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Abstract

We obtain non-Gaussian limit laws for one-dimensional random walk in a random
environment assuming that the environment is a function of a stationary Markov pro-
cess. This is an extension of the work of Kesten, M. Kozlov and Spitzer [14] for
random walks in i.i.d. environments. The basic assumption is that the underlying
Markov chain is irreducible and either with a finite state space or with the transition
kernel dominated above and below by a probability measure.
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1 Introduction and Statement of Results

Let Q = (0,1)Z and let F be the Borel o—algebra on Q. A random environment is an element
w = {w; }iez of Q distributed according to a stationary and ergodic probability measure P on
(Q,F). The random walk in the environment w is a time-homogeneous Markov chain X =
{ X, }nen on Z governed by the quenched law

w; if j=i+1,

P,(Xo=0)=1 and Pw(XnH:j\Xn:i):{l_w €7 i1

Let (ZN, g) be the canonical space for the paths of {X,}, i.e. G is the cylinder o—algebra.
The random walk in random environment (RWRE) associated with P is the process (X, w)
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on the measurable space (Q x N, F ® g) having the annealed probability law P = P ® P,
defined by

P(F x G) = / P,(G)P(dw), FeF, Geg.

F

Since the process learns about the environment as time passes according to the Bayes rule,
{X,} is in general not a Markov chain under the annealed measure P. The model goes back to
[16, 20] and, in physics, to [8, 24]. In this introduction we briefly discuss some basic results
on the one-dimensional RWRE. We refer the reader to [22, 25] for recent comprehensive
surveys of the field.

Recurrence criteria and possible speed regimes for the one-dimensional RWRE were es-
tablished by Solomon [20] in the case where {w,} is an i.i.d. sequence and carried over to
the general ergodic environments by Alili [1]. Let

1—w,
Pn = )
Wn

“+o0o
Rw) = 14> pop-1-pon, (1.1)

n=0

Ty =0, and for n € N,

T,=min{k : Xy >n} and 7,=T,—T, 1. (1.2)

X, is a.s. transient to the right (to the left) if Ep(logpg) < 0 (> 0) and is a.s. recurrent if
Ep(logpo) = 0. If Ep(logpo) < 0 then (see [25, Sect 2.1]) lim,, o P(X,, = +00) =1, T}, are
a.s. finite, {7,} is a stationary and ergodic sequence, and we have the following law of large
numbers:

n 1 1

X
VP n—lgloo n n—l)Ifoo T, E(n) 2Ep(R)-1’

P —as. (1.3)

Thus, the transient walk X, has a deterministic speed vp = lim, o X,/n which may be
Zero.

Solomon’s law of large numbers for the transient walks in i.i.d. environment was com-
pleted by limit laws in the work of Kesten, M. Kozlov, and Spitzer [14]. The limit laws for
the RWRE X, are deduced in [14] from stable limit laws for the hitting times T}, and the
index k of the stable distribution is determined by the condition

Ep(pf) = 1.

In particular, under certain conditions the central limit theorem holds with the standard
normalization /n, and this case was extended to stationary and ergodic environments by
Alili [1], Molchanov [17] and Zeitouni [25, Sect 2.2], see also Bremont [7].

In this paper we obtain limit laws for X, for environments which are point-wise transfor-
mations of a stationary ergodic Markov process which satisfies Assumption 1.5 below. These



laws are related to stable laws of index x € (0, 2], where, under the assumptions below,  is
determined by

A(k) =0, where A(B) := lim = log Ep (Hinz_olp?> : (1.4)

n—o00 7,

More precisely:

Basic setup: On a state space S equipped with a countably generated o—field 7T, let
{Zn}nez be a stationary Markov chain, such that w_, = w(z,) (and hence p_, = p(z,))
for measurable functions p,w : S — R. We denote by H(x, A) the transition probability
measure of (x,), by 7 its stationary probability measure, and use the notation H(zx,y) to
denote H(z,{y}) for a single state y € S. With P, denoting the law of the Markov chain
with z¢y = x, the reader should not confuse P, and P,,.

Assumption 1.5.
(A1) Fither
S is a finite set and the Markov chain (z,) is irreducible, (1.6)

or, there ezist a constant ¢, > 1 and a probability measure ¥ on (S,7T) such that for some
m € N,

lp(A) < H™ (2, A) < ep(A) Vo e S,AeT, (1.7)

where the kernel H"(x, A) is defined inductively by H°(z, A) = 14(x) for allz € S, A€ T
and H"(z, A) = [( H" ' (x,dy)H(y, A), n > 1.

(A2) Ple <wg<1—¢€)=1 for somee € (0,1/2).
(A8) P(py > 1) > 0 and limsup,,_, % log Ep (H?;OI pf) < 0 for some 8 > 0.

(A4) The stationary law of log py is non-arithmetic, that is its support is not contained in
any proper sub-lattice of R.

Note that condition (A1) refers to the underlying Markov chain (z,), whereas conditions
(A2)-(A4) refer to w itself. Note that assumption (1.6) is not implied by assumption (1.7)
since the Markov chain (x,) may be periodic. Under Assumption (A1), the environment w
is an ergodic sequence (see e.g. [9, p. 338] and [18, Theorem 6.15]). It follows from (A3)
by Jensen’s inequality that Ep(logpg) < 0, so that X, is transient to the right. For future
reference we denote

1—ce¢
Cp = € ’ (18)
and note that by the ellipticity condition (A2), P(c,' < po < ¢,) = 1.

For k € (0,2] and b > 0 we denote by L, ; the stable law of index x with the characteristic

function

l0g Lualt) = ~bie* (1412100 (19)

where f.(t) = —tan %/{ if Kk #1, fi(t) = 2/mlogt. With a slight abuse of notation we use
the same symbol for the distribution function of this law. If K < 1, £, 5 is supported on the
positive reals, and if k € (1, 2], it has zero mean [19, Chapter 1]. Our main result is:
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Theorem 1.10. Let Assumption 1.5 hold. Then there is a unique k > 0 such that (1.4) and
the following hold for some b > 0 :

(i) If k € (0,1), then lim,, ,o P (n™"X, <3) =1— Ls(37%),

(it) If k = 1, then lim,_o P(n~'(logn)*(X, — 6(n)) < 3) =1 — L1(—3), for suitable A; >0
and 6(n) ~ (A;logn) !n,

(iii) If k € (1,2), then limy 0o P (n7Y% (X,, — nvp) < 3) =1 — Lyp(—3)

(iv) If & =2, then lim,_,oc P ((nlogn) Y2(X, — nvp) < 3) = La2,(3)-

In the setup of Theorem 1.10 it is not hard to check, and follows e.g. from [25], that the
standard CLT holds if k > 2.

As in [14], stable laws for X,, follow from stable laws for the hitting times 7},, and we
direct our efforts to obtaining limit laws for the latter. We have:

Proposition 1.11. Let Assumption 1.5 hold. Then there is a unique k > 0 such that (1.4)
and the following hold for some b > 0 :
(i) If & € (0,1), then limy oo P (75T, < 1) = L, 5(t),

(i) If & = 1, then lim, oo P(n~ (T, — nD(n)) < t) = Ly5(t), for suitable c¢ > 0 and
D(n) ~ ¢ logn,

(it) If k € (1,2), then limy_,oo P (n™V/" (T, — nvy') < t) = L, ;(2).

2

The proof that Theorem 1.10 follows from Proposition 1.11 is the same as in the i.i.d.
case, and is based on the observation that for any positive integers n,(,n

{Te 2 n} € {Xa ¢}  {Tewy 2} nf Xe— (C+m) < —n}. (112)

Because the random variables inkaTC oy Xk — (¢ +n) and infy>¢ X}, have the same annealed
distribution, the probability of the last event in (1.12) can be made arbitrary small uniformly
in n and ¢ by fixing n large (since the RWRE X, is transient to the right). For k = 1, the
rest of the argument is detailed in [14, pp. 167-168], where no use of the i.i.d. assumption
for w is made at that stage, and a similar argument works for all x € (0,2]. All of our work
in the sequel is directed toward the proof of Proposition 1.11.

