̄-Laplacian

∆∂̄ : L2
p,q(φ) → L2

p,q(φ)

∆∂̄ = ∂̄∂̄∗ + ∂̄∗∂̄.

The ∂̄-Laplacian is an important operator in complex geometry. It induces the quadratic
form

⟨∆∂̄u, u⟩φ = ∥∂̄u∥2φ + ∥∂̄∗u∥2φ.
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There is a formula, called the Weitzenböck formula, that allows us to compute ∆∂̄

explicitly. Just as in the one dimensional case, ∂∂̄φ appears in the Weitzenböck formula
(in one dimension, ∂∂̄φ = 1

4
∆φ). The Weitzenböck formula we state is a special case of

a more general formula in complex geometry, see [25, p. 97].

Lemma 2.24 (Weitzenböck identity). We may decompose

∆∂̄ = ∆′ + A

where

∆′ =
∑
j

δj ∂̄j and (2.62)

A =
∑
j,k

∂2φ

∂z̄j∂zk
dz̄jdz̄

∗
k. (2.63)

Proof. Using equations (2.58) and (2.61) for ∂ and ∂̄,

∆∂̄ =
∑
j,k

δk∂̄jdz̄
∗
kdz̄j +

∑
j,k

∂̄jδkdz̄jdz̄
∗
k.

Let dz̄I be a basis element of Ωp,q
x . If j ̸∈ I and k ∈ I, then

(dz̄jdz̄
∗
k)(dz̄

I) = −dz̄∗kdz̄j(dz̄I).

If j = k ∈ I

dz̄jdz̄
∗
k(dz̄

I) = dz̄I , dz̄∗kdz̄j(dz̄
I) = 0,

and conversely if j = k ̸∈ I

dz̄jdz̄
∗
k(dz̄

I) = 0, dz̄∗kdz̄j(dz̄
I) = dz̄I ,

so

dz̄∗kdz̄j + dz̄jdz̄
∗
k = 1j=k

as an operator from Ωp,q
x → Ωp,q

x . Thus

∆∂̄ =
∑
j

δj ∂̄j +
∑
j,k

[∂̄j, δk]dz̄jdz̄
∗
k.

The first summand is ∆′, and by the commutator identity (2.60), the second summand
is A.
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We can also express the Weitzenböck identity in coordinates. Given two (p, q) forms u
and v, we denote by

⟨u, v⟩Ωp,q =
∑
I,J

uI,J v̄I,J

the function on Cd which is the pointwise inner product of the forms. For u =∑
I,J uI,J dz

I ∧ dz̄J ,

⟨∆′u, u⟩Ωp,q =
∑
I,J

∑
k

|∂̄kuI,J |2

⟨Au, u⟩Ωp,q =
∑
I

∑
|J |=q−1

∑
j,k

∂2φ

∂z̄j∂zk
⟨u, dz̄jdz̄J⟩⟨u, dz̄kdz̄J⟩.

The Weitzenböck formula quickly yields the following generalization of Lemma 2.22.

Lemma 2.25. Suppose ∂∂̄φ(z) ≥ κ(z) as a quadratic form. For any u ∈ Dp,q,

∥∂̄u∥2φ + ∥∂̄∗u∥2φ ≥
ˆ

|u(z)|2 κ(z)e−φ(z) dλ.

Proof. Using that ∂∂̄φ(z) ≥ κ(z),

⟨Au, u⟩Ωp,q ≥ qκ(z)|u(z)|2Ωp,q
.

Because the operator ∆′ in Lemma 2.24 is positive semidefinite,

∥∂̄u∥2φ + ∥∂̄∗u∥2φ = ⟨∆∂̄u, u⟩ = ⟨∆′u, u⟩+ ⟨Au, u⟩ ≥ q

ˆ
κ(z)|u(z)|2e−φdλ.

2.5.3 Solving the ∂̄ equation on Cd.

The T ∗ method in Hilbert space applied to the estimate in Lemma 2.25 naturally leads
to the following existence theorem.

Proposition 2.26. Let φ : Cd → C be a smooth, strictly plurisubharmonic function,
and let κ : Cd → R>0 be a lower bound for ∂∂̄φ,

∂∂̄φ(z) ≥ κ(z) for all z ∈ Cd.
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Let η be a (p, q)-form with L2
loc coefficients satisfying
ˆ

|η(z)|2 e
−φ(z)

κ(z)
dλ ≤ C. (2.64)

Then there exists g ∈ L2
p,q−1(φ) and h ∈ L2

p,q+1(φ) such that

∥g∥2L2
p,q−1(φ)

+ ∥h∥2L2
p,q+1(φ)

≤ C (2.65)

and
∂̄g + ∂̄∗h = η (2.66)

in the sense of distributions.

Proof. Define the following linear functional on a subspace of L2
p,q−1(φ)× L2

p,q+1(φ),

ℓ : {(∂̄∗u, ∂̄u) ∈ L2
p,q−1 × L2

p,q+1 : u ∈ Dp,q} → C
ℓ(∂̄∗u, ∂̄u) = ⟨η, u⟩φ.

By Lemma 2.25 and assumption (2.64),

|ℓ(∂̄∗u, ∂̄u)| = |⟨η, u⟩φ| ≤
(ˆ

|η(z)|2 e
−φ(z)

κ(z)
dλ

)1/2(ˆ
|u(z)|2κ(z)e−φ(z) dλ

)1/2

≤
√
C
√

∥∂̄u∥2φ + ∥∂̄∗u∥2φ.

Thus ℓ is well defined and bounded by
√
C on its domain. By the Hahn-Banach theorem

ℓ extends to a bounded linear functional on L2
p,q−1(φ) × L2

p,q+1(φ), and by the Riesz
representation theorem there exist functions g ∈ L2

p,q−1(φ) and h ∈ L2
p,q+1(φ) such that

∥g∥2L2
p,q−1(φ)

+ ∥h∥2L2
p,q+1(φ)

≤ C

⟨g, ∂̄∗u⟩+ ⟨h, ∂̄u⟩ = ⟨η, u⟩

for all u ∈ Dp,q. This equation means ∂̄g + ∂̄∗h = η in the sense of distributions.

The conclusion of Proposition 2.26 is not quite what we want. Given a (p, q) form
η, it produces g ∈ L2

p,q−1(φ) and h ∈ L2
p,q+1(φ) such that

∂̄g + ∂̄∗h = η

in the sense of distributions. When ∂̄η = 0, we want to show ∂̄g = η. In other words,
we want to prove ∂̄∗h = 0.
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Here is a faulty argument that ∂̄∗h = 0. First, consider ker ∂̄ as a closed subspace
of L2

p,q(φ),

ker ∂̄ = {u ∈ L2
p,q(φ) : ∂̄u = 0 in distributions}.

To check that ker ∂̄ is a closed subspace, suppose uj → u in L2
p,q(φ) and ∂̄uj = 0 in the

sense of distributions. For any v ∈ Dp,q+1,

⟨∂̄u, v⟩ = ⟨u, ∂̄∗v⟩ = lim
j→∞

⟨uj, ∂̄∗v⟩ = lim
j→∞

⟨∂̄uj, v⟩ = 0,

so ∂̄u = 0 in distributions as well.
We expect ∂̄∗h lies in the orthogonal complement, (ker ∂̄)⊥. Indeed, for u ∈

(ker ∂̄) ∩Dp,q

⟨u, ∂̄∗h⟩ = ⟨∂̄u, h⟩ = 0.

