INCIDENCE LOWER BOUNDS MINICOURSE
ALEX COHEN

ABSTRACT. These are notes from a minicourse at the Simons School on Harmonic analysis
and applications to Ramsey theory in Budapest, Hungary, June 2026. The main goal is to
prove the following result from [3] (joint with Cosmin Pohoata and Dmitrii Zakharov): If
{(pj,24;5)};=1 is a family of points in the unit square along with a line through each point,
then

. ) < p2/3+0(1)
mind(p;, &) < n

COURSE OUTLINE

Lecture 1 — Introduction.

We pose the minimal distance problem and state our main result.

We present the improved lower bounds of Logunov—Zakharov [14] and Hunter—Pohoata—
Verstraéte—Zhang [8|.

We discuss related work of Dabrowski—-Goering—Orponen [4| on the s-Nikodym prob-

lem.

We turn to Heilbronn’s triangle problem, surveying lower bound constructions and
applying our main result to prove an upper bound.

Lecture 2 — Affine rescaling, the Frostman condition, and a two-step incidence
strategy.
o We recall Frostman sets and Hausdorff dimension.
e We apply affine rescaling to the minimal distance problem.
e We move from the minimal distance problem to the incidence lower bounds problem.
e We describe Roth’s two-step strategy for finding incidences: first we find many inci-

dences at a large initial scale, then we use the high—low method to show many remain
at a small scale.

Lecture 3 — Initial estimate.

e We prove an initial incidence estimate under a direction stability condition.

e We describe a two-step strategy for proving incidence lower bounds: Find a rescaled
configuration such that (1) direction stability can be used to find lots of big-scale inci-
dences, and (2) the high-low method can be used to find lots of small-scale incidences.
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2 ALEX COHEN

Lecture 4 — Uniformity and branching functions.

e We introduce uniform sets and their branching functions, which describe the entire
multiscale structure of a set by a Lipschitz function.

e We show every finite set has a large uniform subset, and extend uniformity and
branching functions to the phase space of point-line pairs.

e We rephrase direction stability and high-low error using branching functions.

e We reduce the incidence lower bound theorem to a problem about Lipschitz functions.

Lecture 5 — Solving the branching function problem (bonus).

e We describe the three properties of branching functions we need: monotonicity, 1-
Lipschitz, and submodularity.

e We design a measure on the space of candidate rectangles and show the direction-
stable scales have density 1 — o(1) while the high-low-regular scales have positive
density.

e We conclude that some rectangle satisfies both properties, letting us execute the two-
step strategy and prove the incidence lower bound theorem.
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pen, and to the attendees for their engagement and thoughtful questions. Thanks to Ben
Goldman, the TA for this minicourse. Thanks to my coauthors, Cosmin Pohoata and Dmitrii
Zakharov.

The author is supported by a Clay Research Fellowship. Large language models were used
for light revision and for generating diagrams. All text was written by the author.

1. LECTURE 1: INTRODUCTION

1.1. Main question. A configuration is a family X = {(pj,ﬁj)}?zl of points in the unit
square, along with a line £; through each point. The minimal distance of X is defined to be

0" (X) = mind(p;, ),
() = mind(p;, )
see Figure 1. Let
0*(n) = sup{d*(X) : X is a configuration of n point-line pairs}.
In other words, *(n) is the smallest number such that in any point-line pair configuration of
size m, the minimal distance is < 6*(n).

Question 1.1 (Minimal distance problem). What is the asymptotic decay rate of 6*(n) as
n—oo?

There is an easy upper bound 0*(n) < n~'/2, because there is some pair of points at
distance < n~1/2.

There is an easy construction showing 6*(n) = n~!. Simply place n points on a horizontal
line with even spacing, and put a vertical line through each point. It is easy to make lots of

other constructions saturating this lower bound.
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5¥(X) =d(Py, 1)

FIGURE 1.

These easy arguments show that up to constants, 0*(n) € [n~*,n~'/2]. My coauthors and
I wrote down Question 1.1 as a route to attack Heilbronn’s triangle problem, which we will
discuss later in this lecture. We quickly came up with these two easy arguments, but struggled
to prove anything stronger in either direction, and we didn’t find any prior literature.

We eventually proved a stronger upper bound for this question, which is the topic of these
lectures.

Theorem 1.2 ([3]). There is an upper bound 6*(n) < n=2/3+0() " In other words, for any
€ > 0, there is a constant C. such that among any configuration {(p;,£;)}j_y, for some j # k,
d(pj, lr) < Cen=2/3%¢,

Remark 1. We can state a finite field variant of the minimal distance problem. We say
d(pj, i) = 0 if p; € £y, otherwise d(p;,{;) = 1. The analogue of Theorem 1.2 is true: If you
place at least q%+0(1) pairs in IF?I7 then p; € £ for some j # k. There is a simple proof using
Vinh’s [28] inequality. In [3] we show this estimate is sharp when ¢ = p?, p a prime.

The next several lectures focus on the proof of Theorem 1.2. In the rest of this lecture we
will discuss connections to some other topics in geometric measure theory and combinatorics:

e Fractal sets and fractal dimension;

e The Furstenberg—Séarkozy problem from additive combinatorics;
e The Nikodym set problem from geometric measure theory;

e Heilbronn’s triangle problem from discrete geometry.

1.2. Improved lower bounds. In 2025, Logunov-Zakharov [14] showed §*(n) > cn=!*¢

for some inexplicit ¢ > 0. First they establish a submultiplicativity type estimate. Letting
n*(6) = max{n : 6"(n) > J}, they show

(1.1)  n*(8) > win*(Cw)n*(§/w?) for all w € [§/2,1] and C a universal constant.



4 ALEX COHEN

The easy bound implies n*(6) > §~!, and they establish a logarithmic improvement: n*(d) >
0 'logs~t. Tt follows that

(1.2) n*(Cw) > w™'7¢ for some w € (0,1/3) and ¢ > 0.
Applying submultiplicativity many times implies
n*(,ka) > w—ln*(cw>n*(w2k—2)
> wIn* (Cw)n* (w~27) for all j € {0,...,k}
thus n*(8) > §~1-¢/2t°() and §*(n) < n=1-¢.
To prove submultiplicativity, they describe a recipe that takes in two configurations X3
and Xo, and builds a new configuration X3 that resembles X7 at small scales and resembles

X at large scales. The small scale pieces are made up of affine transformations of the original
configuration. So their examples are self-affine fractal sets, see Figure 2.

=
s

'

s
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FIGURE 2. The Logunov-Zakharov [14] example is built from affine transfor-
mations; the resulting point sets are self-affine. See Section 2.3 for discussion
of how the minimal distance problem behaves under affine transformations.

Hunter—Pohoata—Verstraéte—Zhang [8] further improved the lower bound with a completely
different construction. The first step moves from the point-line problem to a point-parabola
problem via the map

(1.3) ®(z,y) = (2, y +2%).
This map sends a line to a translate of the standard parabola Eq = {(¢,t?) : t € R},

®({(t,b+mt):t € R}) :{(t, (t+ )2 +b—m2) :teR}:(—Tg,b—nf)-i-Eo,
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Thus a point-line pair (p, ) maps to a point-parabola pair (p, ®(¢)), with ®(¢) a translate of
Ey through p. The map ® distorts distances in the unit square by at most constant factors,
so up to constants, 6*(n) describes the minimal distance of a point-parabola configuration.
The second step relates the point-parabola problem to the Furstenberg—Sarkozy problem
on square-difference-free sets, an idea going back to Szényi [27]. A set A C {0,...,N} is
square-difference-free if for all y # 3/ € A, the difference y — 3/ is not a perfect square.