Following [14], the analysis of 7, is best understood in terms of certain regeneration
times v,, with excursion counts between regenerations forming a branching process Z,, with
immigration in a random environment (see Section 2.2 for precise definitions). In the i.i.d.
setup, the total population of the branching process between regenerations, denoted W,,,
forms an i.i.d. sequence, and much of the work in [14] is to establish accurate enough tail
estimates on them to allow for the application of the i.i.d. stable limit law for partial sums
of W,,. The limit laws for 7T,, then easily follow from those for W,,.

In our case, the sequence W,, a-priori is not even stationary. However, using the re-
generation property of the underlying Markov chain (z,) (see Section 2.1), we introduce
in Section 2.2 modified regeneration times 7, (a random subsequence of v,,) such that the

total population of the branching process between times v,, and v,,1, denoted by W, 1, is a
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one-dependent stationary sequence. This sequence is i.i.d. if either (1.7) with m = 1 or (1.6)
hold. Again following the proof in [14], we obtain tails estimates for the random variables
W n41 yielding the stable limit laws for 7, stated in Proposition 1.11. Similarly to the i.i.d.
case, the key to the proof is the derivation of tails estimates obtained in Section 2.3 for the
random variable R defined in (1.1).

We conclude the introduction with a characterization of the speed vp under Assumption
1.5, which will not be used in the sequel. Recall that p, = p(z,) for a measurable function
p:S = R Ifk <1, then vp = 0, and if £ > 1, then vyp' = Ep(p(z0)&(20)), where the
function £ : & — (0, 00) is the unique positive and bounded solution of the equation

£(z) = / H(z, dy)p(u)E(y) + 1+ 1/p(x). (1.13)

This formula is essentially due to Takacs [23], who considered finite-state Markov environ-
ments. The proof in the general case is included at the end of Section 2.1.

The rest of the paper is organized as follows. Section 2, divided into three subsections,
contains the proof of Theorem 1.10, except for the proofs of two propositions which are
deferred to the Appendix. In Subsection 2.1 some basic properties of Markov chains that
satisfy Assumption 1.5 are described. In particular, Condition B is introduced and shown to
hold under Assumption 1.5. In Subsection 2.2, Condition C, is introduced and Proposition
1.11 is derived from it and Condition B, making use of the above mentioned branching
process and a regeneration structure it possesses. Finally, Subsection 2.3 is devoted to the
proof that Condition C, holds under Assumption 1.5.

2 Proofs

2.1 Some properties of the underlying Markov chain

We summarize here, using the framework of the Athreya-Ney and Nummelin theory of pos-
itive recurrent kernels (cf. [5, 6, 18]), some properties of the Markov chain (z,) that follow
from Assumption 1.5. The main objectives here are to introduce the regeneration times Vi
and to obtain the Perron-Frobenius type Lemmas 2.6 and 2.9. One immediate consequence
of these lemmas is that Condition B introduced subsequently is satisfied under Assumption
1.5.

First, we define a sequence of regeneration times for the Markov chain (z,,). If (1.6) holds,
let z* € S be any (recurrent) state of the Markov chain (x,) and pick any r € (0,1). Let
(Yn)nez be a sequence of i.i.d. variables independent of (z,) (in an enlarged probability space
if needed) such that P(yo =1) =r and P(yo =0) =1 —r, and let

No=0, Npy=min{k >N, :2z, =2", y, =1}, n>0.

Then, the blocks (3:
tributed for n > 1. Note that between two successive regeneration times, the chain evolves
according to the sub-stochastic Markov kernel © defined by

T 1) are independent, and z, are identically dis-

N, VN, 419 VYN, -

H(z,y) = O(z,y) + rly=— H(7,y), (2.1)
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that is
Py(z1 =y, N1 > 1) = O(z, y). (2.2)

If (1.7) holds, then the random variables Ny can be defined by the following procedure (see
[5, 18] and [3]). Given an initial state z, generate z,, as follows: with probability r < ¢, !
distribute z,,, over S according to ¢ and with probability 1—r according to 1/(1—7)-O(z, -),
where the kernel ©(z,-) is defined by

H"(z,A) =0(z,A) +rY(A), z€S,AeT. (2.3)
Then, (unless m = 1) sample the segment (:Ul, Zo,. .. ,xm_l) according to the chain’s con-
ditional distribution, given zy and z,,. Generate x9,, and %, 1, Tmyio,--., Loy, 1 iN a sim-

ilar way, and so on. Since the “r-coin” is tossed each time independently, the event “the
next move of the chain (zm,)n>0 is according to ¥” occurs i.0. Let Ny = 0 and {Ng}r>1
be the successful times of its occurrence multiplied by m. By construction, the blocks
(R ’anH—l) are one-dependent (if m = 1 they are actually independent), and
for n > 1 they are identically distributed (z, is distributed according to ).

Let us summarize the most important prgperty of the regeneration times V,, as follows.
For n > 0, let

D, = (z (2.4)

Ty T ).
Then:
e The random blocks D,, are identically distributed for n > 1.
e If (1.6) or (1.7) with m = 1 hold, D,, are independent for n > 0.
e If (1.7) holds with m > 1, D,, are one-dependent for n > 0.

In both cases under consideration (either of (1.6) or of (1.7)), there exist constants I, > 0,
such that (cf. [5])

inf P,(N; <1) >6>0. (2.5)
TES
The regeneration times NV, will be used in Section 2.2 for the construction of an auxiliary
sequence W, of stationary and one-dependent random variables playing a central role in
the proof of Proposition 1.11. Throughout the paper we keep the notation ©(z, dy) for the
kernel introduced in (2.1) or (2.3).
We now turn to a Perron-Frobenius type theorem for positive finite kernels, having in

mind applications to the kernels of the form K (z, A) = E, (H?:o o’ ;3 Tn € A) . In the follow-

ing two lemmas, we consider separately the cases of non-finite (assumption (1.7)) and finite
(assumption (1.6)) state space S. In particular, the properties of positive kernels described
in these lemmas imply Condition B introduced below and are essential for the proof of the
crucial Proposition 2.38.



Let By be the Banach space of bounded measurable real-valued functions on (S, T) with
the norm || f|| = sup,cs |f(x)|- A positive and finite kernel K (z, A) (a measurable function
of z for all A € T and a finite positive measure on 7 for all z € §) defines a bounded linear
operator on By by setting K f(z) = [, K(z,dy)f(y). We denote by 7, the spectral radius of
the operator corresponding to the kernel K, that is

rg = lim \n/ ”Kn]_” = lim \n/ ||Kn||Bb—>Bba
n—00 n—00

where 1(z) = 1.
Although the results stated in the following lemma are certainly well-known and appear
elsewhere, their proofs are provided for the sake of completeness.

Lemma 2.6. Let K(z, A) be a positive kernel on (S,T) such that for some constant ¢ > 1
and probability measure ),

cIp(A) < K(z, A) < cp(A), VzeS, AeT. (2.7)

Further, let a function q(z) € By and a positive finite kernel ©(z, A) be such that

K(z,A) =0(z,A) +q(z)Y(4), z€S,AeT, (2.8)

and 0 < q(z) < d < 1/c for some constant d € (0,1/c) and -almost all x € S. Then,

(a) There exists a function f € By such that inf, f(x) > 0 and Kf = rif. There exists a
constant cxg > 1 such that c,}lr?( < K"l < ckri foralln € N

(b) There ezists a function g € B, such that inf, g(z) > 0 and Og = r59-
(c) 75 € (0,7y).

= or a positive finite kernel Kq(x, and some m € N, thenr, =r an
(d) If K = K™ f, itive finite kernel Ky(z, A) and N, then r,, =rl™ and
there exists a function fi € By such that inf, fi(x) > 0 and K1 f; = r}(/lmfl.
Proof.

