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Chapter 1

Introduction

For a bounded open set  C RY, we may imagine ) as a container for a liquid whose
density is given by u : 2 — R. The potential energy of the liquid can be measured by the
integral functional u — [, W (u) dx where W : R — [0, 00) is the energy per unit volume.

Suppose that W is a two-well potential, so that W has exactly two distinct zeroes 21, 2o
with 21 < 2o, which are the phases of the liquid. Then the liquid will tend to take on the two
densities z; and 25, and in particular its density will simply take the form u = z;-1g+22-1o\p
in order to minimize the potential [, W (u)dz.

Such rapid changes in density induce high interfacial energy between phases. To account
for this, the Van der Waals-Cahn-Hilliard theory of phase transitions [11] [12] [I4] [22] models
the potential energy via an integral functional of the form

J.(u) ::/Q[W(u)+52||vu||2] de,  uweW(Q). (1.1)

The problem of interest is to minimize J.(u) subject to a mass constraint [,udr = m. A
minimizing function u. represents a stable density distribution that the liquid would likely
conform to energetically.

What sort of stable density distribution is approached as ¢ — 077 Specifically, suppose
that we have a sequence ¢, — 07 such that the sequence of minimizers u., converges to a
function u in some reasonable sense. What properties must be satisfied by u?

Using Gamma convergence (described in Section 2.5), Modica [I7] and Sternberg [21]
independently proved that such a u satisfies u € {z1, 2o} almost everywhere, and minimizes
the perimeter in Q of u=*(21). In particular, they prove that for each sequence of positive
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reals &, with &, — 07, we have that

. / VW (z)dr Perg(u(21)), u€ BV(Q;{z1,2})
I- lim (J., /en)(u
e ~+00, otherwise

under L'(2) convergence, where Perq(F) denotes the perimeter of a set E C ), defined as

Perq(E) := sup {/Edivgp L € O (RY), || < 1} :
See also [1], [2], [3], [10], [13], [19].

Owen, Rubinstein and Sternberg [20] studied the family of functionals J. under boundary
conditions instead of a mass constraint. They prove that if 2 has C? boundary, h. € LP(9Q)N
L>(09) is the trace of a function in W?(Q) for each € > 0, h. — h € LY(92) N L>(99) in
LY09) as € — 0, [, |%=] is bounded in ¢ and || %= L) < Ce~1/* for a constant C' > 0,

where o is a surface parameter on 02, and K. : Ll(Q) — R is defined as

-1 2 12 _
K - {fQ W (u) + ¢||Vul|?] dz, uve Wh(Q) and Tru = h. | (1.2)

400, otherwise
where R := [~00, 00], then
I- lim K. (u)
n—oo
_ S I IVX@)] + Joq [x(h(2)) = x(Tr(u) (@) dHY (), w€ BV {21, 22})
+00, otherwise
where .
=2 / VW (z)dz

21

and &, — 0. See also [18].

Fonseca and Mantegazza [9] consider a second-order derivative. To be precise, they define

H(u) = / W () + V2] da (1.3)
Q
and proved that for every sequence of positive reals ¢, — 07, we have

cPerg(u='(z1)), u € BV(Q,{z1,2})
~+00, otherwise

- lim H., (u) = {

n—oo

under L'(Q) convergence, where

¢ := min {/ (W () + |u"[?] dt:u e W2A(R), lm u(t) = 2, lim u(t) = 22} . (14
R t——o00 t—»00



For a treatment of more general functionals, see [5], [6], and [7].

Fonseca and Mantegazza’s proofs appeal to rather sophisticated constructions and tools
such as Young measures. In this paper, we consider a 1-dimensional instance of the problem
solved by Fonseca and Mantegazza, which will allow for alternative and more elementary
methodologies.

Our goal will ultimately be to combine the efforts of Owen, Rubinstein, and Sternberg
with those of Fonseca and Mantegazza by considering the addition of boundary conditions as
in to the second-order problem as in ([1.3]), which will be possible due to our alternative
methodologies.