Unfortunately, we don’t know that ∂̄∗h lies in L2
p,q(φ), and even if we did know that,

we would need the above equation to hold for all u ∈ ker ∂̄, not just when u is smooth
and compactly supported. Yet if it were true that ∂̄∗h lies in (ker ∂̄)⊥, then it would
have to equal zero when ∂̄η = 0

In order to make this heuristic argument rigorous, we need an approximation lemma.
The approximation lemma is important. There are some complex manifolds where the
approximation lemma fails, and the ∂̄ theorem also fails—see [7, §6]

Lemma 2.27 (Approximation lemma). Let u ∈ L2
p,q(φ), and assume ∂̄∗u ∈ L2

p,q−1(φ)

and ∂̄u ∈ L2
p,q+1(φ) in the sense of distributions. Then there exists a sequence of smooth,

compactly supported functions u(j) ∈ Dp,q such that

∥u(j) − u∥φ + ∥∂̄∗(u(j) − u)∥φ + ∥∂̄(u(j) − u)∥φ → 0.

Proof. As stated in (2.58) and (2.61), we may write

∂̄ =
∑
j

∂̄j dz̄j, ∂̄∗ =
∑
j

δj dz̄
∗
j .

Using equation (2.59) for δj, we may split ∂̄∗ into two parts: an unweighted adjoint
∂̄∗Cd , and a multiplication operator involving the derivatives of φ,

∂̄∗ = −
∑
j

∂j dz̄
∗
j +

∑
j

∂φ

∂zj
dz̄∗j

=: ∂̄∗Cdu+Mu.
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The first step is to multiply by a smooth cutoff to make u compactly supported.
Let η be a fixed smooth bump function which equals one on B1 and is supported inside
B2. Let ηR = η(•/R), and let uR = ηRu. By the dominated convergence theorem
∥uR − u∥φ → 0 as R → ∞. We have

∂̄uR =
∑
j

∂̄jηR dz̄j ∧ u+ ηR∂̄u,

in the sense of distributions, so bounding |∂̄ηR| ≲ 1/R and using the dominated
convergence theorem we find ∥∂̄(uR − u)∥φ → 0. Similarly,

∂̄∗uR =
∑
j

∂jηR dz̄
∗
j (u) + ηR∂̄

∗u,

and the same estimate holds.
The next step is to convolve with a smooth approximation of the identity to make

uR smooth. Let χ be a fixed compactly supported bump function integrating to one,
and let χε = ε−dχ(•/ε). Let

uε,R = χε ∗ uR.

For any fixed R, ∥uε,R − uR∥2 → 0 as ε→ 0, and because uR is compactly supported,
∥uε,R − uR∥L2(φ) → 0 as well. We can exchange convolution and differentiation to get
∂̄uε,R = χε ∗ ∂̄uR, so ∥∂̄(uε,R − uR)∥φ → 0 also. Similarly,

∂̄∗uε,R = χε ∗ ∂̄∗CduR +Muε,R,

and the above converges to ∂̄∗uR = ∂̄∗CduR +MuR as ε→ 0. Thus

lim
R→∞

lim
ε→0

(∥uε,R − u∥φ + ∥∂̄(uε,R − u)∥φ + ∥∂̄∗(uε,R − u)∥φ) = 0.

We may extract a subsequence along which R → ∞, ε→ 0, and the graph norm above
tends to zero, which proves the Lemma.

We are now ready to prove Proposition 2.23

Proof of Proposition 2.23. By Proposition 2.26, there exists g ∈ L2
p,q−1(φ) and h ∈

L2
p,q+1(φ) such that ∂̄g + ∂̄∗h = η in distributions and ∥g∥2

L2
p,q−1(φ)

+ ∥h∥2
L2
p,q+1(φ)

≤ C.

We must use the hypothesis ∂̄η = 0 to show ∂̄∗h = 0. Let v ∈ Dp,q be a smooth,
compactly supported form. Let

v = πker ∂̄v + π(ker ∂̄)⊥v := v1 + v2.
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I claim that in the sense of distributions,

∂̄v1 = 0, ∂̄∗v1 = ∂̄∗v,

∂̄v2 = ∂̄v, ∂̄∗v2 = 0.

First, ∂̄v1 = 0 by the definition of ker ∂̄. Next, for any w ∈ Dp,q−1,

⟨w, ∂̄∗v2⟩ = ⟨∂̄w, v2⟩ = 0

because ∂̄2w = 0 and v2 lies in the orthogonal complement of ker ∂̄. Thus ∂̄∗v2 = 0.
The last two identities follow from these two,

⟨w, ∂̄∗v1⟩ = ⟨∂̄w, v1⟩ = ⟨∂̄w, v − v2⟩ = ⟨∂̄w, v⟩ = ⟨w, ∂̄∗v⟩,
⟨w, ∂̄v2⟩ = ⟨∂̄∗w, v2⟩ = ⟨∂̄∗w, v − v1⟩ = ⟨w, ∂̄v⟩.

Because ∂̄vj and ∂̄∗vj lie in L2(φ), we may apply Lemma 2.27 to find subsequences

v
(j)
1 → v1, v

(j)
2 → v2

in the graph norm of Lemma 2.27.
We are ready to prove ∂̄∗h = 0. First,

⟨∂̄∗h, v⟩ = ⟨h, ∂̄(v − v
(j)
1 + v

(j)
2 )⟩+ ⟨h, ∂̄v(j)1 ⟩+ ⟨h, ∂̄v(j)2 ⟩.

The first term goes to zero as j → ∞ because ∥∂̄(v − v
(j)
1 − v

(j)
2 )∥φ → 0. The second

term goes to zero as j → ∞ because ∥∂̄v(j)1 ∥φ → 0 as j → ∞. We further decompose
the third term as

⟨∂̄∗h, v(j)2 ⟩ = ⟨η, v(j)2 ⟩ − ⟨∂̄g, v(j)2 ⟩.

As j → ∞, ⟨η, v(j)2 ⟩ → ⟨η, v2⟩ = 0 because ∂̄η = 0 and v2 lies in the orthogonal
complement of ker ∂̄. Finally, ∥∂̄∗v(j)2 ∥φ → 0, so all the terms vanish.

In our application we will want to choose a plurisubharmonic weight φ that equals
negative infinity at the origin. For this reason, it’s inconvenient to assume φ is smooth.
By mollification one can generalize Proposition 2.23 to work with non-smooth weights.

Theorem 2.28 (Hörmander [28, Theorem 2.2.1’]). Let φ be a strictly plurisubharmonic
function with ∂∂̄φ(z) ≥ κ(z) in the sense of distributions, where κ : Cd → R>0. Let
η ∈ L2

(p,q)(φ) satisfy ∂̄η = 0 and
ˆ

|η(z)|2 e
−φ(z)

κ(z)
dλ ≤ C.