(a) The existence of a function f : & — (0,00) and a constant A > 0 such that Kf = \f
follows from the Example in [18, p. 96]. It follows from (2.7) that f(x) is bounded away

from zero and infinity, ie. ¢ ' < f(z) < ¢, for some ¢, > 0. Hence, for any n > 0,
Krl<c,K'f=cAN"f< ci)\". Similarly, K1 > 01;2)\”. That is A =r,.

(b) The proof for the kernel O is the same as for K, by using the following counterpart of
(2.7): (1/c = d)ip(A) < O(z, A) < cyp(A).

(c) Clearly r §~TK. Since rg f > éf, the equality r, = r, would imply [18, Theorem 5.1]
that f = g and ©f = rg f = K[, that is impossible since f > 0 everywhere. Hence r, <r,.

(d) Set fi =373 (1/ri)/mKIf. 0

The finite-state counterpart of the previous lemma is stated as follows:



Lemma 2.9. Let S = {1,2,...,n} and K(i,j) be an irreducible n x n matriz with nonneg-
ative entries. For some constants r € (0,1) and j* € {1,...,n} define the matriz ©(i, j)
by

K(i,7) = O(i,J) + 1=y K (0, 7),  1<4,j<n. (2.10)
Then, and (a)(c) of Lemma (2.6) hold for the matrices K and ©.

Proof. Since © and K have the same adjacency matrices (K (3, ) = 0 iff (4, j) = 0), © is
irreducible as well. Assertions of (a) and (b) follow then from the Perron-Frobenius theorem,
and (c) follows again from Theorem 5.1 in [18]. O

Since for any 5 > 0,
I, #) = p(z)’HI
Ew( k=0 (P—k) ) = p(x)"Hg 1, (2.11)

where Hg(x,dy) = H(z,dy)p(y)?, it follows from Lemmas 2.6 and 2.9 that for some constant
¢ > 1 which depends on 3 only,

-1
Cg 75 < Ba (H::o (/Lk)ﬂ) <cprp, €S, nEN, (2.12)

where 75 = rpg,. Therefore, the following Condition B is satisfied under Assumption 1.5.
With future applications in mind, we make the formulation suitable for non-Markovian
ergodic environments. Let

Fo=o0(wp:n>0) (2.13)
be the o—algebra generated by the “past” of the sequence {w_,}.
Condition B. {w_,} is a stationary and ergodic sequence such that
(B1) Ellipticity condition: P(e < wy <1 —¢€) =1 for some e € (0,1/2).
(B2) For any B > 0,
1 n—
lim —log Ep (Hk:é o |.70> = A(p), a.s., (2.14)

n—oc 1N

with uniform (in w) rate of convergence, with A(B) as in (1.4). Further, there ezists a unique
k> 0 such that A(k) =0, and A(B)(B — k) > 0 for all B > 0.

The last statement follows since A(B) is a convex function of 3 in [0, 00), taking both
negative and positive values by Assumption (A3), with A(0) = 0.

We conclude this subsection with the proof of (1.13). It follows from (1.3), (1.1) and (2.12)
that vp = 0 for k < 1. Assume that x > 1 and consider the following decomposition for the
hitting time 77 defined in (1.2)):

T = 1{X1:1} + 1{X1:—1}(1 + 7'6/ + T{),
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where 1+ 7y is the first hitting time of 0 after time 1, and 1+ 7y + 71 is the first hitting time
of 1 after time 1 + 73'. Taking expectations in both sides of the equation (first for a fixed
environment and then integrating over the set of environments) gives

E(ri[2o = 2) = 1+ p(z) (1 + E() |20 = @)

Since (7 |z = #) = E(7i |z, = x) = [¢E(r1|xo = y)H(x,dy), we obtain that the function
£(z) == E(ri |z = z)/p(z) solves equation (1.13). Let Hy : f(z) — [¢ H(z,dy)p(y)f(y) be
the linear operator acting on the space of bounded and measurable functions on (S, 7).
It follows from identity (2.12) and Condition B, that its spectral radius is strictly less
than one, and a simple truncation argument (by (1.13), &y < Hiéy + 1 4+ 1/p, where
Env(2) = E(min{r, M}|z; = z) /p(x) for a constant M > 0) shows that £(z) is a bounded
function of z, yielding that E(r;) = Ep(p(z9)€(z¢)). This implies (1.13) by (1.3) (Lemmas
2.1.11 and 2.1.17 in [25]).

2.2 The branching model and its regeneration structure

We consider here a branching process {Z,} in random environment with immigration closely
related to the RWRE (see e.g., [1, 14, 25]). The random variables T}, are associated by (2.15)
to the partial sums of the branching process Z,. This leads us naturally to the variables W,
defined in (2.22), which are random partial sums of Z,,. The aim in introducing the branching
process is to transform the limit problem of 7;, into a limit problem for the partial sums of
the sequence W, which turns out to be a stationary and one-dependent sequence in a stable

domain of attraction.
Let

U=#{k<T,: Xy =1, Xppn=1—-1}, i,n€Z,

the number of moves to the left from site ¢ up to time 7;,. Then

n
T,=n+2 Y U (2.15)
i=—00
When U} =0,U7_4,...,Ur_;; and Wy, wp_1...,wy—; are given, U_, is the sum of U ; , +1

i.i.d. geometric random variables that take the value k with probability w,_;(1 — wn_;)¥,
k=0,1,... Assuming that the RWRE is transient to the right we have:

Z Ul < total time spent by {X;} in (—o0;0] < oo a.s. (2.16)
i<0

Therefore, in order to prove the limit laws for 7;, it is sufficient to prove the corresponding
result for the sums ) U". These sums have the same distribution as

n—1
Yz, (2.17)
k=0

where Zy = 0, Z1, Zs, ... forms a branching process in random environment with one immi-
grant at each unit of time.



Without loss of generality, we shall extend the underlying sample space (Q X ZN) to
(2 x T), where T is large enough to fit not only the random walk but also the branching
process, and assume that P, (and hence P) is suitably extended.

Thus, when w and Zj, ..., Z, are given, Z,, . is the sum of Z,, + 1 independent variables
Voo, Vo, -+, Vo z, each having the geometric distribution
P{Voj=k}=w ,(1-w,)* k=0,1,2,... (2.18)

Extending (2.13), let for n € N,
fn =0 (Z(), Zl, ZQ, R Zn—la Zn) Vo (LL)j : j > —n) s (219)

that is, the o-algebra generated by the branching process {Z;}? , and the environment
{wi}2 _,.1 before time n.
As in [14], the random variables

=0, v,=min{k>vy,—1:7,=0}

are the successive stopping times at which the population becomes extinct, and the variables

vn—1

Wn: Z Zlc

k=vn—1

measure the total number of individuals born between two such extinction times.

Recall the definition of the o—algebra Fy given in (2.13). The proof of the following
proposition, which is a modification of Lemma 2 in [14] adapted to non-i.i.d. environments,
is included in Appendix A.

Proposition 2.20. Assume that Condition B holds. Then, there exist C, Cy > 0 such that
P — a.s., P(v; > n|Fy) < Cre= ", for any n > 0.

The following corollary is immediate since C', Cy above are deterministic.

Corollary 2.21. Assume that Condition B holds. Then, there exist C;, Cy > 0 such that
P—as., P(vj1 —v; >nlF,) < Cie=" for any j > 0 and n > 0.

Let {Ng}72, be the sequence of successive regeneration times for the chain (z,) defined
in Section 2.1, let vy = 0, and for n > 0 define the stopping times:

Upy1 = inf{k > 7, : k = v; = N, for some 4, j > 0},

Upy1—1

Wosi= Y Zg (2.22)

k=0p,

By construction of the random times N,,, the segments of the environment between 7,, and
Upy1— 1 are one-dependent (see (2.4) and the subsequent summary), and hence the variables
{W,}n>1 form a one-dependent sequence, which is even independent if either (1.6) or (1.7)
with m =1 hold.