Define

v = ( [ (uly)? - 2y ) " (/ 1 )Py " (15)

for all w € W22(0,1). Define the families

F={ueW?0,1) :u(0;) = —1,u(l) = 1,u'(04) =u/(1_) = 0} (1.6)
and
Fi(t) = {ue W**0,1) 1 u(04) = —1,u(1_) =t,4'(0,) = 0} (1.7)
for each t € R. Let
o= Wuig; O (u) (1.8)
and A
B(t) := 7 uei;f(t) D (u) (1.9)

for all ¢ € R. Our main result is the following theorem.

Theorem 1.1 Let Q = (a,b). Let ap,by € R, and for each e >0, let a.,b. € R be such that
a. — ag and b. — by as € — 0F. For each € > 0 define a functional G.(u) : L*() — R via

Geo(u) = {fg e (u® = 1)" + " |?] de, we W>*(Q),u(ay) = ac,u(b-) = b, |

400, otherwise

Let g, — 07 be a sequence of positive reals. Then, under strong L*(Q) convergence, we have
that

I- lim G, (u)

n—o0

_ {aess\/arg u+ fB(—apsgnu(ays)) + B(—bosgnu(b-)), we BPV(Q;{-1,1})

400, otherwise
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Here, essVar denotes essential variation and BPV(2) denotes the space of functions with
bounded pointwise variation, both of which are described in Section 2.2. The addition of
boundary conditions is of particular interest here because they can ensure at least one phase
transition by preventing the existence of trivial minimizers.

The Gamma convergence result with respect to the metric in L?(f2) is justified by the
following compactness result.

Theorem 1.2 (Compactness for Second Order Problem) Let ) := (a,b). For each
e > 0, define the functional F. : L*(Q) — R via

, (1.10)
~+00, otherwise

F(u) = {fQ e = 1)2 + S dx, w e W22(Q)
Let {e,}n be a sequence of positive reals with €, — 07. If u, € L*(Q) are such that

sup,ey Fr, (u,) < 00, then there exists a subsequence {uy, }r for which u,, — u in L*(Q) for
some uw € BPV (€;{—1,1}).

Proofs of this result are given in [6] and [9]. We will provide yet another proof.

The structure of this thesis is as follows. In Section 2, we review LP spaces, pointwise
variation, and results in Sobolev spaces. We then define Gamma convergence and motivate
its study.

In Section 3, we prove Theorem [1.2] and then give a more elementary proof for Fonseca
and Mantegazza’s results in the one-dimensional case. Specifically, let 2 := (a,b) and define
the integral functional F. : L?(Q) — R as in (L.10). Let {e,,}, be a sequence of positive reals
with &, — 07. We first prove that if {u,}, C L*(Q) is a sequence with sup, oy Ft, (u,) <
oo, then we can find a subsequence {u,, }x such that u,, — w in L*(Q) for some u €
BPV(§2;{—1,1}). Then, we prove that

I- lim F. (u) =

n—+oo 400, otherwise

{oz essVarqgu, u € BPV(Q;{-1,1})
under L?(Q) convergence, where « is defined as in (1.8)).

Lastly, in Section 4 we build off of the work done in Section 3 to prove our main result.

The current work, and a slicing methodology, will be used to extend to the N-dimensional
case.



Chapter 2

Preliminaries

2.1 L? spaces

We denote the Lebesgue measure on R by £!.

For 1 < p < oo, LP(FE) denotes the Lebesgue space for p-th powers, i.e. the space of

measurable functions u : E — R for which [, |u|P dz < oo. ||ullie) = ([, |u|pda:)1/p is
the norm on this space, and for a sequence {u,}, C LP(F) we say that u, — v in LP(E) if
|n, — ul| Loy — 0. We may refer to this as strong LP(E) convergence in order to distinguish
it from a related convergence called weak LP(E) convergence, which we will later define.

One useful property of LP(FE) convergence is that if u, — w in LP(E), then there exists
a subsequence u,, such that u,, — u almost everywhere.

We will require a generalization of the Lebesgue Dominated Convergence Theorem, based
on equi integrability.

Definition 2.1 (Equi-Integrability on R) Let E C R be measurable with L}(E) < oo,
and let u,, € L'(E) be a sequence. Then {uy}, is equi-integrable if

lim sup/ || dx = 0.
M09 neN J{jun| 21}

The convergence theorem we need is as follows.