Then there exists g ∈ L2
p,q−1(φ) such that ∂̄g = η and ∥g∥2

L2
p,q−1(φ)

≤ C

64



2.5.4 Application of Hörmander’s theorem to the Beurling and
Malliavin theorem

In this section we use Theorem 2.28 to prove Proposition 2.9, which is about constructing
analytic functions from plurisubharmonic functions. We begin with a few lemmas.

Lemma 2.29. Let v : Cd → R be Lipschitz with constant CLip, and let u∗ be the
maximal plurisubharmonic function ≤ v. Then either u∗ = −∞, or u∗ takes finite
values everywhere and is Lipschitz with constant CLip.

Proof. Because u∗ ≤ v,

u∗(x− z) ≤ v(x− z) ≤ v(x) + CLip|z|.

Thus u∗(•−z)−|z|CLip is a plurisubharmonic function lying below v, and by maximality

u∗(x) ≤ u∗(x− z)− |z|CLip for all x, z ∈ Cd.

If u∗ takes finite values anywhere, then it takes finite values everywhere and is Lipschitz.

Lemma 2.30. For every α ∈ (0, 1), there exists a plurisubharmonic function uα : Cd →
R satisfying

−⟨x⟩α ≤ uα(x+ iy) ≤ −⟨x⟩α + Cα,d|y| for all x+ iy ∈ Cd.

Proof. As the function ⟨x⟩α satisfies the Kohn-Nirenberg regularity conditions and is
radial, we may apply Proposition 2.10 to the function −⟨x⟩α.

Lemma 2.31. Let f be analytic on an open set U ⊂ Cd. If Br(z) ⊂ U then

|f(z)| ≤ Cdr
−d∥f∥L2(Br(z)).

Proof. Because f is analytic on U , |f |2 is plurisubharmonic and thus subharmonic on
U . It follows that

|f(z)|2 ≤
 
Br(z)

|f(w)|2 dLeb(w) ≤ Cdr
−2d∥f∥2L2(Br(z))

.

We restate Proposition 2.9 for the reader’s convenience.
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Proposition. Let ω : Rd → R≤0 be a Lipschitz weight function, and let u∗ be the
maximal plurisubharmonic function ≤ ω(x) + 2πσ|y|. If u∗(0) > −∞ then for every
ε > 0, there exists an f ∈ L2(Rd) with supp f̂ ⊂ Bσ+ε(0), ∥f∥2 ≤ 1, and

|f(0)| ≥ c(d, ε)e−2max{∥ω∥Lip,2πσ}eu
∗
ω,σ(0),

|f(x)| ≤ eω(x) for all x ∈ Rd,

|f(x)| ≤ e
− ε

Cd
⟨x⟩1/2 for all x ∈ Rd.

Proof. The obstacle ω(x)+2πσ|y| is Lipschitz with constant CLip ≤ max{∥ω∥Lip, 2πσ},
so by Lemma 2.29, u∗ is Lipschitz with the same constant.

We construct a plurisubharmonic weight by adding three new pieces to u∗. The first
piece is

log |z|∞ = max
1≤j≤d

log
√
x2j + y2j ,

which we add to provide lower bounds on |f(0)|. This term is plurisubharmonic because
it is a maximum of plurisubharmonic functions. Next we add u1/2, the function from
Lemma 2.30 with parameter α = 1/2, in order to balance out the prior term when x

is far from the origin. Finally, we add a term proportional to ⟨y⟩ to make the weight
strictly plurisubharmonic. Indeed,

∂∂̄⟨y⟩ = 1

4
⟨y⟩−3(1 + |y|2 − yyt)

as a Hermitian matrix. The minimal eigenvector is ŷ, and

⟨(∂∂̄⟨y⟩)ŷ, ŷ⟩ = 1

4
⟨y⟩−3

so (∂∂̄⟨y⟩)(x+ iy) ≥ 1
4
⟨y⟩−3. Let ρ ∈ (0, 1) be a small parameter to be chosen later,

and define

φ = 2u∗ + 20d log |z|∞ + ρu1/2 + ρ(⟨y⟩ − 1).

Because each term is plurisubharmonic, ∂∂̄φ(x+ iy) ≥ κ(x+ iy) =: ρ
4
⟨y⟩−3.

Let h be a smooth bump function on Cd with h = 1 on B1/2 and supph ⊂ B1. Let
η = ∂̄h, so η is supported on B1 \ B1/2. On this set,

φ ≥ 2(u∗(0)− CLip)− Cd,

so
ˆ
Cd

|η(z)|2 e
−φ(z)

κ(z)
dLeb(z) ≤ Cd,ρe

2CLipe−2u∗(0). (2.67)
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By Theorem 2.28, there exists a smooth g such that ∂̄g = η and
ˆ
Cd

|g(z)|2e−φ(z) dLeb(z) ≤ Cd,ρe
2CLipe−2u∗(0).

Define f = h− g. By construction ∂̄f = 0, so f is entire.
First we show g(0) = 0. Because g is analytic on B1/2, Lemma 2.31 implies that for

any r ∈ (0, 1/2)

|g(0)| ≤ Cdr
−d∥g∥L2(Br(0))

≤ Cdr
−d∥ge−φ/2∥L2(Cd) max

|z|≤r
eφ(z)/2.

When |z| ≤ r,

φ ≤ 20d log r + 2(u∗(0) + CLip) + Cd,

so |g(0)| ≤ Cr9d for some constant C, and in particular g(0) = 0.
Next we estimate |f(x)| far from the origin. To this end, we prove a weighted L2

bound for f . In order to obtain a bound we must remove the logarithmic term from
the weight. We have

20d log |z|∞ + ρu1/2(z) + ρ(⟨y⟩ − 1) ≤ 10d log |x|+ 10d log |y|+ log 2− ρ⟨x⟩1/2 + Cdρ|y|.

Using that 10d log |x| − ρ⟨x⟩1/2 ≤ Cd,ρ − 1
2
ρ⟨x⟩1/2 and 10d log |y| ≤ Cd,ρ + ρ|y|,

20d log |z|∞ + ρu1/2(z) + ρ(⟨y⟩ − 1) ≤ Cd,ρ −
1

2
ρ⟨x⟩1/2 + Cdρ|y|.

We set

φ̃ = 2u∗ −
1

2
ρ⟨x⟩1/2 + Cdρ|y|,

so that φ̃ ≥ φ− Cd,ρ. We estimate the weighted L2 norm of f ,

∥fe−φ̃/2∥L2(Cd) ≤ ∥he−φ̃/2∥L2(Cd) + Cd,ρ∥ge−φ/2∥L2(Cd)

≤ Cd,ρe
CLipe−u∗(0)

where we bounded the first term using the Lipschitz property of u∗. For any z ∈ Cd,
Lemma 2.31 implies

|f(z)| ≤ Cd∥f∥L2(B1(z))

≤ Cd,ρe
CLipe−u∗(0) max

w∈B1(z)
eφ̃(w)/2.
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Now, φ̃ is Lipschitz with constant ≤ 2CLip + Cdρ, so

|f(z)| ≤ Cd,ρe
2CLipe−u∗(0) e−

1
2
ρ⟨x⟩1/2eu∗(z)+Cdρ|y|.