10



Lemma 2.23. Let Assumption 1.5 hold. Then,

(a) The distribution of vy, conditioned on the “past” has exponential tails: there exist Kj,
Ky > 0 such that P — a.s.,

P(iy > n|F,) < Kie ®" ¥n >0, (2.24)
and, more generally,
P(7j41 — 05 > n|Fp,) < Kie ™" (2.25)
for any 5 > 0.
(b) The law of large numbers holds for v, : P (hmn—)oo %" = u) =1, where p = E(py—14) > 0.

(¢c) The central limit theorem holds for v, : there exists a constant b > 0 such that the law of
(Un, — np)/v/n converges to Lop.

Proof.
(a) Clearly, it is sufficient to prove (2.24), since the constant K; and K, are deterministic.
Let Fy = {Z; = 0}, and for 2 < j <[, where [ is defined in (2.5),
Fi={Zi=Zy=...=7; 1=1,7; =0},

and

Sj={re€8:P,(N,=j)>d/l}.
Then U;’:l S; = 8§, and we have for z € §; :

IF’(V1 =N <llzgg=2z) > IP’(Fj N{N; = j}zo = x) =

= PN = B(Blwo =2, Ny = j) > 1B(Blay = 2, Ny = ).
Using the ellipticity condition (A2), we obtain that P — a.s., P,(F;) = wg > ¢, and for
2<5 <,

=
P,(Fj) = wo(l — wo) [ (20 (1 —w_p))w?; 1y > 2729 11— ) 1 > (1 —¢) .
k=1
implying that P(v; = Ny < l|lzg = z) > 6/1-€%(1 — €)'} > 0 for P—almost every z € S.
Thus, in view of Corollary 2.21, vy is stochastically dominated by a sum of a geometric
random number of i.i.d. variables with exponential tails, yielding (2.24). We note in passing

that, in view of the uniform bounds in the proof above, the same argument yields uniform
exponential tails for the distribution of 7, — 7; conditioned on o{w;, j > —7;}.

(b) Follows from (2.24) and the ergodic theorem, since 7,1 — 7, n > 1, are one-dependent
identically distributed variables.

(c¢) Follows e.g. from the CLT for stationary and uniformly mixing sequences [9, p. 427]. O
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Recall the function R(w) defined in (1.1). We shall prove in Subsection 2.3 that under
Assumption 1.5 the following condition holds for some x > 0.

Condition C,. There exists a strictly positive random variable function K(w) such that for
some positive constants Kz, K4,t. the following hold P — a.s. :

t"P(R>t|Fo) > K3z Vt>t. and t"P(R>t|Fy) < Ky Vt>0, (2.26)
tlim t*P (R > t|Fy) = K(w). (2.27)
— 00

It follows from (2.26) and (1.3) that the case k < 1 corresponds to zero speed, and the case
k > 1 to a positive speed. Note that if Condition C;z and Condition B hold simultaneously,
then k = k.

For n > 1 let

The next proposition is an analogue of [14, Lemma 6] for non-i.i.d environments and is
applicable for non-Markov environments too. Once Conditions B and C, are assumed, the
proof of the tail estimates for W; in the i.i.d case [14] will work for the partial sums of the
variables WW,, as well, and yield (2.30) and the uniform estimate (2.29). The verification of
this claim is not difficult but not short, so we defer it to Appendix B.

Proposition 2.28. Assume Conditions B and C;. Then, for anyn > 1 there exist constants
tny L, Jn > 0 and a strictly positive random variable K,(w) such that the following hold
P—a.s.:

J, < t°P (Wn > t\?—“o)  Vt>t, and t°P (Wn > t\fo) <L, V>0, (229
and
lim t*P (Wn > t|}“0) = Kn(w). (2.30)
t—o0
Remark 2.31.

(i) The proof in [14] works nearly verbatim with Conditions B and C, compensating for the
lack of independence of w. Nevertheless, since the proof is rather long and technical, its
detailed modification is included in Appendiz B.

(i) The proposition remains valid with the random variables Wn replaced by the variables

W, = Z?Zl W,. The proof is essentially the same, the only (obvious) difference being that
Proposition 2.20 can be applied directly instead of (2.24).

(117) Just as with Corollary 2.21 and Lemma 2.23 (i), Proposition 2.28 implies the corre-
sponding uniform estimates for the tails P (Wm+n — Wm > t|.7-',7m) as well, for every m > 1.
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By the bounded convergence theorem, (2.29) and (2.30) yield

lim t*P(W,, > t) = Ep(K,) € (0,00). (2.32)

t—00

Note that if either (1.6) or (1.7) holds with m = 1, the random variables W, are independent,
and the limit laws for their partial sums follow from the standard i.i.d. limit laws [10, 19].
More generally, we have:

Proposition 2.33. Let Assumption 1.5 hold.

(a) Assume that k # 1. Let B, =n'/* if k € (0,2), B, = (nlogn)'? if k =2, and A, = 0 if
k € (0,1), A, = nE(W3,) if k € (1,2]. Then, (Wn - An> /By, converges in distribution to a
stable law of the form (1.9).

(b) Assume that k = 1. Then, there ezist a sequence D(n) ~ logn and a positive constant &
such that the law of% (Wn - Eonf)(n)) converges to a stable law of the form (1.9).

Proof. The random variables W, are identically distributed and one-dependent for n > 2
(see the summary after (2.4), and note that we start from n = 2 because the slightly different
law of W1). Clearly, it is sufficient to show that the appropriately normalized and centered
sums S, = >, W converge to a stable law of the form (1.9). For x < 2, apply [15,
Corollary 5.7], noting that the uniform estimates of Proposition 2.28 imply that

Ve>0, Vj>3,>2 nP(W,>en'/*W; >en'*) —,,50,

which is the tail condition needed to apply Corollary 5.7 of Kobus [15].

In the case k = 2, we note first that W, and W5 4+ W3 both belong by Proposition 2.28
to the domain of attraction of a normal distribution. We seek to apply the limit theorem in
[21, p. 328], for which we need to check that Sy = Wy and S3 = W, + W3 have different
parameters b; = lim,,_,, t*P(S; > t),i = 2, 3. But,

by = lim P (Wo+ Wi >t) > lim P (Wy <t, W3 >1t)+ lim P (W; < t, Wy >t)
= lim t*P (Wg > t|W2 < t) P (Wz < t) + lim ¢t*P (Wz > t) P (Wg < t|W2 > t)
t—00 t—00
> Jy+by > by, (2.34)

where J; is the constant appearing in (2.29), and we used the uniform exponential estimates
of Proposition 2.28 and the fact that P (Wg < t\Wz > t) —4s00 1 Which is also implied by
these estimates, as can be seen by conditioning on the environment to the right of —,.
Here and in the remainder of the proof, any reference to Proposition 2.28 actually includes
Remark 2.31 (4ii). We have

tll)Ig)P (W?, < t|W2 > t) = t]l)I&E (IP (Wg < t|sz) |W2 > t) . (235)

By Proposition 2.28,

P(W; <t|Fp) >1—Lit™", P-—as,

13



implying that the limit in (2.35) exists and is equal to 1. Therefore, by (2.34) and since we
know a-priori from (2.30) that by = limy_,o t*"P(Wo + W3 > t) is well-defined, the following
limit exists and can be bounded below by using (2.29):
lim t"P (W3 > t|{W, < t) = lim t"E (P (W3 > t|Fp,) [Wa < t) > Ji.
t—00

n—o0

This completes the proof of the proposition. O

Completion of the proof of Proposition 1.11. The limit laws for 7,, announced in
Proposition 1.11 are obtained from stable laws for partial sums of W, in the same way as
in [14], by a standard argument using Lemma 2.23. To illustrate the argument we consider
here the case £ = 2, omitting the proof for x € (0,2). Let ((n) = max{i : 7; < n} and
¢(n) = [n/u — Cy/n] for a constant C' > 0. Using part (c) of Lemma 2.23, we obtain, with
Hn= ]E(772 - 771)’

liminfP (¢(n) > n/pu—Cy/n) > lim P (7w < n)

n—oo n—oo

= limP (Vg(”) —mp n= g(n)“) =Lz, (Cu™?).