Lemma 1.3. If{0,..., N} contains square-difference-free sets of size > N®~°)  then §*(n) >
n—1/(3+a)—o(1)

Proof. Given such a set A, define a point set and a family of parabolas

P (Rzona) < hh Pl Eripe )

Each parabola p 4 Ej passes through p, so (P,P) is a configuration of |A|v/N point-parabola
pairs. Consider two points p; = (\%V’ %) with z; € {0,...,v/N} and y; € A, for i € {1,2}.
The vertical distance from p; to the parabola ps + Ejy is

)

If this vanishes then y; —y2 = (z1 —22)? is a perfect square, forcing p; = ps since A is square-
difference-free; otherwise it is > % The parabolas have slope O(1) over the unit square, so
Euclidean distance is comparable to vertical distance and d(p1, p2 + Fo) 2 % Hence (P,P)
is a configuration of n = |A|v/N > N¥/?ta=o(l) pairs with minimal distance > -+, and so
(5*(71) 2 % > n*l/(%+a)70(1). ]

ﬂ_(yl_f_w

N N =%|y1—y2—(x1—$2)2‘-

It is easy to construct square-difference-free subsets of {0,..., N} of size v/ N, which re-
covers the easy bound §*(n) > n~!. Ruzsa [24] constructed square-difference-free sets of size
> N0-7334 50 by Lemma 1.3,

(5*(72) > n—O.Sll—o(l).
Conversely, improving the exponent in Theorem 1.2 from % to %—l—c would imply every square-
difference-free subset of {0,..., N} has size < N 1=¢' " This would resolve a long-standing
question.

To summarize, the current knowledge is that

5*(7’L) c [n—O.Sll—o(l)’ n—2/3+0(1) ] )

1.3. Related work on Nikodym sets. A Nikodym set N C [0,1]? is a Borel set such that
for every x € N, there is a line ¢ such that £ N = {z}; these are a continuous analogue
of point-line pair configurations. Nikodym constructed such sets with complement having
measure Zero.

Dabrowski, Goering, and Orponen define N C R? to be an s-Nikodym set if for every
x € N there exists an s-dimensional family of lines through  which meet N only at x. They
proved the following result.

Theorem 1.4 ([4]). Any s-Nikodym set N C R? has Hausdorff dimension dimg N < 2 — s.



6 ALEX COHEN

There is work in progress by other authors showing this theorem is sharp.

Their work and ours were carried out independently and share similar insights.

1.4. Heilbronn’s triangle problem. My collaborators and I became interested in Ques-
tion 1.1 through Heilbronn’s triangle problem. Given a finite set of points P C [0,1]2, let
A(P) be the smallest area of a triangle formed by 3 points of P (see Figure 3).

A(P)

FIGURE 3.

Let
A(n) = sup{A(P) : P C [0,1]? has n points}.

In other words, A(n) is the smallest number such that among any set of n points, there exists
a triangle with area < A(n).

Question 1.5. What is the asymptotic decay rate of A(n) as a function of n?

Again, there are two easy bounds.

Easy upper bound. To prove an easy upper bound, consider splitting the unit square
n

into | | —1 evenly spaced strips. By the pigeonhole principle, some strip has at least 3 points

in it, which form a triangle with area < 1%(1) Thus, A(n) < 1%(1)

In the other direction, one can construct a set of n points such that every triangle has area
> 1
~ n2°

Erddés’s algebraic lower bound construction. Choose a prime p with n < p < 2n,
and consider the p points

. .9 d
P]:(j7 jInOP): jzovlv"'ap_la
p p

One can show no three of these points are collinear, and because they all lie on a %—grid, the

minimal area of a triangle is at least 5y > <iy.
2p 8n
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Random lower bound construction. Sample n points p1, ..., p2, independently and
uniformly from [0,1]?. Let A > 0 be a parameter; we want to count the expected number of
triangles with area < A. First, if py, pa, p3 are placed uniformly at random in [0, 1]2, we have

NGl
Pr[Area(Apipaps) < Al = / Pr[Area(Apipaps) < A|d(p1,p2) = 7] p(d(p1,p2) =) dr.
0

Fix p; and py. Using Area = Base x Height, the locus of ps such that Area(Apipops) < A is

a strip of width W around the line through p1,p2. Thus

%_\[>

Pr{Area(Apipaps) < Ald(p1,p2) =7] S

Next, we have
p(d(p1,p2) =r)dr < rdr,

SO

2
Pr[Area(Apipaps) < A] < a rdr < A.

o T
Thus the expected value of the number of triangles with area < A is < Cn3A for a universal
constant C'. Choose A = ﬁ,
triangles, remove one vertex arbitrarily. The resulting set has > 3 points, and all triangles

so the expected triangle count is < {5. For each of these bad

from this set have area > ﬁ as needed.

Komloés, Pintz, and Szemerédi [12] improved this lower bound by a logarithmic factor to

Aln) > logn

~ n2

Their argument is a semi-random construction. They first prove an extremal combinatorics
result about independent sets in hypergraphs: under a mild assumption, a 3-uniform hy-
pergraph on N vertices with E edges has an independent set of size logarithmically greater

than the trivial bound. They make a random hypergraph by placing down n!*e
1
to extract a subset of size = n with no small area triangles.

points at

random and including all triangles with area < ¢ . They apply their hypergraph theorem

We survey the prior work on upper bounds for A(n).

e 1951, Roth [19]. Roth proved the first o(1/n) upper bound, A(n) < n~'(loglogn)~/2,
via a clever density-increment argument.

e 1971, Schmidt [25]. Schmidt gave a much shorter proof of a slightly better bound,
A(n) <ntlogn)~ /2.

e 1972-1973, Roth [20-22]. Roth introduced a new method to prove a polynomial
upper bound A(n) < n~!17¢ for some ¢ > 0. He wrote two more papers sharpening
his method and giving slightly better exponents. All subsequent work builds on the
framework Roth introduced in these papers.

e 1981, Komlos—Pintz—Szemerédi [11]. These authors sharpened a pigeonholing
step in Roth’s argument to prove A(n) < n=8/7+o(),
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e 2023, C.—Pohoata—Zakharov [2]. We reinterpreted Roth’s framework in the mod-
ern context of fractal geometry and projection theory. We used a strong projec-
tion theorem of Orponen—Shmerkin—-Wang [17] to improve the bound a little bit to
A(n) < n,—8/7—1/2000

e 2025, C.—Pohoata—Zakharov [3]. Our estimate on 6*(n) from Theorem 1.2 imme-
diately implies

A(n) SE nf7/6+o(1)'

Thus, the current state of knowledge is
A(n) € [(logn)n=2,n=7/6+o)],

Our most recent bound on Heilbronn’s problem follows from combining the following simple
Lemma with Theorem 1.2.

Lemma 1.6. A(n) <n~'/26%(|n/4)).

Proof. Let P C [0,1]? be a set of n points. Greedily extract |n/4] disjoint pairs (pj, P})
with d(pj,p;) < n 12 Let ¢; be the line through pj,p;.; the family {(pj,fj)}]L":/fH forms a
point-line configuration. For some j # k, d(p;,{;) < 0*(|n/4]). The three points py, p,p;
form a triangle with base < n~/2, height < 6*(|n/4]), and thus area < n=1/25%(|n/4]). O

Remark 2. When we apply Lemma 1.6 to Heilbronn’s problem, we locate triangles with a
base of length < n~2. By contrast, in the Erdés example or the random example, the
triangles with area n=27°(1) have a base of length ~ 1. So, it may be suboptimal to only look
for triangles with a short base.

Remark 3. Heilbronn originally conjectured A(n) < n~2. Komlés-Pintz-Szemerédi’s lower

bound disproves this conjecture, but it is still possible A(n) < n=2to(M) | T used to feel this
was probably true (no good reason). Now I feel maybe it’s false (also no good reason). I
would encourage people to try and find examples showing A(n) = n=2%¢ for some ¢ > 0.

Remark 4. Maldague—Zakharov—Wang proved a nontrivial upper bound for the minimal dis-
tance problem in R3, and used this to prove the first power-saving bound for Heilbronn’s
triangle problem in R3.