Because u∗(x+ iy) ≤ ω(x) + 2πσ|y|,

|f(x+ iy)| ≤ Cd,ρe
2CLipe−u∗(0) e−

1
2
ρ⟨x⟩1/2 eω(x)e(2πσ+Cdρ)|y|.

To make our band-limited function we divide out by the constant factor above and
restrict to Rd,

f̃ =
1

Cd,ρ

e−2CLipeu∗(0)f |Rd ,

and verify the desired properties.

• f̃(x) ≤ e−
1
2
ρ⟨x⟩1/2 . In particular, f ∈ L2(Rd).

• |f̃(x)| ≤ eω(x).

• Because g(0) = 0, f(0) = 1, and f̃(0) = 1
Cd,ρ

e−2CLipeu∗(0).

• The Paley-Wiener criterion is satisfied, so supp ˆ̃f ⊂ Bσ+Cdρ/2π.

Taking ρ < 2πε/Cd gives the result.
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Chapter 3

Unique continuation and the proof of
fractal uncertainty

In this chapter, we use the Beurling and Malliavin multiplier theorem to prove a unique
continuation principle for functions with Fourier transform supported in a line-porous
set. We then use this unique continuation principle to prove our higher-dimensional
fractal uncertainty principle. We follow Jaye and Mitkovski’s [31] approach to unique
continuation. See §1.3 for a high-level overview of these results and their application to
fractal uncertainty.

3.1 Results

Definition 3.1. We say a weight W : [0,∞) → [0,∞] is a unique continuation weight
if

1. W(0) = 1,

2. W is nondecreasing,

3. W is lower semicontinuous,

4. The mapping s 7→ logW(es) is convex on [0,∞),

5. W(t) ≥ cnt
n for all n ≥ 0 and some cn > 0,

6.
ˆ ∞

0

logW(t)

1 + t2
dt = ∞.
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For example, a typical choice is

W(t) = et/(log(2+t))α ,

where α ∈ (0, 1]. One can verify that s 7→ es

log(2+es)α
is convex on [0,∞), and if α ≤ 1,

ˆ ∞

0

logW(t)

1 + t2
dt =

ˆ ∞

0

1

t(log(2 + t))α
dt = ∞.

For each n = (n1, . . . , nd) ∈ Zd, let

Qn = [n1, n1 + 1]× · · · × [nd, nd + 1]

be the integer cube with bottom corner n.
The next result, which is part of Jaye and Mitkovski’s [31, Theorem 1.3], is a

quantitative unique continuation principle for functions with rapid Fourier decay.

Theorem 3.2. For any unique continuation weight W and any set E ⊂ Rd satisfying

|E ∩ Qn| ≥ λ for every integer cube Qn,

we have

∥f̂W∥2 ≤ A∥f∥2 =⇒ ∥f∥2 ≤ C(W , d, A, λ)∥f 1E∥2.

Definition 3.3. Let Y ⊂ Rd, let W be a unique continuation weight, and let c1, c2 ∈
(0, 1]. We say that Y admits a (c1, c2,W)-damping function if there exists a ψ ∈ L2(Rd)

satisfying

• suppψ ⊂ Bc1 ,

• |ψ̂(ξ)| ≥ c2 for ξ ∈ Bc2 ,

• |ψ̂(ξ)| ≤ ⟨ξ⟩−d for all ξ ∈ Rd,

• |ψ̂(ξ)| ≤ 1/W(|ξ|) for all ξ ∈ Y.

The following theorem gives a quantitative unique continuation principle for sets
admitting damping functions. It is a variant of Han and Schlag’s result [27, Corollary
4.2]. It applies to λ-neighborhoods of the sets appearing in Theorem 3.2, which can be
written as a union of λ-cubes, one inside of each integer cube:

S =
⋃
n∈Zd

In, In is a cube of width λ centered at a point of Qn. (3.1)
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Theorem 3.4. Let λ > 0. Suppose Y ⊂ Rd is such that every translate Y + η, with
η ∈ Rd, admits a (λ/4, c2,W)-damping function. Let S be a set of the form (3.1)—that
is, a union of λ-cubes, one per integer cube. Then

supp f̂ ⊂ Y =⇒ ∥f∥2 ≤ C∥f 1S∥2

where C = C(c2,W , d, λ).

We can construct damping functions for line-porous sets using our higher-dimensional
Beurling–Malliavin theorem (Theorem 2.5).

Proposition 3.5. Let Y ⊂ [−3h−1, 3h−1]d be ν-porous on lines from scales µ to h−1.
For any c1 > 0, Y admits a (c1, c2,W) damping function where c2 = c2(c1, ν, d) and

W(t) = exp
( c3t

(log(2 + t))α

)
for some α(ν) ∈ (0, 1) and c3(c1, ν, d) > 0. As a consequence, if S is a union of λ-cubes,
one inside of each integer cube, then

supp f̂ ⊂ Y =⇒ ∥f∥2 ≤ C∥f 1S∥2

where C = C(λ, ν, d).

The following theorem, a generalization of Han and Schlag’s [27, Theorem 5.1], gives
an FUP conditional on the existence of damping functions.

Theorem 3.6. Suppose

• X ⊂ [−1, 1]d is ν-porous on balls from scales h to 1,

• Y ⊂ [−h−1, h−1]d satisfies that for all s ∈ [h, 1] and η ∈ Rd, the set

sY + [−4, 4]d + η

admits a
(

ν
10d1/2

, c2,W
)
-damping function.

Then

supp f̂ ⊂ Y =⇒ ∥f1X∥2 ≤ Chβ∥f∥2.

for some constants β, C > 0 that depend on c2,W , d, ν.

Combining Theorem 3.6 with Proposition 3.5 proves Theorem 1.2.
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Proof of Theorem 1.2. Let

• X ⊂ [−1, 1]d be ν-porous on balls from scales h to 1,

• Y ⊂ [−h−1, h−1]d be ν-porous on lines from scales 1 to h−1.

By Lemma 3.11, for any s ∈ (h, 1) and η ∈ Rd, the set

sY + [−4, 4]d + η

is ν/2-porous on lines from scale 10
√
d/ν to h−1s. By Proposition 3.5 with µ = 10

√
d/ν,

Y admits a W-damping function where

W(t) = A(ν, d) exp
( t

log(2 + t)α(ν)

)
is a unique continuation weight that depends only on ν and d. By Theorem 3.6, there
exists β = β(ν, d) > 0 and C = C(ν, d) > 0 so that for any f ∈ L2(Rd)

supp f̂ ⊂ Y =⇒ ∥f1X∥2 ≤ C̃hβ ∥f∥2. (3.2)

In the rest of this chapter, we prove the above results in order.

3.2 Unique continuation of functions with rapidly de-
caying Fourier transform

In this section we prove Theorem 3.2 following [31, Theorem 1.3].
Our starting point is analytic functions. If an analytic function vanishes to infinite

order at any point, then it must be identically zero; this property is known as unique
continuation. A smooth function f on [0, 1] is analytic if and only if

∥Dnf∥L∞([0,1]) ≤ (n!)Mn for some M > 0 and all n ≥ 0.

One may then ask: Are there milder derivative growth conditions that still imply unique
continuation?