n—00 O'\/§(7n) - O—m

Hence, for all € > 0 and some C' = C(g) > 0 and all n > Ny(¢), P(((n) < n/u—Cy/n) <e.
It follows, letting a = E(W,), that for any n large enough,

n ¢(n)
> iz Zi —na/p _
P( Jnlogn -~ ¢)=F ;Wéxmm(l/u

[n/u—Cv/n)]

<P Z W; < zy/nlogn +na/p +e = Lyj (/1) + &,
i=1

where L, ; is the limiting law for sums of W ,,. Similarly,

S Zi —na/p RCa
i=1 Zi
IP’( oz n < x) >P ,?Zl Wi < zy/nlogn+na/p

>P Z Wi < zv/nlogn+an/u —e— Lyg(zy/n) —e.

k<n/p+Cv/n

Since € was arbitrary, Proposition 1.11 now follows from the limit laws for partial sums of
Zn, by (2.15)-(2.17). Since the law defined by (1.9) has expectation zero, vp = a/pu = E(7),
where 17 is defined by (1.2). O
As shown in the Introduction this completes the proof of Theorem 1.10.
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2.3 Tails of distribution of the random variable R

The aim of this subsection is to prove that Condition C, holds for some x > 0. Proposition
2.38 below extends the following theorem, valid in the i.i.d. setup, to some Markov-dependent
variables.

Theorem 2.36 (Kesten). [12, Theorem 5] Let (Qn, M,), n € N, be independent copies of
a R%-valued random vector (Q, M), satisfying the following conditions:

(i) P(M >0)=1 and P(Q > 0) = 1.

(it) For some k >0, E(M*) =1, E (M*log" M) < oo, and E(Q*) < cc.
(11i) The law of log M is non-arithmetic and P(Q = (1 — M)c) < 1, Ve € R.
Then there ezists a constant K > 0 such that

lim t*P(R>t) = K, (2.37)

t—o0

where R = Q]_ + M]_(Q2 + MQ(Qg .. ))
We have:

Proposition 2.38. Let Assumption 1.5 hold. Then Condition Cy is satisfied for the k > 0
defined by (1.4). Further, if (1.7) holds, then there exists

~

K = lim t*Py(R > t) € (0, 00). (2.39)

t—o00

Proof. If either (1.6) or (1.7) with m = 1 hold, this proposition can be deduced rather
directly from Kesten’s theorem. It will be convenient to give a separate proof for the case
where the state space S is finite, i.e. under assumption (1.6).

Assume first that (1.6) holds. Then, it is sufficient to show that
K, = 1tlim t"Py(R > t) € (0,00)
—00

exists for all z € §. For n > 0, let

]\]71,4—1_2 % Nn+1_1
Qn =1+ l{Nn+1ZNn+2} Z H P—j and Mn = H P—i- (240)
1=Npn j=Nn i=Nnp,

Then, (M,,Qn)n>1 is an ii.d. sequence, and R = Qo + Mo(Q1 + Mi(Q2 + ...)). First, we
will show that Kesten’s theorem is applicable to this sequence, that is the following limit

K= lim t*Py(R > t) € (0, 00) (2.41)
— 00
exists, where
R= Q1+ Mi(Q2+ Ma(Q3...)) ,R= Qo+ Moﬁ. (2.42)
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Let f. be a strictly positive Perron-Frobenius eigenvector of the matrix Hy(z,y) :=
H(z,y)p(y)". By virtue of (2.11) and Condition B, it corresponds to the eigenvalue 1. Recall
now the definitions of the state z* and the matrix © from (2.1). By Lemma 2.9, the Perron-
Frobenius eigenvalue (the spectral radius) of the matrix ©,(z,y) = O(z,y)p(y)" is strictly
less than one. So, the vector f, normalized by the condition fi(z*)p"(z*) = 1 is the unique
positive vector in RSl solving the equation (I — ©,)f = s, where s(z) := H(z,z*). Hence
(this is a very particular case of the results of [6] and [18, Theorem 5.1] )

N1—1

fl@) = ple) "E ( 1 p'ii) = Y- O%sa), (2.43)

and
Np—1
E,- (H p'ii) = Ep(MF) =1. (2.44)
=0

The second equality in (2.43) follows since the chain (z;) evolves according to the kernel ©
until V; (see (2.2)), while (2.44) follows from the normalization condition fi(z*)p*(z*) = 1.

The distribution of log M; is non-arithmetic and P(Ql =(1- Ml)c) < 1 for any ¢ € R,
by the assumption (A4). In order to prove (2.41), it remains to show that Ep(Q%) < oo and
Ep (M{‘ log™ Ml) < 00. Thus, it is sufficient to prove that there exists 8 > k such that

E, (Qg) is a bounded function of z. (2.45)
Since for any n € N and positive numbers {a;}" ; we have
(a1 +as+...a,)° <nP(dd +dl +...dP),

we obtain forany >0 and z € S :

o n—11—1 B [e's) n—1 -1 B
E,((Q—1)°) = E, (ZZHp—jl{len}> = ZEx (Z Hp—jl{len})

n=2 i=1 j=0 i=1 j=0
e’} n—1 i—1
< S-S (H pﬁjlw}) . 210
n=2 i=1 j=0

But E, (H;;t p[ijl{NQn}) = p(x)ﬁG”_iG%’ll, where O4(z,y) := O(z,y)p(y)?. Since the
spectral radius of the matrices ©, and O are strictly less than one, it follows from (2.46)

that (2.45) holds for some 8 > k. This yields (2.41).
By (2.41) and the bounded convergence theorem, and since the random variables M, and

R are independent under the measure F,, the following limit exists:

K, := lim t°Py(MoR > t) = KE,(MZ) € (0, 00).
—» 00
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Fix any « € (%, 1). It follows from (2.39) and (2.45) that for all ¢ > 1,

t"Py(R>1) < t°Pp(Qo+ MoR > t, Qo < 1%) + t*Po(Qp > %)
K D (6} tn
< t°P,(MyR >t —1*) + ta—BEw(Q{f),

and
t"Py(R > t) = t*P,(Qo + MoR > t) > t*P,(MyR > 1).
We conclude, by taking the limit in the above inequalities as ¢ — oo, that
lim ¢"P,(R > t) = lim t*P,(MoR > t) = K,,

completing the proof of the proposition in the case (1.6).

Assume now that (1.7) holds. First, we will prove that (2.27) and (2.39) hold for some
function K (w) and constant K. We follow Goldie’s proof [11] of Kesten’s Theorem 2.36. Let

n(x) :=log p(x),
H0:17 Hn:Hp—k7 nZL

n = log P—n, Vo = log II, n>0,

R=R"=) T, Ry=0, R, an, R"=(R—R,)/l,, n>1  (247)
n=0
Following Goldie [11], we write for any numbers n € N, ¢t € R and any initial distribution

A of zy (the cases of interest for us will be A = ¢ and A = )\, the probability distribution
concentrated at a point z € S)

PA(R>¢") = Y [P R > €)= Py(e" R > ¢')] + Py(e"™ R" > ¢).