2. LECTURE 2: AFFINE RESCALING, THE FROSTMAN CONDITION, AND A TWO-STEP
INCIDENCE STRATEGY

2.1. Frostman sets.
Definition 2.1. Let P C [0,1]2 be a finite set of points. We say P is (6, «, C)-Frostman if
(2.1) |P N Q| <CWidth(Q)* |P| for all squares @ with Width(Q) € [4, 1].

This is a discrete analogue of saying P has Hausdorff dimension > «a.

I like to think about the Frostman condition in terms of covering numbers. Let P C [0, 1]?,
and let
|P|y = Minimum number of w-balls needed to cover P.
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Suppose P satisfies (2.1). Then
[Pl S |Plw  sup  [PNQ| < Cw|Ply|Pl,
Width(Q)=w
implying
1
|Plw 2 Ew_o‘ for all w € [, 1].
Moreover, if P’ C P has |P’| 2 |P|, then the same lower bound holds. The Frostman condition
says P is large when viewed at any scale.

Remark 5. A Borel measure p is a-Frostman if u(B(z,r)) < r®. Frostman [5] introduced
this definition to Fractal geometry, and proved that a Borel set X has positive a-dimensional
Hausdorff measure if and only if X carries an a-Frostman measure. Katz and Tao codified
the study of discrete, quantitative variants of Hausdorff dimension in [9].

2.2. Point-line phase space. We parametrize point-line pairs by 3 coordinates as follows:
w=(2,9,2) R’ +— puo=(1,9), lo=(2,9)+R(1,2)

We focus on w € [—1, 1], corresponding to points in [—~1,1]? and a line with slope in [~1,1].
We describe a point-line configuration by a set X C [—1,1]3. We let P[X] be the underlying
set of points, L[X] the underlying set of lines.

2.3. Rescaling and Frostman configurations. An important observation about Heil-
bronn’s triangle problem is that it behaves well under rescaling. If you have a configuration
of n points and want to find a small area triangle, one strategy is to look for dense squares.
If there is a square with lots of points in it, you can just look for a small triangle there, and
ignore everything else.

The same strategy works for the minimal distance problem. If there is a square with lots
of points, you can zoom in and just look for a small distance inside that square.

You can also zoom into tubes. If there is a w-tube with lots of lines inside of it, you can

try to find a small distance inside that tube, by affine rescaling to the unit square.

More generally, if R is a rectangle, we may consider the point-line pairs where the point
lies in the rectangle and the slope of the line is aligned with the slope of the rectangle. If
we take an affine map from R to the unit square, then by the slope condition, distances get
scaled by m. See Figure 4. We will describe this rescaling in symbols and discuss its
consequences.

Let X C [-1,1]® be a configuration. Let R be an (approximate) rectangle in the unit

square of the form
R = (z0,y0) + {(z,y + z07) : || < Length(R), |y| < Width(R)} (z0, 0, 20) € [—1,1]>.
The center of R is (g, y0), and the slope is zy. Let
Width(R) Width(R)
" Length(R)’ ot Length(R)]’
this set captures slopes aligned with R. We may associate to R the phase-space set

R = R x Slope-Set(R) C [1,1]>.

Slope(R) = zp, Slope-Set(R) = |20



10 ALEX COHEN

If a point-line pair (p,¢) lands in R, then p € R, and ¢ has a slope aligned with R.
Let 1% be an affine map taking R to [—1,1]2. This map stretches vertical distances by

1
Width(R) > 5O

dyertical (le (p) ) 1/1R(£))

1
= VViTh(R)dvertical(p’ 0), dyertical denotes the vertical distance.

If Slope(£) € Slope-Set(R), then both ¢ and (¢) have slope in [—1,1]. Thus, the vertical
distance is approximately equal to the Euclidean distance, and

(2.2) (¥ (p), v (0)) d(p,£).

1
~ Width(R) (

This approximate equality shows that minimal distances behave well under affine rescaling.

2.4. Induction on scales strategy. Our goal is to prove
2
(2.3) §*(n) < n=rrol) for v = 3

Eq. (2.2) suggests an induction on scales strategy. Let R be a rectangle in the unit square,
and let R = R x Slope-Set(R). If X N R is large, we can look for a small distance pair inside
X NR and ignore everything else.

Let 1R be the affine map taking R to [—1,1]3. This map sends
(p,£) = (@™ (p), v™(0)).

Define the rescaled configuration
XR — R (X).
By (2.2),
§*(X NR) ~ Width(R) 6*(XR®),
see Figure 4. If we are lucky we can prove the goal bound (2.3), 6*(X®) < |X®|=7+o() This
gives the desired estimate for X if

Width(R) | X NR|77 < |X|77,
or in other words, if
(2.4) IX NR| > Width(R)'/7|X|.

So, either we get mileage out of rescaling, or | X NR| < Width(R)/7|X| for all the rectangles
containing at least two point-line pairs. Motivated by this calculation, we define Frostman
configurations as follows.

Definition 2.2. We say X is (d, o, C)-Frostman if for all rectangles R with Width(R) € [4, 1],
(2.5) X NR| < C Width(R)* |X].
If Q is a square, then w € Q if and only if p,, € Q. So (2.5) says
(2.6) |P[X] N Q| < C Width(Q)® |P| for all squares @ with Width(Q) € [4, 1].
This exactly says that P[X] is (0, a, C')-Frostman.
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N
-
XNR

XR

FIGURE 4. The minimal distance in X N R gets scaled up by Wh(R) after
affine rescaling.

Similarly, when R = T is a tube, w € R means ¢, C T. By ¢, C T, we roughly mean
l,N[=1,22CT. So

ILNT| < C Width(T)*|L|  for all tubes T with Width(T) € [5, 1],

which says that the line set is (9, a, C')-Frostman.

Thus, if X is (0, a, C')-Frostman, then the underlying point set and the underlying line set
are both a-Frostman.

2.5. Incidence lower bound theorem. Let P C [0,1] be a set of points. Let L be a
family of lines. Define the scale-w incidence count

(2.7) I(w)=I(w; P,L) = Z n(d(p, £)/w), 7 is a bump function.
(p)ePxL

For technical reasons it is convenient to take 1 smooth, but for these lectures, one can imagine
n = 1[_1,1, in which case

Iw) = [{(p,O) € Px L : d(p, ) < w}.
The following Theorem establishes an incidence lower bound for Frostman configurations.
Theorem 2.3. For any o > %, if X € [=1,1]? is (6, a, 6—°M))-Frostman, then
1(6; P[X], L[X]) 2 6" M) X[,
The o(1) terms depend on c.
Since |X| > 673/240() if § is sufficiently small then 6*(X) < 4.

Remark 6. If P and L are placed uniformly at random, the expected number of incidences is
~ &)X 2.
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Remark 7. Theorem 1.2, that 6*(n) < n=2/3+to(1) has an equivalent formulation: For any
a > 3/2, assuming ¢ is sufficiently small,

IX| > 6~ = I(8; P[X], L[X]) > |X].

In Theorem 2.3, the Frostman hypothesis strengthens the |X| > =% hypothesis, and the
conclusion strengthens from one extra incidence to many.

Proof of Theorem 1.2 using Theorem 2.3. Fix % <o < a. Let X C [~1,1]3 be a configura-
tion with |X| > §~®. Assuming 0 is sufficiently small, the goal is to show §*(X) < 4.

Let R = R x Slope-Set(R) be a rectangle with Width(R) € [d, 1] maximizing the quantity
(2.8) Width(R)™ |X NR).

Comparing with R = [~1,1]?, we find

(2.9) IX NR| > Width(R)® |X]| > 6* .
Define
< )
XR = pR(x =
YEXNR), 0= g

By (2.2),
§*(X) < Width(R) 6*(XR).

a—

By (2.9), there is an easy bound 6*(XR) < [X NR|™Y/2 <67, so

!
a—

5*(X) < Width(R) %2

/

If Width(R) < 5175 we are done, so we may assume §<8 3.