This question was answered decisively by the work of Denjoy and Carleman on
quasi-analytic classes. A logarithmically convex sequence M = {Mn}n∈Z≥0

is called
quasi-analytic if the following holds for smooth functions on the unit interval:
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If ∥Dnf∥L∞([0,1]) ≤Mn for all n ≥ 0 and f vanishes to infinite order at some point,
then f ≡ 0 on [0, 1].

The Denjoy–Carleman theorem characterizes quasi-analytic classes, see [39, Chapter
IV] for a proof.

Theorem 3.7 (Denjoy–Carleman). A logarithmically convex sequence M generates a
quasi-analytic class if and only if

∞∑
n=1

Mn−1

Mn

= ∞. (3.3)

One may prove by induction that if {Mn} is quasi-analytic, then the unique continuation
property holds in higher dimensions as well:

If ∥Dnf∥L∞([0,1]d) ≤Mn for all n ≥ 0 and f vanishes to infinite order at some point,
then f ≡ 0 on [0, 1]d.

The following proposition uses compactness to quantify the unique continuation principle
stated above. We follow [31, Remark 2.6].

Proposition 3.8. For any t, γ > 0 the following holds. Let f ∈ C∞([0, 1]d) satisfy

∥Dnf∥L∞([0,1]d) ≤Mn

for all n ≥ 0, and suppose ∥f∥L∞([0,1]d) ≥ t. Then for any measurable set E ⊂ [0, 1]d

with Lebesgue measure at least γ,

∥f 1E∥L1([0,1]d) ≥ c(M, d, γ, t).

Proof. Suppose not. Let fj be a sequence of smooth functions satisfying

∥Dnfj∥L∞([0,1]d) ≤Mn and ∥fj∥L∞([0,1]d) ≥ t,

and let Ej ⊂ [0, 1]d be a sequence of sets with Lebesgue measure at least γ such that

∥fj 1Ej
∥L1([0,1]d) → 0 as j → ∞.

Since the derivatives of fj are uniformly bounded, Arzela-Ascoli implies that after
passing to a subsequence, fj → f in the L∞ norm. Working in the sense of distributions,
for any multiindex β we have

∥Dβf∥L∞([0,1]d) = sup
h∈C∞([0,1]d),
∥h∥

L1([0,1]d)
≤1

ˆ
(Dβf)(x)h(x) dx.
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Using integration by parts,∣∣∣ˆ (Dβf)(x)h(x) dx
∣∣∣ = ∣∣∣ˆ f(x)Dβh(x) dx

∣∣∣ = lim
j→∞

∣∣∣ˆ fj(x)D
βh(x) dx

∣∣∣ ≤M|β|.

Thus, f is a smooth function satisfying ∥Dnf∥L∞([0,1]d) ≤Mn for all n ≥ 0.
Define

E =
⋂
n≥0

(⋃
m≥n

Em

)
,

and observe that the Lebesgue measure of E is at least γ. For any x ∈ E, there exists
a subsequence {nm} with x ∈ Enm , thus

f(x) = lim
m→∞

fnm(x) = 0 for all x ∈ E.

For any multiindex β, we can write

Dβf(x0) = lim
h→0

∑r
j=1 cjf(x0 + hvj)

h|β|
(3.4)

for some vectors vj and coefficients cj. For any v ∈ Rd,

lim
h→0

|{x ∈ E : x+ hv ̸∈ E}| = 0.

Thus for a full measure subset E ′ ⊂ E, there is a subsequence hk → 0 such that

x,x+ hkv1, . . . ,x+ hkvr ∈ E for all x ∈ E ′ and k ≥ 0.

For any x ∈ E ′, Eq. (3.4) implies Dβf(x) = 0.
Since {Mn} is quasi-analytic, this implies f ≡ 0. However, by compactness of [0, 1]d,

∥f∥L∞([0,1]d) ≥ lim
j→∞

∥fj∥L∞([0,1]d) ≥ t,

a contradiction.

Given a unique continuation weight W as above, we define

Mn = sup
t≥1

tn

W(t)
. (3.5)

For example, if W(t) = et/(log(2+t))α then the supremum in (3.5) is achieved at t ∼
n(log n)α, so Mn ∼

(
n
e

)n

(log n)αn, and

Mn

Mn+1

∼ 1

n(log n)α
.

Thus
∑

Mn

Mn+1
= ∞, and {Mn} is a quasi-analytic class.

The following technical Lemma about the sequence {Mn} allows us to prove {Mn}
is quasi-analytic for any unique continuation weight W. This lemma is proved in
[31, Page 6 and Proposition 2.2].
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Lemma 3.9. Suppose that W : [0,∞) → [0,∞] is nondecreasing, lower semicontinuous,
the mapping s 7→ logW(es) is convex on [0,∞), and W(t) ≥ cnt

n for all n ≥ 0. Then
the sequence {Mn} defined by (3.5) satisfies:

• {Mn} is increasing and log–convex; that is,

Mn ≤Mn+1 and M2
n ≤Mn−1Mn+1

for all n.

• The following inequalities hold:∑
n≥0

Mn−1

Mn

≤
ˆ ∞

1

logW(t)

t2
dt ≤ 1 +

∑
n≥0

Mn−1

Mn

.

Proof.

• Monotonicity is clear. For log-convexity, notice that for each t ≥ 1

M2
n =

( tn

W (t)

)2

=
( tn−1

W (t)

)( tn+1

W (t)

)
≤Mn−1Mn+1.

• Let

tn := argmaxt≥1

tn

W(t)
,

if there are several t achieving the maximum, choose the smallest one. The
hypothesis that W grows faster than any polynomial implies that tn is bounded
for all n. For any t ∈ [tn, tn+1], write t = tαnt

1−α
n+1 for some α ∈ [0, 1] and use

log-convexity of W to find

W(t) = W(tαnt
1−α
n ) ≤ W(tn)

αW(tn+1)
1−α

=
((tn)n
Mn

)α((tn+1)
n+1

Mn+1

)1−α

≤ tn+1

Mn

. (3.6)

If t ≥ 1 and W(t) <∞ then t ∈ [tn, tn+1] for some n ≥ 0. For r ≥ 1, define

ρ(r) := sup
n≥0

rn

Mn

= sup
n≥0

inf
t≥1

(r/t)nW(t).
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Taking t = r shows ρ(r) ≤ W(r). By (3.6), if r ∈ [tn, tn+1] then

ρ(r) ≥ 1

r
W(r), (3.7)

and since this equation does not depend on n, it holds whenever W(r) < ∞.
On the other hand, if W(r) = ∞ then Mn ≤ rn and ρ(r′) = ∞ for all r′ > r.
By lower semicontinuity, this implies ρ(r) = ∞ whenever W(r) = ∞, thus (3.7)
holds for all r ≥ 1.

The following Legendre transform identity completes the proof:
ˆ ∞

1

log ρ(r)

r2
dr =

∑
n≥1

Mn−1

Mn

. (3.8)

Let qn =Mn+1/Mn for n ≥ 0, extend qn to all of Z by 1. For r ∈ [qn−1, qn],

ρ(r) =
rn

Mn

.

Thusˆ ∞

1

log ρ(r)

r2
dr =

∑
n≥0

ˆ qn

qn−1

n log r − logMn

r2
dr

=
∑
n≥0

[
n
(1− log qn

qn
− 1− log qn−1

qn−1

)
− logMn

( 1

qn−1

− 1

qn

)]
.