We have, by using the identity R¥~' =1+ p_, 1 RF,
(e 1 RF1 > et — Py(eV*RF > €f) =
// P(R* ! > e Y|z = 1) — (p_kJrlR’C > e Uap_; = )] Px(Vh_1 € du, 141 € dx)

_ / / Pa(R > €)= Po(R—1> )Py (Ve € du, 241 € da).
RJS
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Thus, letting 6,(A, t) = e Py(e" R > €') and f(z,t) = e*[Py(R > €') — P,(R—1 > ¢€')],

n—1
rA(t) := " P\(R > €') = Z/ / fz,t —u)e™P\(Vi € du,xy € dz) + 6,(, 1).
— JrJs

By Lemma 2.6 and (2.11), there exists a positive measurable function h(z) : S — R bounded
away from zero and infinity such that:

_ /S H(z,dy)p"(y)h(y).

This implies, by [18, Theorem 5.2], that there is a probability measure 7, invariant for the
kernel Hy(z,dy) := H(x,dy)p*(y), that is, since rg, = 1 by (1.4) and (2.11),

/Hn(a:, A)mg(dx) =7 (A4), VAeT. (2.48)

The measure 7, (dz) = h(z)m.(dz) is a finite invariant measure for the kernel
1
h(z)

The measure 7, and hence 7, are equivalent to the original stationary distribution 7. Indeed,
by (2.48),

ﬁl(x,dy) = H,(z, dy)h(y).

/H,Z"(m,A)m(d:c) =me(A), VAeT.

Hence, by (1.7) and the ellipticity condition (42), ¢;'¢,; ™7 (A) < 7(A) < ¢,cfm(A), where
the constant c, is defined in (1.8).

Let P be the stationary law of the Markov chain (xx)k>0 governed by the transition
probability measure H (x, A). Then,

= g/s [ALf(m,t—u)%ﬁy(Vk € du, Ty € dr)| A(dz) + 6,(\, 1).

Since P — a.s., I, R" — 0 as n goes to infinity, P(lim,_u 6,(2,t) = 0) = 1, for any fixed
t > 0 and z € S, where §,(z,t) denotes d,(\,,t). Further, since the renewal measure v is

equivalent to the invariant probability measure 7, lim,,_, 0,(¢,t) = 0, for any fixed ¢ > 0.
Therefore, P — a.s

r.(t) := " P,(R > ¢€) Z//f ,t—u) ;;Zgi))lg(wceduxkedx)

and

ry(t) = /Srz(t)z/J / [//f Jt—u) 322313,1,(% € du, xy, € dz)| 1(dz).

We will use the following Tauberian lemma :
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Lemma 2.49. [11, Lemma 9.3] Let R be a random variable defined on a probability space
(Q, F, P). Assume that for some constants k, K € (0,00), fot u*P(R > u)du ~ Kt ast — oc.
Then t*"P(R > t) ~ K.

It follows from Lemma 2.49 that in order to prove (2.27) and (2.39), it is sufficient to

show that P — a.s. there exist

lim 7,(t) € (0,00) and lim 7y (¢) € (0,00),

t—o00 t—o00

where the smoothing transform ¢ is defined, for a measurable function ¢ : R — R bounded
on (—oo,t] for all ¢, by

Let
1 L w
1 t
- - —(t—u) ,ku P wy_ p 1 u
em}(m)h(x) /—ooe € [ CE(R >e ) x(R > e )]du
et et
= - K P _ P _ 1 ) 2‘
6””(“)h(ac) A V" [Pp(R > v) (R > v)|dv (2.50)

Then, since 75(t) = > E\(g(zg,t — V3)) for either A =1 or A = \,, z € S, it is sufficient
to show that for any z € S,

lim > Ba(g(@rt = Vo) = Jim > Ey(g(ai,t = Vi)) € (0, ) (2:51)

exists. So, our goal now is to prove (2.51).
Toward this end, note first that the kernel H satisfies condition (1.7) and hence the chain
(xy,) is ergodic under the measure P. Further, the random walk V, = Z}:& n; has a positive

drift under the measure P,. Indeed, similarly to [11] and [12], we obtain for some ¢ > 0 and
any vy > 0,

~ e—ﬁn(m)
P (evn = e—’ynl/4> = W) E, (e’“v"h(xn_l); e < 6‘7”1/4) < cE, (e’“v"; e < e 4)
x
< ce~Fmt,

Thus, lim,_, P, (Vo < —yn!'/*) = 0, implying by the central limit theorem for bounded
additive functionals of Doeblin recurrent Markov chains (see e.g. [18, p. 134]), Ey, () > 0.

The limits and the equality in (2.51) follow from the version of the Markov renewal
theorem as given in [2, Theorem 1] (see also [4, 13]), provided that we are able to show that

the following holds:

g(x,-) is a continuous function for 7, — almost all z € S, (2.52)
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and

/ sup  {|g(z,t)|}mr(dz) < oo for some § > 0. (2.53)
s

ne’ nd<t<(n+1)d

Note that Theorem 1 in [2] gives the condition for the existence of the first limit in (2.51),
whereas the equality in (2.51) is a by-product of the proof of this theorem and holds by [2,
(5.3) and Lemma A.5].

The assertion (2.52) follows from the continuity of foet v*[Py(R >v) — P,(R—1>v)]dv
in ¢t for every z € S. For some M > 0 and any € € (0,1), we get from (2.50):

g(z,1) < Me™ / PR > v) — Py(R—1> v)]dv
0

< Met / VPR > v) — Py(R — 1> v)]dv < Me— B, [R* — (R — 1),
0

where the last inequality follows from [11, Lemma 9.4]. Since for any v > 0 and R > 1,
R — (R —1)” < max{1,y}R™>{17}~1 we obtain by Condition B that

B[R — (R— 1)) < L,

for some constant L > 0 independent of z, yielding (2.53) and consequently (2.27) and (2.39).
We now turn to the proof of (2.26). Recall the random variables (Q,, M,,) defined in

(2.40) and R defined in (2.42). First, we will show, using (2.46), that (2.45) holds for some
B > k under assumption (1.7). Let

Os(z,dy) := O(z, dy) Ep(p 10" - plmlz0 = 2,0 = ),
where the kernel ©(z, dy) is defined by (2.1), and

Kp(x,y) == H™x,dy)Ep(pgp° 1075 . 1L |0 = 2,2 = ).

Then, 031 = E, (H;."ZO péj]-{]\HZm—I—l}) and Kzl(z) = E, (H;":O pi-) = p(z)PHP1(x),
where Hg(z,dy) = H(x,dy)p(y)?. By Lemma 2.6 and Condition B, the spectral radius of
H, and hence K, is equal to 1. On the other hand, by Assumptions (A1) and (A2), K and
O satisfy (2.7) and (2.8) respectively with some ¢ > 1 and ¢(z) € (0, ¢™"). Thus, by Lemma
2.6, the spectral radius of én is strictly less than one. Since T8, is a continuous function of
3, we have for some 8 > k :

re, < 1. (2.54)

Denote [ = min{m[l/m],1} for [ € N. Using the ellipticity condition (A2), we obtain from
(2.54) that for any [ € N,k > [ and for suitable constants Ag > 0,Ag <0

-1 i1
E, (Hpéjl{lek}) < c;"_lEx Hpéjl{lek} < c;”@lﬂ_l@k_ll < AﬂekAﬁ, (2.55)

j=0 Jj=0
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where ¢, is defined in (1.8). This yields (2.45) by virtue of (2.46).