I claim X® is Frostman. If R is a rectangle, then
XEAR| = X0 (@R (R)).
By the slope ~ 1 condition on R and our definition of Width,
Width((¥®)"1(R)) = Width(R) Width(R).
By maximality of (2.8),
IXR N R| < Width(R)™'|XE|
as needed. By Theorem 2.3, using that 0 is sufficiently small, we find 5 (XR) < 8, so

§*(X) < Width(R) 6 < 4.
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2.6. High—Low method. Let P and L be sets of points and lines in the unit square. Let
I(w) = I(w; P, L) be the scale-w incidence count. If P and L are placed uniformly at random,
the expected incidence count is ~ w |P| |L|.

Theorem 2.4 (High—low inequality). Letting

~sup [PNQ[  sup |LNT| 12
(210) Err(w; P, L) _ (Q 8 aw X w square T is a w X 1 tube w_3> ,
1P| |L|
we have
I I(w/2
(2.11) ’ (w) (w/2) < Err(w; P, L).

wlP[[L]  (w/2) |P||L]

@, @

FiGURE 5. The two functions ®;, and &4 are orthogonal. The gray part is
negative and the red part is positive. The integral of ®, over a transverse
line is zero, because the positive and negative parts have magnitude inversely
proportional to their length. So, the inner product is zero. In general the
inner product is only approximately orthogonal because of boundary effects.

Proof Sketch. Encode the lines and points as

fu= Z L7, 0, Tw(¥) is the w-tube around ¢
leL

1
Gw/100 = ;; WlB(p,w/loo)'

With this definition,

I(w) I(w/2) 1
212 TPz~ G P e e ot Sl
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The fact that we use w/100 balls to define g,,/199 rather than J-functions means the right
hand side counts a smoothed incidence count, rather than an on-the-nose incidence count.
Using Cauchy—Schwarz,

(213) ’<fw - fw/27gw/100>‘ S wa - fw/2”2 ”gw/100H2‘

To estimate || fu — fu/2ll2, we use approximate orthogonality. We have
_ _ 1 1
Jw = fwpe = Z Py, Q=4 lry,0) = wjp 11,000
lel

Morally speaking, if £, ¢ are two lines, then either ¢, ¢ live in a common w-tube, or (®y, ®y)
is very small—see Figure 5. Again this is a white lie. One has to replace hard cutoffs with
smooth cutoffs, and estimate the inner product more carefully.

Nevertheless, assuming the white lie,

wa - fw/2||% S Z ”(I)£||2Hq)€”’212,£’ belong to the same w-tube

LLl'el
(2.14) < |Ljw™? sup ILNT|.
T a w X 1-tube
Similarly,
2 1 2
||gw/100||2 5 Z H WlB(p,w/IOO) Hglp,p’ belong to the same w/50-ball
.0’ EP
(2.15) <|Plw™? sup [P NQ)|
Q is a w X w square
Combining (2.12), (2.14), and (2.15) gives the result. 0
g ) ) g

Remark 8. If P is a-Frostman and L is S-Frostman, then [P N Q| < Width(Q)|P| and
|T N L| < Width(T)?|L|, so

Err(w) Sw =

Thus, if the sum of the Frostman dimensions of P and L is > 3, then the incidence count does
not change much as w varies. In particular, if X is a-Frostman with o > % and P = P[X],

L = L[X], then the incidence count does not change much as w varies.

Remark 9. 1 first learned about the high—low method in Larry Guth’s reading group, in the
context of a projection theory paper by Guth-Solomon—Wang [7|. They used Fourier analysis
to prove a bound like

B(w) < B(w/2) + (High-Low error).
Shortly after, while reading Roth’s survey article [23], I learned that he used a very similar
argument in the reverse direction,

B(w) 2 B(w/2) — (High-Low error),

to prove a power-saving bound for Heilbronn’s problem. As discussed in Larry Guth’s notes
on projection theory [6], a closely related orthogonality argument was used by Linnik [13]
to prove his large sieve inequality in number theory, and by Vinh [28] to prove an incidence
estimate over finite fields. Roth wrote several papers on the large sieve around the same time
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as his Heilbronn papers—maybe he got the idea from Linnik. I wonder where else has this
orthogonality argument appeared?

Example 2.5. Let P be a family of well-spaced points in the upper half of the unit square
and L a family of well-spaced lines in the lower half of the unit square. There are no inci-
dences between P and L, even though the high—low error is small. We rule out this example
in Theorem 2.3 using the fact that P and L come in incident pairs.

Example 2.6. Let P be an evenly-spaced grid of IV points,

a b
{(—,— cabe {0,...,N1/2}}.
VN VN
We consider the following line set. Let
(c,d)
(¢, d)|

This is a set of ~ N3 many directions. Consider the orthogonal projection

mo(P) = {(p,0) : p € P}, 0co.

0=/ :e,de {NVS ... 2N'/0}}).

This set consists of fractions of the form %, where R ~ N 1/2+1/6 — N2/3 and m is an integer
< R. So, mg(P) is an arithmetic progression in [—1, 1] with spacing ~ N~2/3,

For each 6 € O, define the line set
Ly = {m,' () : x lies in the middle of two points in ms(P)}.
This is a set of ~ N2/3 lines, each of which has distance ~ N=2/3 from P. Define L = Llg Lo-

In total, this is a family of ~ N lines, all have distance ~ N~2/3 from P.

This example is a modification of the Szemeredi—Trotter example from incidence geometry.
In the Szemeredi-Trotter example, we choose the lines to be 7, ' (mg(P)), so they go through
~ N'/3 points, rather than avoiding the points.

The incidence count of P, L is equal to

wN? w> N*Z/S,

I(w; P, L) ~
( : {0 w< N72/3,

To compute the high—low error of P and L, we compute

sup |PNQ|~ max{w’N,1},

Qisw X w
sup |LNT| ~ max{w?N,wN?/3 1}.
Tiswx1
If w > N~2/3_ then both terms above are < ng7 so Err(w) < 1. fw < N—2/3_ then both
terms above are 1, so Err(w; P, L) ~ N-lw=3/2 ig > 1.

There are three important ranges of w. When w > N~/2 the point set is doing all the
work. The points are well-spaced, so any w-tube contains ~ w|P| points. So for any line set
L,

I(w;P,L) ~w|P||L|  forwe [N"V?1].
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When w € [N=%/3, N=1/2], the high-low inequality is doing work. The high-low error
(< 1) is much less than the normalized incidence count (~ 1), so the normalized incidence
count stays at ~ 1. For any reasonably well spaced line set, the high low error is small enough
that I(w; P, L) ~ wN? in this range.

At w = N~2/3_ there is a phase change: The high low error hits 1, and the incidence count
drops to zero. See Figure 6 for a log-log plot of this discussion.

Normalized incidence count as the scale changes

I(w)

. wP| L]
=
=]
3 spacing of P high-low
8 | — —
=1
o 1
=]
Qo
8
o
S
s Err(w
g (w)
s
Z

1 N_1/2 N‘v2/3 N

w

F1GURE 6. The black line records the normalized incidence count betwen P
and L, and the red line records the high-low error. The incidence count starts
out large because P is well spaced. It stays high between scales N~1/2 and
N~2/3 because of the high-low inequality. At scale N=2/3 the high-low error

touches the black line, and the incidence count drops to zero.

This example shows that the high—low method is rather sharp. The incidence count hits

0 the moment the high—low error hits 1. This example explains the n=2/3 exponent in Theo-

rem 1.2.
3. LECTURE 3 — INITIAL ESTIMATE

The high-low method is the gas that makes Theorem 2.3 run. The initial estimate provides
the spark.

Lemma 3.1 (Initial Estimate). Let P and L be a set of points and lines in the unit square.
Let w > 0 be a scale. Let

A = The w-covering number of the slopes of lines passing through a typical w-square,

B = The w-covering number of the slopes of all the lines.
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Then A
I(w; L) 2 & w|P[|L].

See Figure 7.

