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This : for (M
, g) a 2n - dimensional Riemannian

manifold
,
let rij be the curvature matrix

relative 1- a frame
.

Then Pffr) c- It"(M)

is
a
form st

4) The form itself does not depend on
the

choice of fame

(2) It's integral does not depend on the metric :
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Pkn:_
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becomes Poincare
exact

Duality
global to

Holway / Transgression ,
→Thou class

↳•µ sofas
constructor

$ Gauss
nap

"£ £ Poincare Hopf
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Grassnenias !

start proof for
surfaces µ→t bundks⇒here!

Gauss ←
map for allMCIR] embedded naiads



Gauss map
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Theorem F- qregium

detdn = K



orientation reused
b <

¥É¥¥#
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positive
curvature

,
orientation
maintained

detdn = K

"



By the degree formula
,

Jmkdt =/ (detdn)dA=fn*dAss=4Tdegn
M M

Pop:_ degn=£Xcm) ⇒ fnkdA=2tXM✓
Proof : Poincare - Hopf

•
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= 2degn



Switching years
to the local picture - - - tudou.my !

dsEd×¥→
Rt)

rtE÷ii
9 a

geodesicgeodesic
Partlet translation pulls vectors
towards geodesicsI



Holorony measures rotation due to parallel translation

Geodesic curvature measures deviation of a curve

from being geodesic

µ ,
K=dA( Hr " / dw= KDA

w=( ☐ eyes >

µdµ|kdt=2T
fear -1;" p r



Local Gauss Bonnet

fkdttfkdt-2T-fkdttfk.lt -

-4+22+4 - IT

p r
p r

tu "" -7% - *

= 21T ( v- E)
= 21T /V- Et f)
= 27211m)



strange : proving
the local Gauss- Bonnet theorem

requires choosing a frame , even though the
result does

not

Reasons: The equation KdA= dw is only
valid b-My

Transgression : D= KIA beanies exact globally when passing
to a larger manifold



Let SM= { up c- TM 111%11--1 }
" globalDefine one frm 4 on SM by angular
form"

4 (¥ vra.FM/--dA(0g.v , rn )

2- gait)
c- Sm a curve

of unit vecs
, fzY measures total rotation

.

41%+4--1 41%+4=0
d

tattooist .

,
measuresPotation r=rkH

, measures geodesic curvature



Pip Sid ,→r=d✗ Poth
eyes a frame

ft (ge ,
)=a : SM → IR

, Gen:b
M → R

M I oftb?-1 ⇒ adatbdb -0

curvahe ✗ =

adb-bdai-TX-wt.li/--0,gdr,db1JpSr,K-frzKdy--dadb+x*dw
,

Hebert>

=\ DX Gtoke's) =t*r ✓PCR)

=/Rr
Recovers local Gauss-Bonnet
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→ I *r=fµ
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→ → → =2t{ indxi
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¥
.

¥
= 2*414

p :MF{ xi , -1 ,} → 5m by Poincare - Hopf



Thom class perspective

☐ F-

① →*
*ÉIÉE →Titu → 0 IT a Riemannian

M

plane bundle,Topological significance
of

a connection : gives
- section P a metric

realizing TE = TEE txtm connection

Thomison: Exists a unique element OIEHI.ch) set

£
,
-4¥ =/ for all ×

.

Euler class e-
- SFI



F-

Let 4 be the global angular form IE
g

"41=1

on SE coming from D
M

¥4NT pullback to F-
p

r : F- → IR the length truth f
☒ = dlpcr)Ñl= P' dr -I + phdñw-

= HER from
. Supported the prier

away from s.cm) work!

Thus e.
= 5T€ = :-#r → Gauss- Bonnet



By functionality we extend to all

even
rorktiketw bundles

.

i

for ☐ a
connection

,
Rj a curvature matrix

,

in

pfkdijl-zsgnxrij.in - -
- rin

✗

apairyot
b- - -

,
2in

(1) Pfd does not depend on the choice of frame

a) dpsr -0 ⇒ eg=¥nPfR
(3) [Pfa] c- HMM) does not depend on the connection



Prof
4) eg /

E
,

⑤ Ea) =eg( E.) neg
/ F-2)

(2) egfft-E-fl-e.gl E)
Proof : Choose a compatible courtier on E. ☒ Er , f*E

so :

II. ↳ Ez : (
^ "

.IE
,/ ⇒ PfR¥*,= PERE,

^ PFRE
,

I f*E= ERE ⇒ P£rg*E= ft-pf.IE



pop Csplittig principle) F-

Exists
f. µ →M " t

f TI

f*E → E
M

d d

w
→
m

(1) ft : HTM) → H.CN) is irjuctie
(2) 5-

*
E = E

,

☒ -
.

- ☒ En
,
Ej a plane bundle

Steg (E)= eg( E. ☒ -
-
- ☒ En)=e+(E ,

☒
-
-

-④E) = et (E) ✓



As a conclusion :

Em
ayc¥y / Pth = ✗ (E)

,

M
even mk v. b

specialization to F- =TM
,
0=1- evi- Civita

correction

Gauss - Bonnet - Chun!



A more general proof for
embedded manifolds

MCIRN F- fibers are the

pbwes

I

A. Ms Graw ) D= G- ( n ,N) oriented
e-phones

✗ MIM

naturally Riemann

TM=q*E

/



The connections are compatible , so

pfRµ= f-
*

Pfdp=2f¥⇒^dV
( constant b- a

e( G) =2dU ar is

so homogenous)

e(m)= 5-
*ecc.kz#nf*PfRp--cInPfR ✓

Cool equation : defdn = Pfd

follows from almost no work



Thank you Prof
.

Neitzke !