The end of the proof is similar to that for the case where (1.6) holds. Fix some
B > k which satisfies (2.54) and a € (%,1). By (2.46) and the Chebyshev inequality,
limy 00 " P, (Qo > t*) = 0 uniformly in z. Let

Ni—m Ni—1
Moy = ] p=i and Mop=1pyy+ Loy [ o

=0 t=N1—m+1
Then, M() = MO,l . M0,2 and

¢, "My < Mo, < ¢ My,

where ¢, is defined in (1.8). The random variables M, and R are independent under the
measure P, because only m — 1 last variables in the block Dy defined in (2.4) are dependent
on zy,. It follows from (2.39) that for some L > 0 and all £ > 1,

t"Po(R > t) = P, (Qo + MoR > t, Qo < 1%) + t*Po(Qp > %)

~ tF ~
<P (MoR >t — %) + ta—BEw(Q{f) <Py (Mo -~ R>1—1%) + E,(QF)

t K
<1(;25 ) BOG) + EQD,
yielding the upper bound in (2.26). To get the lower bound, write for ¢ > 0,

t"Py(R > t) = t"P,(Qo + MoR > t) > t"P, (MR > 1)
> tan(MO,l e, R> t, Mo, > Q) > tan(C e, R> t) - Py(My, > ()
Z ngﬂ ) Pz(MO,l Z C):

for some constant J > 0 and all ¢ large enough. To complete the proof it remains to show
that for some ¢ > 0 there exists a number n > 0 such that

Pw(MO,l > C) >1n a.s.
Toward this end observe that due to the ellipticity condition (A2), with | € N defined in
(2.5) and ¢, defined in (1.8),

Py (Mo > ¢,"™) > P, (MM > min ¢, "™ Ny < z) = P,(N: <1) >4,

m<i<l
where 0 > 0 is defined in (2.5). O

It should be mentioned that essentially the same proof leads to similar tail estimates for
random variables of the form R =" Q. H;L;é M; with a more general type of Markov-
dependent coefficients (@, M,) (e.g. @, need not be a constant and M, need not be a.s.
positive). Although this result is apparently interesting in its own right, we restrict ourselves
to the particular case arising in the present context.
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3 Summary

We have dealt with the random walk (X,,),>0 in a random environment w € [0, 1]%, associat-
ing with it an auxiliary Galton—Watson process (Zj)r>o with one immigrant at each instant
and random branching mechanism Geom(w_g).

Without stating it explicitly the following has in fact been proved.

Theorem 3.1. Assume the environment w satisfies Conditions B and Cy (for the k > 0
involved in Condition B) introduced in Section 2. Furthermore, assume the existence of an
increasing sequence of stopping times n,,, with ny = 0, with respect to the filtration (F,)n>0
(defined in (2.13) and (2.19)) for which

i) the LLN and CLT hold: there exist >0 and oc€R such that

= —sp as. and lhm — P D, N(0,0%)
m

vm

i) forsomeb>0, 7= (Y Z — An) > Ley  (defined in (1.9))

=0 k€ (0,1) B
where A, { ~cmlogm k=1 and B, = { mnl ) K S (20,2)
UL k€ (1,2] (mlogm): k=

for suitable positive constants cq, ca.

Then the random walk X,, satisfies a stable limit law in the sense that the conclusion (i)—(iv)
of Theorem 1.10 hold.

In the Markov setup of this paper, and under Assumption 1.5, we have shown (see Lemma
2.23 and Proposition 2.33) that the environment w indeed satisfies the conditions of Theo-
rem 3.1 (with respect to the stopping times 1, = ,), thus obtaining the stable limit laws in
this case.

Appendix

Recall Fy = o(wg : k > 0). For brevity, we denote the conditional probabilities P(-|Fp) and
P(-|%) by Py and P, = P, ® P, respectively. We usually do not indicate the argument
w of these functions meaning that the inequalities below hold P — a.s. We denote by 6 the
shift on Q, given by (fw); = w;y1. For an event A, the notation I(A) is used to denote the
indicator function of A.
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A Proof of Proposition 2.20

The key to the proof is

Lemma A.l. [14, (2.12)] Suppose that the environment w is stationary and ergodic, and
ap := Ep(log py) < 0. Choose any v € (ap,0) and define

[ary

n—

U, = {logp_i —v} (Up =0),

G = 0, Gi=inf{n>¢:U, <Ug}
Then there exist constants K5, Kg > 0 such that P — a.s.,

[=]

P,(v1 > ) < Kze ™% k> 0.

Remark A.2. This lemma is proved in [14] for the special case v = ap/2, but an inspection
of the proof reveals that ap/2 can be replaced by any constant between ap and zero in the
definition of the random walk U,.

By virtue of Lemma A.1, it is sufficient to find v <€ (ap,0) such that for some constants
b >0 and K;, Kg >0

P—l—(CIc > bk) < K7€_K8k, k> 0.
Let n(n) = max{j : (; < n} and recall ¢, = (1 — €)/e. Since for any n > 0,

(n)
Un> ) (U, —Ug_y) > —n(n)(y +logce,),
1

3

<.
Il

for any £ > 0, the event {(s+1 > n} = {n(n) < k} is included in {U,, > —klogc, — kv}.
Therefore, for any v € (ap,0) and b € N we have

bk—1
P (Cypr > bk) < Py (Z logp i > —kloge, + k(b — m) .

1=0

Let v = % - lim %, where A(S) is as in (1.4), noting that since A(S) is convex, v is

B—+0
negative by Condition B and is greater than ap by Jensen’s inequality. Hence, by Chebyshev’s

inequality and Condition B, we obtain for any fixed b6 > 0 and 5 > 0 small enough,

3bvyp

1 b
lim sup --log [P+ (Gesr > kb)) < Bloge, = (b—=1)yf+ ——==6 <logc,, + 7+ —7) :
k

2
Taking b > —4logc,/v in the last inequality gives
1
lim sup z log P, (Ck+1 > kb) < B(—logc, +7v) < 0.
k

This completes the proof of Proposition 2.20.
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B Proof of Proposition 2.28

As mentioned in Remark 2.31 (i), this proof will follow the one of [14, Lemma 6] very closely,
at times word by word, with the necessary changes made in annealed arguments to take the
dependence of the environment into account. Quenched arguments, where no changes are
needed, will be skipped. L i

Throughout we fix a number 7 € N and denote W := W; = Z;’:l Wj, U := U;. Recall the
filtration (F,),>o introduced in (2.13) and (2.19), and for all A > 0 define its stopping time
¢a =inf{n: Z, > A}. The random variable W can be represented on the event {sa <7} in
the following form:

sa—1
W= Zn+S,+ > Y, (B.1)
n=0 sa<n<y
where
Znk = number of progeny alive at time £ of the immigrant who entered at time n < &,

Y, = Z Zn = #{progeny of the immigrant at time n, not including the immigrant}
k>n
S, = Z,+ total progeny of the Z, particles present at .

It will turn out that for a large A, the main contribution to W in (B.1) comes from the
second term and P, (W > t) ~ P, (SCA > 1,64 < 17). If an environment w is fixed, then
S¢, — 4., counts the progeny of Z., independent particles, and thus with a large probability
Se, is not very different from Z, (1 + E,(Y;,)) = Z,R(#~**w), where the random variable
R is defined by (1.1). We will obtain

lim *P. (W > 1) = lim lim P, (Sq, > t,ca < 7) = lim B (Z5,K(0 “w);ca < 7),

1
A—oot—o0
where the random variable K (w) is defined by (2.27).

We shall then end the proof by showing that for all ¢ and A large enough, E, (ZfA; Gy < 17)
and therefore t*P, (W > t) ~ Ey (25 K(0 Aw);c4 < D) is uniformly bounded away from
zero and infinity by constants independent of w.

To carry out this outline, the three terms in the right-hand side of (B.1) are evaluated in
the following series of lemmas, which are versions of the corresponding statements (Lemmas
2-5) in [14], and their proofs are deferred to the end of this Appendix.

We start with the following corollary to Proposition 2.20.

Lemma B.2. Assume that Condition B is satisfied. Then,
(a) There ezist C3, Cy > 0 such that P — a.s., P(0 > n|Fy) < Cze%", for any n > 0.