Proof. Let T,, be an essentially distinct family of w-tubes covering all the lines. We assume
by pigeonholing that every w-tube has roughly the same number of lines, and every w-square
has roughly the same number of w-tubes through it.

Let C' be the typical number of lines in a w-tube. Each point has ~ A many w-tubes
through it, and each w-tube has ~ C' lines inside of it, so each point has ~ AC lines at
distance < w. Thus

I(w; P,L) > |P| AC.

On the other hand, there are at most w™! tubes in each direction and at most B directions,
50 |Ty| < Bw™!, and |L| < Bw !C. Solving for C gives

A
Iw;P,L) 2 S w|P||L|

as desired. OJ

Let X be a point-line configuration as in Theorem 2.3. We can pick some large scale w and
compute A and B for this configuration. We’re happy if % 2 1. For example, this happens
in Example 2.6. But we cannot verify this in practice. It might happen that A < B.

There are a few extreme examples. Both A and B live in the range [1,w™!]. If A = w™!

or if B = 1, then automatically % ~ 1.

The worst case scenario is when A = 1. In this case, let Q be a w-square, and consider the
rescaled set

XQ = Affine rescaling of the point-line pairs in Q.

Let Ag, Bg be the corresponding quantities. Each line slope in this rescaled configuration
corresponds to a line slope through @) in the original configuration. So Bg ~ 1, and thus
Ag

This is the key idea. Instead of trying to prove an initial estimate for our original point-line
configuration, we will apply rescaling, and prove an initial estimate for the new configuration.

The next Lemma captures this idea, see Figure 7.

Lemma 3.2. Let X be a point-line configuration. Let w > 0 be a scale and let k > 1 be an
integer. For some j € {0,...,k — 1} and some wi-square Q, the rescaled configuration X9
satisfies

I(w; PIXQ, LIXQ)) 2 w'* (w | PXY| LX),

In practice we choose k rather large, so w'/* = w°(M) and this is a good initial estimate.

Proof. Let

R; = The w-covering number of the set of slopes in XQ, where Q is a w’-square.
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] 2

FIGURE 7. In the original configuration, Ry = 3, because there are 3 different
slopes of w-tubes. If we try to apply Lemma 3.1, we get A = Ry = 2 (number
of w-tubes through a square) and B = Ry = 3, so the initial estimate is
not too good. If we zoom in, we get Ry = 2. The tubes in the second
diagram are vertical or diagonal, because the tubes through the gray box
in the first diagram are either vertical or diagonal. We zoom in again and
find a configuration where all the lines point approximately vertical. Such a
configuration has A = B = 1, so it has a good initial estimate.

We are assuming by pigeonholing that this quantity is roughly constant over all the w’-squares
@ active in covering X.

By Lemma 3.1,

R.
I(w; PIX9], LX) 2 % (w | P[X Y] |LIXY)).
j
We have M > Ry > --- > R > 1, so for some 0 < j <k —1,
Rjt1 > M-k

J
as needed. O

Remark 10. In Dabrowski-Goering—Orponen’s paper [4], this Lemma provides the initial
estimate. They call the condition A/B 2 1 tightness, whereas we call it direction stability.
In our paper, this Lemma provides the initial estimate in a special case, but in the general
case we need to use a more elaborate variant.

To prove Theorem 2.3 we will carefully choose a rectangle R and analyze the blowup X,
The rectangle R will be pretty large, Width(R) ~ 6. We need to find a rectangle R
satisfying two properties.

e Initial estimate. The blowup XR® is direction stable:

w-covering number of the slopes of lines through a w-square in X®

(3.1) >1

~ Y

w-covering number of the slopes of all lines in X®

so Lemma 3.1 provides a good initial estimate.
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e Inductive step. The blowup X® is high-low regular, meaning for all v € [§/ Width(R), w],

supo ; PIXR|N : LIXRInT 1
(3.2) Err(U;XR) _ ( PqQ svxv’R[ ] Q’SUPT 1sv><1|R[ ] ‘ —3)2 <1,
X [ XH
so we can use the high-low inequality (Theorem 2.4) to show | B(w;; X®)—B(6/ Width(R); X®)| <«

1.

If R satisfies both of these properties, we say it is effective.

The a-Frostman hypothesis means that X itself is high-low regular, but it might not be
direction stable. On the other hand, we can apply Lemma 3.2 to find a square @ such that
XQ is direction stable, but it might not be high-low regular. The tricky part is to find a
rectangle satisfying both conditions at once.

Here is a high-level outline. The space of rectangles we can blowup into is described by two
parameters, the length and the width. We describe this parameter space with B = [0,1/10] x
[0,1/10], see Figure 8. The point (x,y) € B corresponds to Length = §%, Width = §**¥. We

©

0 © o (B)
(B)

@»)

A)
°

FIGURE 8. The space of rectangles is parametrized by (z,y).

carefully design a measure y on B. The measure changes depending on what X looks like, it
is not fixed ahead of time. Then, we show that with respect to this measure, the direction

stable scales have density 1 — o(1) and the high-low regular scales have some fixed density

c(a) > 0, which tends to zero as a — % Thus, there is some scale that is both direction

stable and high-low regular. We zoom into a rectangle with these scales to prove the theorem.

Remark 11. Roth [20] introduced the idea of combining an initial estimate with an inductive
step to locate lots of incidences. Recall that in Lemma 1.6, when we estimate Heilbronn’s

problem using the minimal distance problem, we make a line set by connecting pairs of points

at distance ~ n~1/2. Roth instead made a line set by connecting pairs of points at distance

u, where u € [nfl/ 21] is a parameter. In [2], we interpret Roth’s initial estimate as directly
proving A ~ w1,

square. We recover Komlos—Pintz—Szemeredi’s exponent n

This involves estimating the direction set of pairs of points in a v X u-

—8/7 ysing a classical direction set
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estimate due to Marstrand [15], and we gave a slight improvement using a sharper recent
direction set estimate due to Orponen—Shmerkin-Wang [17].

4. LECTURE 4: UNIFORMITY AND BRANCHING FUNCTIONS

Recall our strategy from the last lecture. We are given an a-Frostman configuration X,
and we want to find a rectangle R such that the rescaled set

XR = pR(XNR), YR is the affine map taking R to [—1,1]3

is both direction stable (3.1) and high-low regular (3.2).

Searching over the space of all rectangles is tricky, because there are a lot of rectangles. To
describe a rectangle we need the length, the width, the center point, and the slope. To make
the problem simpler, we do a lot of pigeonholing so that all rectangles with the same length
and width behave the same under rescaling. Then there is just a 2-parameter space to search
over.

The goal of this lecture is to do a lot of pigeonholing to describe the multiscale structure
of X by a Lipschitz function

f(m7y7z>7 (x7y7 'Z) e [O’ 1]37

called the branching function of X. We can restate the problem of finding an effective rec-
tangle as a problem about Lipschitz functions (c.f. Proposition 4.6).

4.1. Uniformity and branching functions of points. Let us start by looking at a set of
points P C [0, 1]?, rather than point-line pairs.
Recall that |P|,, denotes the minimal number of w-balls needed to cover P. We say P C R?
is (0, C)-uniform if for all w € [4,1] and z € P,
1Pl P
(4.1) |P N B(x,w)| € 6W,Cm .
If P is uniform, then the entire multi-scale structure of P is described by its covering numbers.

For example, if P is (6, Cq)-uniform and |P|,, > C%)w_a, then
|IPNQ| < C1Cy Width(Q)® | P For all cubes @ with Width(Q) € [4, 1].

In other words, P is (6, o, O(C1C2))-Frostman.