We have ∑
n≥0

logMn

( 1

qn−1

− 1

qn

)
=

∑
n≥0

1

qn

(
log

Mn+1

Mn

)
=

∑
n≥0

1

qn
log qn.

On the other hand, by integration by parts∑
n≥0

n
(1− log qn

qn
− 1− log qn−1

qn−1

)
=

∑
n≥0

1

qn
−

∑
n≥0

1

qn
log qn.

The
∑

1
qn

log qn terms cancel, and we are left with (3.8)

Proof of Theorem 3.2. Suppose ∥f̂(ξ)W(|ξ|)∥2 ≤ A∥f∥2. We can estimate the Sobolev
norms

|f∥Hn =
∑
|β|≤n

∥Dβf∥2
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using the Fourier transform,

∥f∥Hn ≲ ∥f∥2 + ∥(|ξ|k)f̂∥2
≤ ∥f∥2 +Mn∥f̂W∥2
≤ (1 + AMn)∥f∥2 ≤ 2AMn∥f∥2.

Let Q denote the set of all integer cubes. Let∑
ηQ = 1 (3.9)

be a partition of unity where each ηQ is a translate of a fixed bump function, and
supp ηQ ⊂ 2 · Q. Decompose f as

f =
∑
Q∈Q

fQ, fQ = ηQf.

We have ∑
Q

∥fQ∥2Hn ≲ ∥f∥2Hn ≤ 2AMn∥f∥2.

Let K > 0 be a constant to be chosen later, and set

Qgood = {Q ∈ Q : ∥fQ∥Hn ≤ KenMn∥fQ∥2 for all n ≥ 0}
Qbad = Q \ Qgood.

To estimate the bad part, we use the Hn norm of f∑
Q∈Qbad

∥fQ∥22 ≤
∑
n≥0

∑
Q∈Q s.t.

∥fQ∥Hn>KenMn∥fQ∥2

∥fQ∥22

≤
∑
n≥0

1

K2e2nM2
n

∑
Q∈Q s.t.

∥fQ∥Hn>KenMn∥fQ∥2

∥fQ∥2Hn

≤
∑
n≥0

1

K2e2nM2
n

∥f∥2Hn ≤
(∑
n≥0

2A

e2nK2

)
∥f∥22

≤ 5A2

K2
∥f∥22.

To estimate the good part we use quasi-analyticity. If Q ∈ Qgood, then we can control
the Sobolev norms of fQ. By Sobolev embedding, if β is a multiindex of order n,

∥DβfQ∥∞ ≤ Cd∥fQ∥Hn+d

≤ CdKe
n+dMn+d∥fQ∥2.
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The sequence {en+dMn+d} is logarithmically convex and forms a quasi-analytic sequence.
Let

f̃Q =
1

CdK∥fQ∥2
fQ,

so f̃Q lies in the quasi-analytic class {en+dMn+d}. We have ∥fQ∥2 ≤ 3d∥fQ∥∞, so

∥f̃Q∥∞ ≥ cd
K
.

By applying Proposition 3.8 to f̃Q, we find that

∥f̃Q 1S∩Q∥L1 ≥ c(W,d, λ,K),

and going back to fQ this gives

∥fQ∥2 ≤ C(W,d, λ,K)∥fQ1S∩Q∥2.

By summing over all the cubes we find

∥f∥22 ≤ Cd

∑
Q∈Q

∥fQ∥22

= Cd

∑
Q∈Qgood

∥fQ∥22 + Cd

∑
Q∈Qbad

∥fQ∥22

≤ C(W , d, λ,K)
∑

Q∈Qgood

∥f1S∩Q∥22 + Cd
5A2

K2
∥f∥22

≤ C(W , d, λ,K)∥f 1S∥22 +
5CdA

2

K2
∥f∥22.

Choose K > 10CdA and rearrange to obtain

∥f∥2 ≤ C(W , d, λ, A)∥f 1S∥2.

3.3 Unique continuation for sets admitting damping
functions

In this section we prove Theorem 3.4, following [31, Theorem 5.2]
We consider the lattice Λ = c2√

d
Zd. The scaling factor is chosen so that the c2-

neighborhood of Λ covers all of Rd.
For each η ∈ Λ, let ψη be a damping function for Y centered at η, meaning
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• suppψη ⊂ Bλ/4

• |ψ̂η(ξ)| ≥ c2 for ξ ∈ Bc2(η)

• |ψ̂η(ξ)| ≤ ⟨ξ − η⟩−d for all ξ ∈ Rd

• |ψ̂η(ξ)| ≤ 1/W(|ξ − η|) for all ξ ∈ Y.

Let

fη = f ∗ ψη.

Our goal is to estimate ∥f∥2 in terms of ∥f 1S∥2. First, we can control the L2 norm of
f in terms of the {fη}η∈Λ,∑

η∈Λ

∥fη∥22 ≥
∑
η∈Λ

ˆ
Rd

|f̂(ξ)|2|ψη(ξ)|2 dξ ≥ c2∥f∥22. (3.10)

Say η ∈ Λ is good if

∥W(|η − ξ|)1/2f̂η∥2 ≤ A∥fη∥2

and otherwise η is bad. Here A is a constant to be chosen later, and W1/2 is also a
unique continuation weight.

We can control the bad part by∑
η∈Λ is bad

∥fη∥22 ≤
1

A

∑
η∈Λ is bad

∥W(|η − ξ|)1/2ψ̂ηf̂∥22

≤ 1

A

∑
η∈Λ is bad

∥W(|η − ξ|)−1/2f̂∥22.

Because W grows faster than any polynomial, the right hand side is bounded by∑
η∈Λ is bad

∥fη∥22 ≤
1

A
C(W , c2)∥f∥22. (3.11)

To control the good part we use Theorem 3.2. Let E ⊂ S be the union of the 1
2
-dilates

of the λ-cubes making up S. For any good η ∈ Λ,

∥fη∥2 ≤ C(W , d, A, λ)∥fη 1E∥2.

We bound the right hand side using that suppψη ⊂ Bλ/4,

∥fη 1E∥2 = ∥(f ∗ ψη)1E∥2 ≤ ∥(f 1S) ∗ ψη∥2.
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Thus ∑
η∈Λ is good

∥fη∥22 ≤ C
∑

η∈Λ is good

∥fη 1E∥22

≤ C
∑

η∈Λ is good

∥f̂ 1S ψ̂η∥22

≤ C∥f 1S∥22 (3.12)

using that ψη decays faster than ⟨ξ − η⟩−d. Combining (3.10), (3.11), and (3.12) gives

∥f∥22 ≤ C(c2,W , d, A, λ)∥f 1S∥22 +
1

A
C(W , c2)∥f∥22.

Taking A large enough that 1
A
C(W , c2) ≤ 1/2, we find

∥f∥2 ≤ C(c2,W , d, λ)∥f 1S∥2

as desired.

3.4 Fractal uncertainty conditional on damping func-
tions

In this section we prove Theorem 3.6.
Fix a nonnegative Schwarz function ϕ on Rd with

supp ϕ̂ ⊂ [−1, 1]d, ϕ̂(0) = 1.