Theorem 2.2 (Vitali’s Convergence Theorem on R) Let 1 < p < oco. Let E C R be
measurable with L'(E) < oo, and let {u,}, C LP(E). Then, for u € LP(E), we have that
U, — u in LP(E) if and only if the following two conditions holds:

7
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1. u, — u wn measure,

2. {|un|P}n is equi-integrable.

We will also make use of an important integral inequality. For 1 < p < oo and functions
fi, fa, -+, fn € LP(E) for some measurable F, recall that
P 1/p
d:v) .

g(/}g\ﬁ\pdw)l/pz (/E ;f

This follows from the standard Minkowski’s inequality. There exists a continuous analogue
of this inequality in the sense that, in a way, we may replace the sums with integrals.

Theorem 2.3 (Minkowski’s Inequality for Integrals on R) Let1 <p < oo. Let E, F C
R be measurable and let f € LP(E x F'). Then:

ARG R ([([ireia) dm)l/p.

2.2 Pointwise Variation and Essential Variation

For a function v : I — R, where [ is an interval of R, we may define the pointwise
variation of u as

Vlaru = sup{zm(xi) —u(ri)| € lpg<x; <...< xn}

i=1

If Varyu < oo then we write u € BPV(I). A useful property is that if u is absolutely
continuous, then Var;u = [, [u/| dx

A family of functions having uniformly bounded pointwise variation is a powerful prop-
erty.

Theorem 2.4 (Helly’s Selection Theorem) Let I be an interval of R and let F C BPV (1)
be an infinite family of functions w : I — R such that sup,.r Varru < C for a constant
C > 0. Assume moreover that there exists xy € I such that the set {u(xy) : v € F}
is bounded. Then there exists a sequence {un}, € F that converges pointwise to some

u € BPV(I).
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This is given as Theorem 2.44 in [16]|, where a proof can be found.

In the case that such a pointwise convergence is obtained, we can moreover obtain a
bound on Varyw.

Theorem 2.5 [f u,,u € BPV(I) and u, — u pointwise, then

lim inf Var u,, > Var u.
n—o0 I I

See Proposition 2.47 in [16] for a proof.

Now suppose, say, u € LP(I). Then there is no sense in speaking of Var;u because
the values of u are not well-defined pointwise. The workaround is to define the essential
pointwise variation of u.

Definition 2.6 (Essential Pointwise Variation) Let I be an interval and u € L}, (I).
Then the essential pointwise variation of u over I is given by

ess}/aru = inf {V}irﬂ U is a representative of u} .
A nice property is that the infimum in the definition for essVar; is obtained, i.e., there

is always a representative o for u such that essVar; u = Var; u. This follows from Theorem
2.4] and Theorem 2.5

For w € LP(I), we write w € BPV(I) if u has a representative @ with &« € BPV (I). By
the property from above, we see that w € BPV (I) if and only if essVar; u < oo.

2.3 Sobolev Spaces

We begin by defining weak differentiation.

Definition 2.7 (Weak Derivative) Let @ C R be an open set and 1 < p < oco. For
u € LP(QY), we say that u admits a weak derivative of order k € N if there exists v € LP()

satisfying
/ugo(k) dx = (—1)k/vg0dx
Q Q

for all ¢ € C*(Q2).
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It is not too difficult to verify that the weak derivative is unique up to almost-everywhere
equivalence. If u has a differentiable representative, we call its derivative (in the traditional
sense) the strong derivative, so as to distinguish the two notions of derivative.

The weak derivative is also notated in the same way as the strong derivative. For example,
if Q:= (—1,1) and we take u(x) = |z|, then u admits a weak derivative given by u'(z) =
sgn(x).

Sobolev spaces consist of LP functions that admit weak derivatives.

Definition 2.8 (Sobolev Space) Let 2 C R be open, 1 < p < oo, and k € N. Then the
Sobolev space W*P(Q) is the normed space of all w € LP(Q) that admit weak derivatives
up to order k, such that u) € LP(Q) for all 1 <1 < k. We may endow W*P(Q) with the

following norm:
k

ullwesiy = lullzr@y + D 1u®| o).
=1

This definition may be unwieldy for showing that a function belongs to a Sobolev space,
so we often work with the following equivalent condition.