Uniform sets have a tree-like structure, see Figure 9. To build a uniform set, start by
choosing a sequence of numbers Ry, Ro, ..., Ry; these will determine the covering numbers of
the final set. Partition [0,1]¢ into a grid Q; of ﬁ—cubes (you can imagine M is a constant,
or M ~ (5*0(1)), and select a subset of @1 with cardinality R;. For each cube @ selected in
the first iteration, split it up into a family Q2(Q) of ﬁ cubes, and select a subset of size Rs.
Continue in this way down to level ¢, and make a point set P by selecting the center of every
remaining cube. We have a described a point set P satisfying

\Pl|=Ry...Ry,  |Plyy-s~Ri...R; forje{0,... 0}
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FIGURE 9. A set with a tree-like structure. Choose M = 3, and split the unit
square into an M x M grid, and choose R; = 3 squares.. Split each of those
into an M x M grid, and choose Ry = 2 subsquares. Split those into a further
M x M grid, and choose R3 = 4 subsquares. Drop a point in each final square.
Importantly, at stage k, each square gets the same numebr of children, but
the children can vary from square to square.

Moreover, if Q € Q;, then
i
[P

Elsewhere in the literature uniformity is defined as sets of the above form, rather than us-
ing (4.1) (there are various technical tradeoffs).

either PNQ =0,or PNQ =Rj41... Ry~

Given a (0, C')-uniform set P, we define the branching function to be a log-log plot of the
covering numbers:

f(z) = —logs | P|s=, x € [0,1].

The definition makes sense whether or not P is uniform, but it is most useful when P is
uniform. For example, if P is (0, 6‘0(1))—uniform, then it is (9, a, 5_0(1))—Frostman if and only
if f(z) > az —o(1).

See Figure 10 for examples of uniform sets and associated branching functions.

The key technical Lemma says that every finite set admits large uniform subsets.

Lemma 4.1. Let P C [0,1]¢ be a finite set, let 6 € (0,1/3] be a parameter, and let C =
O(240085™ )%y < 5=0(1) " There exists a (5, C)-uniform subset P' C P such that |P'| > &Pl

Proof. Let T = £ = [/logy 6~ 1], so that 271" < 4.
For j € {0,...,¢}, let Q; be the grid of dyadic 279T_cubes. When X is a set, we denote
by Q;(X) the cubes intersecting X.
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(€3] (2) (3) 4)
§2

—— (1) single point
= (2) line segment
—— (3) well spaced set
—— (4) concentrated set

[Pl
<1
A

FIGURE 10. Branching functions of various sets. The last 3 sets all have 6!
points, but their covering numbers at intermediate scales are different.

Start with j = £. Since there are 2%T < 245=% total cubes in Qy, by pigeonholing, there is
some number 7y > 0 such that

1
Z |P N QN prqler2r) = 77| Pl
) ~ 1 -1
deo, dlogd
Define P, by restricting to the cubes () above, and removing at most half the remaining points

so that .
’Pg| Z W’PL and for all Q c Qe(PZ), ’PgﬁQ| =Ty.

Repeat this procedure for j = £ — 1 all the way through j = 0. At step j, we produce a
subset P; C Pj41 satisfying

1

1Pl 2 W\Pﬁrﬂa and for all @ € Q;(F)), [P, N Q| =r;.

Set P’ = P,. We have
(4.2) |P'| 2 (dlog6")~"|P| = C™|P|
|P'| > (dlog 6~ 1)~ P|, and for all j € {0,...,¢} and Q € Q;(P}), |P' N Q| = r;.
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Let w € [4, 1] be a scale, and consider a ball of the form B(p,w) for p € P. We can find two
scales w < w < W of the form 2797 and boxes Qu, Qw, such that

Qu C B(p,w) N [0,1]* C Qw

w < 22Tw, w > 22Ty,
Thus
[Pl / P
S|P NB(p,w)| < .
For w; < wy, there is an easy bound |P’|y, < (w1/wa) % P'|y,. Thus
P’ P’
|P' N B(p,w)| € [C’_l | - | ,C | v | ] because C' > 2241
[Pl [P

0

Remark 12. The earliest use of uniform sets and branching functions I know of is Bourgain’s
sum-product paper [1]. They have since been used extensively in fractal geometry, with
an especially influential early application by Keleti—-Shmerkin [10]; see also Shmerkin’s ICM
notes [26, Section 2|. I wonder whether there are earlier uses of branching functions—they
seem like such a natural object to study.

To illustrate why uniformity is useful: while working on our first Heilbronn paper [2], we
initially reasoned directly about the various squares and how sets behaved inside each one—
my notebooks from then are full of drawings of squares and points. Once we learned about
branching functions, we could rephrase the same strategy in terms of Lipschitz functions, and
my notebooks filled up with those instead. Uniformity is even more crucial in our second

paper [3].

4.2. Uniformity and branching functions in phase space. Recall from Section 2.3 that
we consider rectangles in R? of the form

R = (w0,0) + {(z,y + 202) : 2 € [~u,ul,y € [~v,0]} (20,30, 20) € [-1,1]".

We define
Slope(R) = 2o, Slope-Set(R) = [z0 — %, 20 + %]

A phase-space rectangle is a set of the form
(4.3) U=RxX [z —w,z+ w], z € Slope-Set(R), w € [0, v/ul.

We say U has dimensions u x w X v.

Here, u is the length of the rectangle; v is the width; and w is the interval of slopes we
cover. We enforce w < v/u so that the slopes in U are aligned with R

It is unfortunate notation that the interval for the third coordinate, w, appears second in
u X w X v. But it is convenient later.

Let X C [~1,1]3 be a configuration. We define

|X|uxwxy = The minimal covering number of X by u x w x v rectangles.
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For any w € [~1,1]3 and dimensions u x w x v, we can define a rectangle Uysxuwxo(w)
centered at w.

Definition 4.2. We say a configuration X C [~1,1]3 is (6, C)-uniform if for all w € X and
scales u,w,v € [,1], w < v/u,

X X
X . X

|X|’U,><’LU><’U’ ’X|’U,><’LU><U

IX N Uyxwxo(w)| € [C7F

!

Lemma 4.3. For any configuration X and § € (0,1/3], there exists a (5,6 °M)-uniform
subset X' € X with |X'| > §°W|X].

The proof of this Lemma involves associating a hypergraph to X and pruning the edges.
It uses a very general pigeonholing Lemma about hypergraphs. See [3, Lemma 3.6]

Once we pass to uniform sets, pretty much every quantity we care about is pigeonholed.
For example, if X is uniform, then

e The underlying point set P[X] is uniform: Every square contains ~ 0 points or
~ const. points.

e The underlying line set L[X] is uniform: Every tube contains ~ 0 lines or ~ const.
lines.

e The rectangles are uniform. For § < v < wu < 1, every u X v rectangle with slope in
[—1,1] either intersects ~ 0 or ~ const. point-line pairs. Recall that a point-line pair
lies in a rectangle if the point lies in the rectangle and the slope of the line is aligned
with the rectangle.

e The direction set Slope(X) = {z : (2,9, 2) € X} C [~1,1] is uniform as a multiset. If
we look in some w-sector of directions, there are ~ 0 lines pointing in that direction
or ~ const. lines.

e The lines through a point are uniform. For every w € [§,1], and any d-ball, the
number of point-line pairs through the §-ball and pointing in a particular w-sector is
~ 0 or ~ const.

We define a branching function
f(z,y,z) =logs—1 | X|s2xsvxsz, Domain(f) = {(z,y,2) : z,y € [0,1], z € [0, min(1, z+y)]}.

We define a 2-parameter slice

flx,y) = flz,y, 2 +y).

e 6 7@Y) counts the number of 6% x §* ¥ rectangles needed to cover X. In particular,
if X is (8, o, 6=°M)-Frostman, then |X|uxuwxw > 6°M (uw) =%, so f(z,y) > oz +y).

e f(z,0) is the branching function of P[X].

e f(0,y) is the branching function of L[X].

e f(0,t,0) is the branching function of the slope set of L.