Let T > 0 be an integer to be chosen later, and set

ψ(x) = 2Tdϕ(2Tx).

Moreover, for any j ≥ 0 set

ψj(x) = 2jdψ(2jx).

Define

Ψn = ψn ∗ 1X+B
2−n−T/2

.

There exists a constant Cϕ,d depending only on ϕ and d such that for all n ≥ 0,

Ψn(x) ≥ 1− Cϕ,d2
−T for all x ∈ X (3.13)

Ψn(x) ≤ Cϕ,d2
−T for all x ∈ Rd with d(x,X) ≥ 5 · 2−n−T/2. (3.14)
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Let f ∈ L2(Rd) with supp f̂ ⊂ Y. Set

fm :=
(m−1∏

j=0

ΨjT

)
f.

When m = 0, set f0 = f . We have

supp f̂m ⊂ Y +
m−1∑
j=0

[−2(j+1)T , 2(j+1)T ]d

⊂ Y + [−2(m+1)T , 2(m+1)T ]d.

Let m0 be the largest integer so that 2−m0T ≥ h. We have

m0 =
⌊ log2 h−1

T

⌋
. (3.15)

Claim 3.10. There exists γ0 = γ0(W , ν, d) ∈ (0, 1) such that as long as T ≥ T0(ν, d)

above,

∥fm+1∥2 ≤ (1− γ0)∥fm∥2 for 0 ≤ m ≤ m0.

Proof. Let DmT denote the half-open dyadic cubes with side length 2−mT .
Using the hypothesis that X is ν-porous from scale h to 1, for each dyadic cube

Q ∈ DmT , there is some xQ ∈ Q with

dist(xQ,X) ≥ 2−mTν.

Let

IQ = xQ + [−λ/2, λ/2]d where λ = d−1/22−mTν,

S =
⋃

Q∈DmT

IQ.

For this choice of λ, dist(S,X) ≥ 2−mTν/2. By (3.14), if T is sufficiently large in terms
of ν

ΨmT (x) ≤
1

2
for x ∈ S.

Thus

∥fm+1∥22 = ∥ΨmTfm∥22 ≤ ∥ΨmT∥2∞∥fm 1Sc∥22 + ∥ΨmT 1S∥2∞∥fm 1S∥22

≤ (∥fm∥22 − ∥fm 1S∥22) +
1

2
∥fm 1S∥22

≤ ∥fm∥22 −
1

2
∥fm 1S∥22.
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Let f resc
m = fm(2

mTx), and let Sresc = 2mTS. We have

supp f̂ resc
m ⊂ 2−mTY + ℓm2

−mT [−1, 1]d

⊂ 2−mTY + [−2, 2]d.

Apply Theorem 3.4 to f resc
m and Sresc to find

∥f resc
m 1Sresc∥2 ≥ c(W , d, ν)∥f resc

m ∥2.

Rescaling back gives

∥fm 1S∥2 ≥ c(W , d, ν)∥fm∥2,

which implies

∥fm+1∥22 ≤
(
1− 1

2
c(W , d, ν)

)
∥fm∥22

as desired.

Iterating Claim 3.10 several times gives

∥fm0∥2 ≤ (1− γ0)
m0∥f∥2 (3.16)

By (3.13),

∥fm0∥2 = ∥
(m0−1∏

j=0

ΨjT

)
f∥2

≥ (1− Cϕ,d2
−T )m0∥f 1X∥2.

Comparing the above with (3.16) gives

∥f 1X∥2 ≤
( 1− γ0
1− Cϕ,d2−T

)m0

∥f∥2.

If we choose T large enough that the denominator is ≥ 1− γ0/2 and use that m0 ≥
1
T
log2 h

−1 − 1, we find

∥f 1X∥2 ≤ Chβ∥f∥2

where β and C depend on W , d, ν.
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3.5 Construction of damping functions for line porous
sets

3.5.1 Properties of line porous sets

Lemma 3.11. Let X ⊂ Rd be ν-porous on lines from scales α0 to α1.

(a) Let r ∈ (α0, α1) and let ν ′ < ν. Then X+ Br is ν ′-porous on lines from scales
r/(ν − ν ′) to α1.

(b) For any s > 0, the dilate s ·X is ν-porous on lines from scales s α0 to s α1.

(c) Let ℓ ⊂ Rd be a line. Let X|ℓ = X ∩ ℓ, and view X|ℓ as a subset of R. Then
X|ℓ is ν-porous from scales α0 to α1.

Proof.

(a) Let τ be a line segment of length R with r/(ν − ν ′) < R < α1. Let x ∈ τ be such
that BνR(x) ∩X = ∅. Then Bν′R(x) ∩ (X+ B(ν−ν′)R) = ∅ as well. By the choice
of R, (ν − ν ′)R > r as needed.

(b) Let τ be a segment of length R with s α0 < R < sα1. There is some x ∈ s−1 · τ
such that Bs−1νR(x) ∩X = ∅. Then BνR(sx) ∩ (s ·X) = ∅.

(c) Let τ ⊂ ℓ be a segment of length R. There is some x ∈ τ such that BνR(x)∩X = ∅.
Then (BνR(x) ∩ ℓ) ∩X|ℓ = ∅.

Lemma 3.12. Let X ⊂ Rd be ν-porous on balls from scales α0 to α1. Then there is
some C, γ > 0 depending only on ν and d such that for any ball B of radius R ∈ (α0, α1),

|X ∩ B| ≤ CRd
(α0

R

)γ

.

Proof. Let

V (R) = max
Q is a cube of side length R

|X ∩ Q|.

Given a cube QR with side length R, we may split up QR into a union of Kd-many
cubes with side length R/K,

QR =
⋃
j

Q
R/K
j .
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By porosity, as long as R ∈ (α0, α1), there is some x ∈ QR such that BνR(x) ∩X = ∅.
If K > ν

√
d, then any cube Q

R/K
j containing x must be disjoint from X. Thus

V (R) ≤ (Kd − 1)V (R/K) for all R ∈ (α0, α1).

Iterating this inequality yields

V (R) ≤ (Kd − 1)mV (R/Km).

Choose m to be the largest integer such that R/Km > α0 to obtain the result.

Remark. We can take

γ ≥ c
L−d

logL
= cd

νd

| log ν|
. (3.17)

By combining Lemma 3.12 and Lemma 3.11(c), we find that line porous sets have
small intersections with lines.

Corollary 3.13. Let Y ⊂ Rd be ν-porous on lines from scales α0 to α1. Let τ be a
line segment of length α0 < R < α1. Then there is some C, γ > 0 depending only on ν

such that

|τ ∩Y| ≤ CR
(α0

R

)γ

.

Here | • | is the one-dimensional Lebesgue measure on τ .

Proof. Let τ lie on the line ℓ. By Lemma 3.11(c), Y|ℓ is ν-porous. By Lemma 3.12 in
d = 1 we obtain the result.

Remark. We can take γ ≥ c ν
| log ν| .

3.5.2 Proof of Proposition 3.5

We now construct weight functions adapted to line porous sets, and use the higher-
dimensional Beurling and Malliavin theorem (Theorem 2.5) to prove Proposition 3.5.
Let Y be ν-porous on lines from scales µ to h−1. Let α ∈ (0, 1) be the damping function
parameter to be chosen later.