Theorem 2.9 (ACL Condition for £k =1 on R) Let Q C R be an open set and 1 < p <
0o. Then u € WHP(Q) if and only if u is absolutely continuous and u,u’ € LP(S)). Moreover,
if u € WYP(Q) then the strong and weak derivatives of u agree.

Absolute continuity of L” functions is discussed in the sense that there exists an absolutely
continuous representative, and similarly for differentiability. A proof of this condition may
be found in [I6].

An analogue of this condition exists for k£ = 2.

Theorem 2.10 (ACL Condition for &k =2 on R) Let Q@ C R be an open set and 1 <
p < 0co. Then u € W?P(Q) if and only if u € CY(Q), v is absolutely continuous, and
u,u',u” € LP(Q)). Moreover, if u € W*P(Q) then the first and second-order strong derivatives
of u agree with their weak analogues.

A proof of this may be found in [I5]. One particular corollary of this condition is that
if w € WH(I) then u has an absolutely continuous representative @ and we can show that
essVaryu = [, || dz.

Various algebraic properties satisfied by strong derivatives have analogues for weak deriva-
tives. For instance, we have the following chain rule.
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Theorem 2.11 (Chain Rule) Let Q C R be an open, bounded interval and let 1 < p < oo
Suppose f : R — R is Lipschitz and v € W'P(Q). Then f(u) € W'P(Q) and L f(u)
f'(@)u', where @ is the absolutely continuous representative of u, and we take f'(u(z))u’(
to be 0 whenever u'(z) = 0.

u —_=
u'(x)

This is a consequence of the chain rule for absolutely continuous functions (See Theorem
3.24 in [16]).

It is useful to obtain a bound for f: |u/|? dz in terms of fab |u|* dz and fab [u"|* dz for
u € W?P(a,b). The following two results are special cases of Lemma 7.38 and Theorem 7.37
in [16].

Lemma 2.12 Let I := (a,b). Suppose uw € W?*?(I) such that u' has at least one zero in
la,b]. Then there exists a universal constant ¢ > 0 such that

b b 1/2 b 1/2
/ /| dw < ¢ </ u? dx) (/ |u”|2dx) :

Theorem 2.13 For an open interval I and u € W?(I), there exists a universal constant
¢ > 0 such that

1/2 1/2 1/2
</|u'|2dm) <l (/u2 dm) +cl </|u"|2dx>
I I I

for every  with 0 <1 < L'(I).

We note that by applying the inequality “TH’ < “224172 for a,b € R to the above theorem,
we may obtain the inequality

/\u’]Qd:L’ < c’l2/u2da:+c’lz/]u”|2da:
I I I

under the same conditions but for a different universal constant ¢’ > 0.

Lastly, Sobolev spaces admit useful embedding results.

Theorem 2.14 (Morrey’s Embedding on R) Let Q C R be an open set. Then we have
the continuous inclusion W'(Q) < C*'"»(Q). That is, W'*(Q) € C*'"#(Q) and there
exists a constant C' > 0 such that

HuHCO,l—%(Q) < CHUHWLP(Q).

A statement and proof for larger dimensions may be found in [I6]. When over R as
above, a simpler proof consists of applying Holder’s Inequality.
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2.4 Weak Convergence

Definition 2.15 (Weak Convergence in L”) Let 1 < p < oco. Let E C R be measurable,
and let u, € LP(E) for alln € N. Foru € LP(E), we say that {u,}, converges weakly to u
in LP(E) if

lim [ w,vdx = / uv dx

for allv € LY (E), where p' € [1,00] is such that zla —|—I% =1, and we write u, — u in LP(E).

Definition 2.16 (Weak Convergence in W"?) For Q@ C R open, k € N, 1 < p < o0,
and u,,u € W*P(Q), we say that {u,}, converges weakly in WH5P(Q) if u = u® i LP(Q2)
for every 0 <1 <k, and we write u, — u in WHP(Q).