We can use the branching function to analyze the initial estimate and inductive step.
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e Let w = ¢’ and apply Lemma 3.1. We get

wX1xXw

B~ |X|ixwx1 = §—1(0.,0)
So,

f(t707t)

I

A
. > > f(ovtvo)+f(t’07t)7f(t7t7t)
Bw; PIX], LX) 2 % 20 .

e We estimate the high-low error (2.10).
X]

sup  |PX] N Q| ~ o — ~ X[ 6740,

Qisw X w |X|w><1><w

X
sup erwTWA/Agigigffv\xqafmik

Tiswx 1 |X|1><w><w

so the high—low error at scale w is

sup |PNQ)| sup |ILNT|

(Qisawstquare T is a w X 1 tube

P L]

w

g\ 12

By applying the high-low method many times across many scales,

1) o I(w) 350+
pe — sup 02V
OIPILI = w|PILL e

,S)—3S)’ w = ot

~ 53 ((t,0)+(0,6)=3t)

25

To run the incidence estimate strategy, choose a triple (¢; o, yo). We will try to zoom into
a %0 x §¥0TY0 rectangle, apply the initial estimate at scale 6°, and then run the high low
method down to scale 6. The branching function of the rescaled set X® has a simple form:

fxr(x,y,2) = f(z,y, z;20,90) == f(z+ 20,y + Yo, 2 + xo + yo) — f(20,Y0, o + Yo)-

We use (®;x0,y0) to denote some quantity after blowing up into a rectangle.

Definition 4.4. Let X be a point-line configuration, let f be the branching function, and

let (¢;xo,y0) a triple.
o We say (t;xo,y0) is p-direction-stable if

(44) f(0> ta 07 Zo, yO) + f(t7 07 ta Zo, yO) - f(ta t? t7 Zo, yO) < pt

o We say (t;x0,y0) is p-high-low-regular if
(45> f(sv 07 X, Z/O) + f(07 S50, yO) —3s Z 2pt

o We say (t;x0,yo) is p-effective if it is both direction stable and high-low regular.

Proposition 4.5. If (t;x0,yo) is p-effective, then

ORI (i)
§|P||L] — gt=mo=wo |P||L|

for s € [t,1 — z¢ — yo.

> 5pt+Io+y0 .

We have reduced the incidence lower bound theorem (Theorem 2.3) to a problem about

branching functions.
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Proposition 4.6. Let o, 8 > 0 satisfy o« + 5 > 3. For any € > 0, the following holds for
some p > 0 and for 0 sufficiently small. Let f(x,y,z) be a branching function of a scale-§
phase-space set, and suppose f(x,y) > ax+Py. Then there exists a p-effective triple (t; zo,yo)
with t, xo,yo € [0, ¢].

Recall that if X is (6, a, 5~°))-Frostman, then f(z,y) > az + ay.
The incidence lower bound theorem follows from combining Proposition 4.5 (two step
incidence strategy) with Proposition 4.6 (location of an effective rectangle).

5. LECTURE 5 (BONUS): SOLVING THE BRANCHING FUNCTION PROBLEM

This lecture was not covered during the minicourse.

The goal of this lecture is to prove Proposition 4.6: If f is a phase space branching function
and f(z,y) > ax + By, with a + 8 > 3, then we can find an effective triple.

5.1. Relevant properties of phase-space branching functions. In [3], we define the
space

L = {Branching functions f of point-line configurations}.

Technically, £ is the space of subsequential limits of phase-space branching functions as the
scale parameter § — 0. Can we describe the space L7

There does not appear to be any simple way to describe £. Lots of deep information about
two-dimensional incidence geometry can be encoded as information about £. For example, the
Furstenberg set theorem of Ren-Wang 18] (following crucial work of Orponen—Shmerkin [16])
can be phrased in terms of branching functions. In some sense, describing the space £ would
amount to “solving” two-dimensional incidence geometry (up to oo erTors).

To prove Proposition 4.6, we only need to use the following simple properties of L.

e For 2/,y/, 2’ > 0 we have
0< fle+a y+y,z+2) — flz,y,2) <o’ +y + 2 +o(1).

In other words, f is monotone and Lipschitz. Monotonicity uses the fact that covering
number increases as the size of the rectangles goes down. Lipschitz uses an easy bound
for the covering number at a smaller scale in terms of the larger scale.

e Let a; = (71,1, 21) and ag = (z2, Y2, 22) lie in the domain of f. It follows that the
coordinate-wise maximum max{aj, as} lies in the domain of f; assume min{a;,as}
lies in the domain as well. Then

f(max{ay, as}) + f(min{a;,a2}) < f(a1) + f(az) + o(1).
This property is called submodularity. It uses geometry of rectangles.

We describe submodularity with two examples.

Example 5.1 (Examples of submodularity).
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e Let P be a family of points and let T be a family of d-tubes in [0, 1]2. In projection
theory, we are interested in estimating |7'N P| for typical T' € T. A common strategy
is to use induction on scales: First estimate the number of w-balls on a w-tube, then
estimate the number of §-balls on a § x w-tubelet,

(5.1)  ##(d-balls on a d-tube) < #(w-balls on a w-tube) 4+ #(d-balls on a § x w-tubelet).

This inequality is an example of submodularity.
We can describe this configuration by the phase-space set

(5.2) X={({p,(T)) : (p,T)e PxTandpeT}, 0,(T) is a line in T through p.

Assume X is pigeonholed, and let w = 6°. The three terms in (5.1) are described by
the covering numbers

X
#(6-balls on a d-tube) = Xloxsxs =4 (f(l’l’l)_f(o’l’l)),
‘X’1><6><6

‘X’wxwxw _5 (f(t,t,t)ff(O,t,t))

#(w-balls on a w-tube) =
|X|1><w><w

)

X
#(0-balls on a d X w-tubelet) = Xloxoxs. =4 (f(l’l’l)_f(t’l_t’l)).
‘X|w><%><6

Eq. (5.1) is expressed by the inequality

By monotonicity f(¢t,1—¢,1) < f(t,1,1), and by submodularity f(0,t,¢)+ f(¢,1,1) <
£(0,1,1) + f(t,¢,¢).

e Given a branching function f, let d(¢) = f(0,¢,0). This is the branching function of
the slope set of L[X].

Let d(t; zg,y0) = f(0,t,0;x0,y0) be the slope set branching function after zooming
into a 0*° x 0¥ rectangle.

Suppose we want to measure the w-covering number of the set of slopes; let w =
wiwe. First measure the wi-covering number of the set of slopes, say this is M;.
Then pick M; many tubes pointing in wi-separated directions. Suppose that the w-
covering number in each of these is M. Then the w-covering number of all the slopes
is Z MlMQ.

Using branching functions, let w = &, w; = 6%, wy = §*2. The above estimate
reads

d(ti +t2) > d(t1) + d(t2; 0, t1).

In terms of f, this inequality expands to
f(0,t1 +t2,0) > f(0,t1,0) + f(0, 1 + t2,t1) — f(0,%1,t1),

which follows from submodularity. See Figure 11.

It it useful to rewrite the direction stable condition (4.4) in terms of the direction numbers

d(ta Zo, yO) = f(oa tv 07 Zo, yO)
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X }78[3
= T 8t

FIGURE 11. There are 2 directions at scale 6*. Each ¢t tube has 2 directions
inside of it. So there are at least 4 directions at scale 6172 (there might be
more).

from Example 5.1. The triple (¢;xo,y0) is p-direction-stable if
(5.3) d(t;wo,y0) — d(t;zo +t,90) < pt.
We also need to consider the dual direction function

dv(tv Zo, yO) = f(ta 07 07 Zo, yO)

which satisfies the same properties as d(¢; z,y) but with the roles of x and y swapped. This
function has a simple meaning: d"(¢;0,0) is the §’-covering number of the set of x-coordinates
of P[X].