Consider the sequence of dyadic annuli

Ak = {x ∈ Rd : 2k ≤ |x| ≤ 2k+1}, for k ≥ 1.

Define

Wk =
2k

ks
(3.18)
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where s ∈ (0, 1) is a parameter to be chosen later (we will eventually choose s = 0.2).
Next, we cover each annulus Ak with a family of finitely overlapping cubes. Specifi-

cally, let Qk = {Q} be a collection of finitely overlapping cubes, each with side length
Wk, satisfying

Ak ⊂
⋃

Q∈Qk

1

2
Q,

where 1
2
Q denotes the cube sharing the same center as Q but having half the side

length. Additionally, we impose the condition that the union of these cubes lies within
a slightly thicker annulus, explicitly:⋃

Q∈Qk

Q ⊂ {x ∈ Rd : 2k−1 ≤ |x| ≤ 2k+2}.

For each cube Q ∈ Qk, let ηQ be a bump function supported on Q and taking the value
1 on 1

2
Q. We construct ηQ by scaling and translating a fixed bump function of width 1,

which leads to the derivative estimates

∥DaηQ∥∞ ≲d,a W
−a
k for all integers a ≥ 0. (3.19)

The resulting family of bump functions covers Ak in the sense that∑
Q∈Qk

ηQ(x) ∈ [1, C], for all x ∈ Ak

for some universal constant C. Let SY,k be the cubes in this family that intersect
Y ∩ Ak, and let Yk be the union of these:

SY,k = {Q ∈ Qk : Q ∩ (Y ∩ Ak) is nonempty},

Yk =
⋃

Q∈SY,k

Q.

Set

ωk = − 2k

kα

∑
Q∈SY,k

ηQ. (3.20)

Notice that suppωk ⊂ {x ∈ Rd : 2k−1 ≤ |x| ≤ 2k+2}, and that

ωk(x) ≤ − 2k

kα
for x ∈ Y ∩ Ak. (3.21)

The difference from Bourgain and Dyatlov’s construction is that they take α = s, and
we allow for α to be much closer to 1. Let k0 ≥ 2 be the smallest integer such that
Wk0 > µ (this choice will be clear when we discuss the growth condition). Set

ω = 20
∑
k≥k0

ωk, (3.22)
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|Ak| ∼ 2k

Wk = 2k

k0.2

Figure 3.1: Within each dyadic annulus the weight is a sum of bump functions on
boxes.

we add the factor of 20 in order to make (3.23) below true. Notice that ω(x) = 0 for
|x| ≤ 2. See Figure 3.1 for an image representing the weight. By (3.21),

ω(x) ≤ − |x|
(log(2 + |x|))α

for |x| > 2k0 and x ∈ Y, (3.23)

so
ω(x) ≤ − 1

20

|x|
(log(2 + |x|))α

+ C(µ) for all x ∈ Y. (3.24)

Now we establish some regularity. For any a ≥ 0, k ≥ 1, we have

|Daωk| ≲a,d W
−a
k 2kk−α

∑
Q∈SY,k

1Q ≲ 2(1−a)kkas−α1Yk
(3.25)

where we use (3.19) for the first inequality and finite overlapping of the cubes in Q for
the second inequality. As long as 3s < α, ω satisfies the regularity condition (2.9) with
a constant Creg that depends only on the dimension.

Next we discuss the growth condition of Theorem 2.5. We have

Yk ⊂ (Y ∩ Ak) + B2Wk

√
d. (3.26)

Because Y ⊂ [−3h−1, 3h−1]d, Yk is empty if 2k > 3h−1
√
d (this is the only place we

use that Y ⊂ [−3h−1, 3h−1]d). Increasing k0 if necessary by a value that only depends
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on d, we may assume 2Wk

√
d < h−1. If k ≥ k0 then µ < 2Wk

√
d < h−1 and by Lemma

3.11(a), Yk is ν/2-porous on lines from scales 4Wk

√
d/ν to h−1 (this is a vacuous

statement if 4Wk

√
d/ν > h−1).

Let ℓ be any line. If 4Wk

√
d/ν > 2k/

√
d then ks < 4d/ν and

|Yk ∩ ℓ| ≲ 2k ≲ν,d 2
kk−s.

Here | • | is the one-dimensional Lebesgue measure on ℓ. Otherwise, we can split up
Yk ∩ ℓ =

⋃
j Yk ∩ τj where each τj is a line segment on ℓ of length 2k/

√
d, and there are

≲
√
d-many line segments in the union. Applying Corollary 3.13 to each line segment

and summing,
|Yk ∩ ℓ| ≲ν,d 2

k k−sγ for all lines ℓ (3.27)

for some γ = γ(ν) > 0. Thus if ℓ = {tŷ : t ∈ R} is a line through the origin, we see

2−k

ˆ ∞

0

|ωk(tŷ)| dt ≲ k−α|Yk ∩ ℓ| ≲ 2k k−(α+sγ). (3.28)

Let G∗(r) be the growth function defined in (2.8). Let r ∈ [2k, 2k+1). We have the
pointwise bound

G∗(r) ≲ sup
ŷ∈Sd−1

2−k

ˆ 2k+2

2k−1

|ω(tŷ)| dt

≲ sup
ŷ∈Sd−1

2−k
∑

k−3≤j≤k+3

ˆ ∞

0

|ωj(tŷ)| dt

≲
r

(log(2 + r))α+sγ
. (3.29)

As long as α + sγ > 1, the growth condition (2.10) is satisfied with a constant that
depends on α + sγ, ν, and d. We may choose s = 0.2 universally and α > 1− 0.1γ(ν).
Then −α + 3s < −0.3 and α + sγ > 1 + 0.1γ.

The weight ω satisfies (2.9) and (2.10) with constants Creg and Cgr that depend
only on ν and d. In order to construct a function with Fourier support in Bc1 , we apply
Theorem 2.5 to the rescaled weight c3ω. If c3 is chosen small enough in terms of c1, d, ν,
we get a function f ∈ L2(Rd) satisfying

supp f̂ ⊂ Bc1 ,

|f(0)| ≥ c(c1, d, ν)

|f(x)| ≤ C(µ) exp
(
−c3

|x|
(log(2 + |x|))α

)
for x ∈ Y,

|f(x)| ≤ exp
(
− c1
Cd

⟨x⟩1/2
)

for x ∈ Rd.
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The last bound implies f(x) decays faster than any polynomial, so after multiplying
through by a constant depending only on c1 and d we may assume

|f(x)| ≤ ⟨x⟩−d

and we may also assume the third equation holds with no constant C(µ). As f is
band-limited to a ball of radius ≤ 1, the first derivative of f is bounded by C∥f̂∥1 ≤
C∥f∥2 ≤ C(d, c1). Thus

|f(x)| ≥ c2 for all x ∈ Bc2

for some c2 = c2(c1, d, ν). Finally, setting ψ = f∨ gives the desired damping function.

Remark. We may take
α = 1− 0.1γ(ν) = 1− c

ν

| log ν|
(3.30)

for some absolute c > 0.
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