It can be shown that weak limits are unique up to almost-everywhere equivalence. More-
over, Holder’s inequality implies that strong convergence in LP(FE) implies weak convergence
in LP(E), and consequently strong convergence in W*P(2) implies weak convergence in
WHkP(Q).

Proofs of the theorems that follow may be found in [§].

Weak convergence enables us to consider a notion of weak compactness.

Theorem 2.17 (Weak Compactness in W*?) Let O C R be open, k € N, 1 < p < o0,
and suppose that u,, € W5P(Q) is such that {uy,}, is uniformly bounded on W*P(Q), that is,
SUP,en [|Unllwraq)y < 0o. Then there exist a subsequence {u,,}; and u € W*P(Q) such that
Up, — u in WHP(Q).

Lastly, weak convergence is useful for obtaining a weak form of semi-continuity for certain
functions. A particular result we shall use is the following.

Theorem 2.18 Let 1 < p < oo and let Q@ C RY be open and bounded. Suppose that
f:R — R is convex. Then the integral functional F : LP(2) — R defined by

F(u) = /Qf(u) dx

15 sequentially lower semi-continuous with respect to weak L
have

p

ho(Q) convergence. That is, we

F(u) < liminf F(u,)

n—oo
whenever u,,u € LP(Q) such that u, — w in L} ().

For a proof, see Theorem 5.14 in [§].
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2.5 Gamma Limits

The Gamma limit is a notion of function convergence that is of interest because it pre-
serves minima.

Definition 2.19 For a metric space (X,d) and a sequence { fo}n, fn: X — R, we say that
{fn}n Gamma converges to a function f: X — R if for all xg € X:
1. liminf, o fu(x,) > f(x0) for all sequences x,, with x, a4 To, and

2. limsup,, . fu(z,) < f(xg) for some sequence x,, with x, 2 2o,
and we write f = [-lim,_ o f,.
The two inequality conditions are referred to as the liminf inequality and limsup inequality

respectively.

The following properties are proven in Chapter 1 of [4].

e The Gamma limit, if it exists, is unique pointwise. Moreover, it is given precisely by

(F— lim fn> (x) = inf {hm inf f,(z,) : zp A :1:}

n—oo n—oo

e [t is not necessarily true that the Gamma limit coincides with the pointwise limit, if
both exist.

o If f =T-lim f, exists and x,, is a minimizer for f,, then every accumulation point of

the sequence {z,}, is a minimizer for f.

As an example, let us define 2 := (0,1) and consider the functional F. : W?(Q) — R

defined by
Fu(u) = {fo )2+ l)?) de,  [judr =0

400, otherwise

for € > 0. Although it is quite non-trivial, it can be shown that F. has a minimizer.

The £2|v/|? term is a complication. Can it be removed without much change to the
minimizers? As before, let {c,}, be a sequence with ¢, — 07. We can show that

n—oo

1
- lim F. (u) :/ (u? — 1)? dx
0
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under W12(Q) convergence. Now let us attempt to repeat the previous logic. If we take u,
to be a minimizer of F. , then any subsequence of u, converging in W?(Q) must converge
to a minimizer of fol(u2 — 1)? dx. However, we can show that

1
inf{/ (u2—1)2dx:/udx:OandueWQ’l(Q)}:0,
0 Q

hence a minimizer wu,;, would have to take the form uy;, =11+ (—1) - lo\g for some E
with L1(E) = %, which cannot be consistent with the requirement that v € W%1(2). Hence,
there is no such minimizer!

Our failure to deduce anything meaningful from this Gamma convergence result is a
consequence of missing a compactness result that guarantees the existence of converging
subsequences of {u,},. Fortunately, without computing the exact minimizers, we can still
recover a reasonable Gamma limit result by weakening the convergence. Specifically, we may
sacrifice the strong W12(Q) convergence for weak convergence in L*(Q2) . The advantage
of this weakening is that if we take w, to be a minimizer of F._ , then we can use weak
compactness to prove that there is a subsequence {u,, }» and some u € L*(Q) for which
U, — u in L*(2), which is precisely the sort of compactness result we seek. Under weak
L*(€)) convergence, the Gamma limit changes to