(b) There exists a deterministic function n, > 0, t > 0 such that limy,oom; = 0 and
P, (CA < 77) < na.
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Fix now any 6 > 0. It follows from part (a) of Lemma B.2 that for any A > 0,

min{¢4,7}—1
Po| 3 Z,>6t) SP(A0 > 1) < Che A = ot ), t— o0,

n=0
and thus

P (W > 0t 64 > 7) < P (AD > t) < Cye™ @4 = o(t7), t — o0, (B.3)

sa—1
P, (Z Zy > 0t,ca < 17) <Py (AD > §t) < Cse “9Y4 = o(t ), t — oo. (B.4)

n=0
Lemma B.5.
(i) There exists a constant Ko > 0 such that Py (Yy > t) < Kgt™" for all t > 0.
(ii) For all 6 > 0 there exists an Ay = Ag(d) < oo such that

P, ( > Ya> 5t> <8¢ for all A > A,. (B.6)

sa<n<v

It follows from (B.1), taking estimates (B.3), (B.4) and (B.6) into account, that for any
A > Ay(0) (where Ay is given by (B.6)) there exists t4 > 0 such that

P, (sa < 5,8, > 1) <P (W >t) <Py(sa < 7,8, > t(1—26)) +36t™", (B.7)

for all ¢ > t4. Thus, W can be approximated by S, .

Recall the random variable R defined by (1.1). Note that R(w) = E,(Ys), and, denote
(as in (2.47)) R4 = R(6 “4w). We have the following law of large numbers with random
normalizing constant Z,.

Lemma B.8.

(i) There exist functions K19 = Ki9(A) > 0 and K11 = Kq1(A) > 0 independent of w such
that

Kl()(A) < ]E+ (Z'ﬂ 164 < 17) S Kll(A) (Bg)

SA?

(i1) For all § > 0 there exists an Ay = A1(0) such that

Py (|Sep = Ze,R4| > 6t,ca < 0) < 6t7"Ey (25554 < D) (B.10)

SA?
for A > Aj.
It follows from (B.7) and (B.10) that for A and ¢ sufficiently large,

Py (4 < 7, Z, R4 > (14 0)t) — 6t "By (Z5 ;60 < 0) <P (W > 1)

sA?

<Py(sa <0, Z, R4 > (1 —36)t) + 67" (3+E, (25564 <D)). (B.11)

SA?
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For a fixed A > 0, we obtain from Condition C, and the dominated convergence theorem
that

lim ¢°P, (c4 < 7, Ze, R > t) = Jim t°Ey (I(ca < 7) - Py (Ze, R > 1| F,))

=E; (I(ca <9)-ZF - K(0 “w)) =E, (25 - K(0 w);ca < 1), (B.12)
and, with constants K3 and K, defined in (2.26),

KB, (ZF 564 < D) <t*Py(ca < 0, Z, R > t) < K4Ey (ZF ;64 < D)

SA? SA?

for all ¢ sufficiently large.
It follows from (B.11) and (B.12) that

lim ¢*P, (W > t) = lim E, (Z°, - K (0" %w);54 < 7)),
A— o0 cA

t—o0

where the last limit is finite by (2.26) and (B.9). The limit in the right-hand side exists since
the limit in the left-hand side does not depend of A.
Furthermore, it follows from (B.11) and (2.26) that for some dy > 0, Ay > 0,

; ;

Ky e
: ((1 —30) 5°> e (Fsa <)+ 3o

for all t > to. Therefore, by (B.9),

K,y

0 < Kio(As) ( (1= 300

K; - _50) <P, (W > 1) < K1 (Ay) (

W + (50) +350,
0

completing the proof of Proposition 2.28.

Proof of Lemma B.2
(a) Follows from part (a) of Lemma 2.23 (which itself is a corollary to Proposition 2.20).
(b) It is enough to consider A € N. For any n > 0 we have

Po(ca<?) = Pi(ca<i,0>n)+P,(ca<v,0<n) <P (0>n)+P,(sa <n)
< Cse 9" 4P (4 < n). (B.13)

For any n € N let b, = (1 — 1/n)"/" and define a sequence of natural numbers {a;,}7, by
the following rule: ao, = 0 and

(arn+1)(1—¢) }}

Git1, = Min {j € N:j > max {an—1,n—1; A= by)e
n
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Then,
1

Pi(Zi > ainlZ; < ajn, 1=0,1,...,i—1) < —E, (Z|Zi_1 = a;_1,)

i,n

_ (@a DA =mwin) _ (@at D=6

Qjp - W—it+1 Qip - €

We conclude that
1P>+(Zz' < @inlZj < ajp, j=0,1,...,0— 1) 2 bn,

and hence Py (sa(ann) > n) > P (Z; < ajpn, i =1,2,...,n) > 1 —1/n. By construction,
anpn s a strictly increasing sequence and it follows from (B.13) that for any A > a,p,

P, (sa(A) < 7) < P (sa(ann) < 7) < Cse " +1/n,

completing the proof. O

Proof of Lemma B.5

oo n+i—1 [e's)
(i) Recall R = 1+ > [[ p-; and let A, = Zy, — Zon—1P—(n—1)- Then, ¥y = AR,
i=1 j=n n=1

and using the identity Y - n™2 = 7?/6 < 2, we obtain from Condition C, that

o0 o0 (o.°] t
P (Yo>1t) = Py (Z AnR" > 67r‘%2n‘2> <>'P, <|An|R” > W)
n=1 n=1 n=1

< 2t RK, Z n?E, (|A.]%).

n=1

—1

follows from Condition B that P, (Y, > t) < Kot™*, for some Ky > 0.

Since [14, pp. 158-159] E, (\An|"°) < K,Ep (H;:OQ p”/.2|.7-"0) for some constant Ko > 0, it

(7i) Recall the o-algebra F, defined in (2.19). Using the first part of the proposition, we
obtain:

P, ( Z Y, > 6t> =P, (i YoI(sqa <n <) > 66tm 2 in2>

sas<n<p n=1 n=1

<3E, (I(gA <n<v) P(Y,>1/2- (5tn_2|]-“n)>
n=1

< K257 "0 Ey (7264 < 0) < K25t 770 /By (5%42) - /Py (54 < D).

The claim follows now from Lemma B.2, the first square root being bounded and the second
one going to zero as A — oo, both uniformly in w. O
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Proof of Lemma B.8
(i) For the lower bound:

E, (2554 < )

SA

AP, (ca <) > AP, (Z1 = A+ 1) = A%wp(1 — wy)' 4

>
> AR .= K5(A) > 0.

We now turn to the upper bound. For a fixed environment w, we obtain by the ellipticity
condition (B1), that

A
E,(28) = Y. E,(Zi|sa=n,Zn1=0a)P,(sa=n,Zn1 =aq)

n>1 a=0
E,(Z;| Zy 1 =a)
< su E,(Zy|Zn>A,Zp1=0a) < su
o w,nENESA ( ‘ ! ) wnEN2<A P (Z > A‘ Z -1 = a)
E, (27| 2y = A)
P, (Z1>A‘Z()—O)

< sup

< Al A 2gup E, [(Vo,0)"] < o0,

where the random variables V,, ; are defined in (2.18). This completes the proof of part (i)
of the Lemma.

(#) The proof is similar to that of Lemma B.5. If ¢4 < 7, let
Se,,; = number of progeny alive at time ¢ of the Z, particles present at time ¢4,

and Bj = S;A,j — SCA,j 1 P— (G—1)- We have Z
from Condition C, that on the set {¢4 < 7/},

(\ > Sers = Zea R

Jj=sa

—Ze, R4 =32 B;R’, and obtain

J=SA CAaj ]=SA

ot
m|3j’ Fen))

> 54%) < Z]E+ P. (B[R >

Jj=sa

2\" «—
<K4 ((5t> Z(n+1 ]E-f— |B§A+n| |f§A)'

n=0

Since [14, p. 164] B, (|Boysa|” 7)) < KusZ2,Bp (T2, p7/7) , it follows from Condition
C, that for some K4 > 0,

(\Z Sers = ZoaSen

J=SA

K K
> 0t;6a < 1/) < (7;4) E, (ZfA/Q;Qq < 17)

IN

K K ~ —K K ~
(td}) (ZCA;gA<V) < ot ]E+(Z§A;§A<V),

for A > As(5). O
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