Using monotonicity, Lipschitz, and submodularity, we can derive the following about the
direction function d (and similar properties hold for the dual direction function d).

e For t/,2',y > 0, the direction function satisfies

0<dt+tzy) —ditzy) <t +o(l),
0<d(t;z,y) —d(t;z+a',y) < 22"+ o(1),
ld(t;z,y+y') — d(t; 2, y)| < 2y + o(1)

In particular, d is monotone with respect to t and x and Lipschitz with respect to all
three parameters.
e As described in Example 5.1, the direction function satisfies

d(t+ s;2,y) > d(t;x,y) +d(s; 2,y +t) — o(1),
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5.2. Proof of Proposition 4.6. Let B = [0,1/10] x [0,1/10] x [0,1/10]. This domain
describes our candidate triples (¢; xg,yo). Let

FEpg = Direction stable triples in B, Fyir = High-low regular triples in B,
both measured with respect to a TBD tolerance p. The goal is to show FEpg N Eyrr is
nonempty.

The first step of our strategy is to design a special measure p on B, which depends on the
specific branching function f at hand. This measure is unbounded, but we can measure the
density of Epg and Eypr with respect to . We will show

Density,,(Eps) = 1 — o(1), Density,(EuLr) > c(a + 3) > 0.
The density lower bound on Eypr depends on a + 8 (the Frostman parameters in Proposi-
tion 4.6), and it tends to zero as a + [ tends to 3.

We describe an example of a (4, %, (')-set, which will motivate our construction of p.
Example 5.2 (Example of a (d,a, O)-set). Let ¢ : [~1,1]2 — [~1,1] be a smooth function
with |(1, ¢(z,y)) - Ve(z,y)| ~ 1 everywhere. Let

X ={(z,y,0(z.y)) : (z.y) €62°N[-1,1]°}.
The underlying point set is a d-grid, and the line through the point (z,y) has slope ¢(x,y).
We claim

f(z,y) = max{2z +y,x + 2y} + o(1),

so X is a (6, 2,0(1))-set.
The example above motivates a definition. Say (x,y) is an (o, 3)-good scale for the branch-

ing function f if
f@ yey) = fla+a'y+y) — fz,y) > aa’ + By’

In other words, the blowup of X into a §% x §*7Y x §Y rectangle is Frostman. In the example,
3, 3)-good scale for every z € [0,1/2].

Good scales are automatically high-low regular (4.5). They are useful because we can find
other high-low regular triples near good scales. In this example, there is a whole line segment

(z,x) is a (

of good scales through the origin.

We will build i to be supported near there. After zooming in, we may reduce to the special
case where f has a line segment of good scales through the origin, and it is this case that we
now focus on.

Case 1: There is a horizontal line of good scales. Suppose that (z,0) is an («, 5)-
good scale for every = € [0, 1]. In this case we don’t even need to construct p, we just repeat
the argument from Lemma 3.2 to find a direction stable scale of the form (¢;z,0).

Let p < (a+ 3 —3)/50 and t = p/50. Let m = |0.1/t|, and consider the telescoping sum
(d(t;0,0) — d(t;t,0)) 4 - - - + (d(t; (m — 1)t,0) — d(t; mt,0)) = d(t;0,0) — d(t; mt,0).

Each of the m summands on the left is nonnegative, and the right hand side is < ¢. So there
must be some 0 < j < m—1 so that d(¢; j¢,0) —d(t; (j+1)¢,0) < %t < pt. The triple (¢; jt,0)
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is direction stable with parameter p, and it is also high-low regular with parameter p because
of the assumption that (jt,0) is an (a, 8)-good scale. Thus (¢; jt,0) is effective, as desired.

Case 2: There is a diagonal line of good scales. Suppose that (z, ) is an (a, 8)-good
scale for every x € [0,1/2]. In the prior case we searched for an effective triple based at a
good scale, so high-low regularity came for free. The current case is harder because we need
to locate a scale that is both direction stable and high-low regular. In Example 5.2, every
(3,3)-good scale (z,z) is high-low regular but not direction stable (for any t).

We consider candidate triples of the form (¢; 2, x +t), see Figure 12. Recall that (¢;x,z+1)

FIGURE 12. We consider candidate triples near the good line. We try to prove
an initial estimate at a scale matching up with the good line.

is high-low regular with parameter p if
(5.4) %[f(s,O;x,x—i—t) + f(0,s;z,x +t) — 3s] > 2pt forallt <s<1—x—(x+1),
and (t;z,z + t) is direction stable if
(5.5) dt;z,z+t) —d(t;z +t,x +t) < pt.
Define a measure supported on the triples (¢;z, z + t) with density
dp = % dx dt.

This measure integrates to infinity and is concentrated near ¢ = 0. For each € > 0, let
Yt t2e)

w({(w,1) : t> e}

be the normalized restriction of p to {t > e}. We prove that

He = )/’L

e For small enough p, Eyrr has positive density under the measure p. This means that
te(Errr) > ¢ — oz(1) for some constant ¢ > 0.

e For all p, Epg has density one under the measure p. This means that u.(FEpg) >
1 —o0:(1).
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Combining these two facts proves Fyrr and Epg have an intersection point for some choice
of p.

We prove Epr has positive density one x-coordinate at a time. If
(5.6) fO,t;z,2) = szt

was a linear function of ¢ for each x, then every (x,t) € B would be high-low regular. Actually,
this is the motivation for considering triples of the form (¢;x,z + t). We must have s, > 8
because we assumed (z, z) is an («, 5)-good point. We have
f@t,0;2,2+1) + f(0, 62,2+ 1) — 3t = f(t,t;2,2) — 2f(0,t;2,2) + f(0,2t; 2, ) — 3t
> (a+ 8= 3)t.

where the second and third terms cancel because we assumed f(0,t;x,z) is a linear function
in ¢ and we use that (z,z) is an («, 8)-good point to get f(t,t;z,z) > (a+ B)t. For ' >t

we can estimate the high-low error using the hypothesis that (z + ¢,z + t) is a good point,
[f(#, 02,2 +1) + (0,8 2,2+ 8)] = [f(t,0;2,2 + ) + f(0, t 2,2 + 1)) =
= F( =00+ ta+8) + £0,E+ 5w, 2) — £(0,262,3) > (a+ B)(E —t).

This shows that under the simplifying assumption (5.6) any triple of the form (t;z,x + t) is
high-low regular. For general f, we can write

[0t 2, ) = su(t)t
where the slope s, now depends on the point ¢t. Say (z,t) is slope minimal if
se(t+1') > s.(t) — forallt <t < Ht

where 7, H are parameters. The computation above implies that if (z,t¢) is slope minimal
then (z,t) € Eypr for t <t' < (1+n)t and some n > 0. By taking successive minima of the
function s, (t), we can find lots of slope minimal scales, and overall we get a lower bound on
the p-density of Eyrr. The main takeaway is that our choice of candidate scales along with
the hypothesis that (z,x) is a good line lets us find high-low regular triples one z-coordinate
at a time.

We move on to proving Epsg has density one. We show
[+ ) — e+ 4 0) dpe = 0.(2),

The integral on the left hand side is > p p-(Efg), so the estimate implies p.(Efyg) = 0:(1)
and Epg has u-density 1. In order to estimate this integral we have to make use of some
cancellation. To do so we use the crucial direction set inequality

dt + sy, y) = dt; @, y) + d(s; @,y + ).
With this inequality in hand, we can estimate

dt;z,x+t) —d(t;x +t,x +t) <d2t;z,2) —d(t;z,x) —d(t;x + t, o+ t).



32 ALEX COHEN

The right hand side has the advantage that it only involves direction numbers on the good
line. We have

/ tHdQ2t 2, x) — d(t iz, x) — d(t e+t x ) dpe < / 7 (d(2t; @, x) — 2d(t; 2, 2))dpe + 0s(1)
B B

< o:(1).

The first inequality comes from integrating out the z-coordinate, and the second inequality
comes from integrating out the ¢-coordinate and using change of variables.

General good lines. The argument we described in Case 2 works whenever there is a
line of good scales {(x,mz) : 0 < 2 < 1/10} with slope m € (0,1]. In order to deal with
good lines that have slope > 1 we use point-line duality. The dual notion for the slope set
of L[X] is the set of z-coordinates of P[X]. By replacing lines with points and slopes with
z-coordinates, the argument works in the same way.
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