1
- lim F., (u) —/ [ (u) dx,
n—oo 0

2 2
where f**(2) := {(2 —D% >l
0, |z| <1
to the existence of a compactness result, we are guaranteed the existence of a subsequence
{tn, }r converging weakly in L?(£2) to a minimizer of [, f**(u) dz, and indeed there are many
minimizers of this functional.

denotes the convex envelope of f(z) := (2? — 1)%. Due

This demonstrates the importance of choosing the correct metric of convergence for the
Gamma limit. If the convergence is too strong, there may be no compactness result. On the
other hand, the weaker the convergence, the weaker the result we end up proving.



Chapter 3

The Second-Order Singularly-Perturbed
Problem

Our first goal is to prove Theorem [I.2] As a steppingstone, we first prove a similar
compactness result in the context of a first order singularly-perturbed problem, which is of
interest in itself (see [17], [19], [21] for a different proof).

Theorem 3.1 (Compactness for First Order Problem) Let ) := (a,b) be a non-empty
open interval, and let {e,}, be a sequence of positive reals with &, — 0F.

(i) If we have a sequence {u,}, C WH2(Q) with

C = sup/ (e, (u2 — 1) + &, |uy, |*] do < oo,
neN JQ

then there exists a subsequence {un, }r for which u,, — u in L*(Q) for some u €

BPV(Q; {—1,1}).

(i) Moreover, such a u must satisfy essVarqu < 2C.

Proof.  Since [,(u2—1)*dz < Ce,, — 0, we see that uZ —1 — 0in L*(2). So, by extraction
of a subsequence, we may assume that u2 — 1 — 0 almost everywhere. In particular, we get
that |u,| — 1 almost everywhere.

Applying the AM-GM inequality inside the integral gives

C’Z/ [ent(ud — 1) + &, |ul,|?] dxz/2|ui—1|-|u;|dx:/|U;l|dx
0 0 0

15
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for all n, where U,, := 2u,, — %ui Taking U, to be the absolutely continuous representative
of U, we deduce that VarQ Un < C for all n. Moreover, since |u,| — 1 almost everywhere,

we have that |U,| — 2 — 5 = % almost everywhere by continuity of z — 2z — §z3, and so,

in particular, there is some x € (2 for Which U, () converges. From this, we may now apply
Helly’s Selection Theorem (Theorem [2.4)) to find a ‘subsequence Unk that converges pointwise
to some U € BPV (), and C' > lim meHOO Varg U, > Var U by Theorem [2

It follows that {U,, } converges to some U almost everywhere that has representative
U, with U = :I:% almost everywhere, and moreover essVarg U < VarU < C' < co. Hence, by
taking u := %U, we have that

3
< - .
essVaru < 4C’ < 00, (3.1)
and particularly v has a representative « € BPV (Q; {—1,1}).

To see that u,, — u almost everywhere, recall that |u,, | — 1 almost everywhere. Taking

representatives @, , we have that almost every z € (2 satisfies |ti,, (vo)| — 1, 20, — 203 =

¢ > ! < 3 ny,
Uy, for all k, Uy, (z0) — Ul(xo), and U(zg) = 3a(xo).

For every such z we have that 2d,, (z9) — Zun, (z0)® — Fa(wo). If G(zo) = 1, then
20, (T0) — 3lin, (20)* — 3 — 0, and by factoring we obtain (i, (vo) — 1)*(tin, (z0) + 2) —
0. But [|tn, (x0)] — 1, so liminfy_e Uy, (z0) + 2| > 1, and hence it must follow that
(Qp, (xg) — 1)* = 0, L.e., Uy, (w9) — 1 = (). By a symmetrical argument we see that if

(o) = —1 then y,, (xo) — —1 = @(x(). This shows that u,, — u almost everywhere.

Lastly, to obtain L*(Q) convergence, we may use the fact that essVarg U,,, < C and that
{Uy, }r converges almost everywhere, to deduce that {U,, }x is uniforrnly bounded by some
constant C’. Then the inverse image of [—C, C| under z + 2z — 223 is compact by continuity,
thus |Uy, | = |2un, — 3u} | < C” implies that |u,, | < C” for some constant C"”. In particular,
we see that {u,, }; is uniformly bounded, so we may apply dominated convergence to obtain
the desired L*(€2) convergence. This proves item (i), and the bound claimed in item (ii) was
acquired in (3.1)). |

Next, we will prove an essential interpolation inequality.

Theorem 3.2 Let ) := (a,b) be an interval in R, and for each 0 < & < b_T“ let Q). =
(a+e,b—¢). Then there is a universal constant C' > 0 such that

/ elu'|? dx < C’/ [e7 (W = 1)* + )] dx
. 0

for allu € W*(Q) and 0 < e < 2.

We first prove a small lemma.
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Lemma 3.3 Let Q be an open interval in R and u € W?%(Q). Then the set Z := {x € Q:
u(x) = 0,u/(z) # 0} is countable.

Proof.  Let xq € Z. It suffices to show that z( is an isolated point of Z. We may assume
without loss of generality that u/(zo) > 0.

Since u € W?%(Q) we know that u’ is continuous (See Theorem [2.10)). Thus, there
exists 6 > 0 such that u/(z) > 0 for all x € (xg — 0,29 + J). We conclude that there is no
x € (xg— 6,20+ 0) for which u(x) = 0 (so that in particular, z € Z), otherwise we obtain a
contradiction from Rolle’s Theorem. 0

Although it is not worth stating as a lemma, we will be using the inequality (|z| —1)? <
(22 — 1)? quite liberally, which follows from factoring (2% — 1)? and taking cases on the sign
of z.

We may now prove Theorem

Proof.  We first claim that

/{ " [u/|* dx = 0, (3.2)

or equivalently,

/ |u'|* dx = 0.

{yu(y)=0,u/(y)#0}

By Lemma the domain over which we integrate here is countable, so the integral is
indeed 0.

It follows that [, |v/|* dz = fu,l((_oq_o)u(&%o)
u™((—o0, —0)U(0, +00)). This set is open by continuity, so it is the at-most countable union
of disjoint open intervals. Let those intervals that do not have either a or b as an endpoint
be enumerated as {(a;, b;) }icz for a countable, possibly empty index set Z. Let the union of
these intervals be V| so V' is where u # 0 except possibly near the endpoints of (a, b).

) |u/|? dx, so it remains to examine the set

Then for all i € Z we have that u(a;) = u(b;) by a continuity argument. Thus by Rolle’s
Theorem there is ¢; € (a;,b;) for which «/(¢;) = 0. Moreover, u # 0 over (a;,b;), thus
v := |u| — 1 is differentiable over (a;, b;). If we assume, without loss of generality, that u > 0
in (a;,b;), then v = u — 1, so v € W?2(a;,b;), with v’ = v’ and v” = u”. By Lemma [2.12] it

follows that
b; b; 1/2 b;
/ W/ |* dx < ¢; </ (Ju| — 1) dw) (/ |u"|2dm>
Z bz 1/2 b@ 1/2
< (/ (u? — 1) d:v) (/ |u”|2dx>

1/2



18 CHAPTER 3. THE SECOND-ORDER SINGULARLY-PERTURBED PROBLEM

for a constant ¢; > 0. Multiplying by ¢ gives
1/2

b; b 1/2 bi
/ el dr < ¢ </ et (u? —1)? da:) (/ e3u”|? dx) :

then applying the AM-GM inequality gives

bi bi
/ elu'|* dv < % [e7'(u? = 1)* + %|u"|?] da.

Summing this inequality over all ¢ € Z, we conclude that

/ elu'|* dv < C—l/ [e7 (W = 1)* 4+ u"|?] da. (3.3)
v 2 Jv

We are almost done. Let S := inf{x € Q : u(z) = 0} and T := sup{z € Q : u(z) = 0}.
If {x € Q: u(x) =0} is empty then we take S = a, and similarly for 7. The intervals
(a,S) and (T,b), if distinct and non-empty, are the two intervals that we omitted from
{z € Q:u(x) # 0} to obtain V, so that V U (a,S) U (T,b) = {z € Q : u(x) # 0}. It remains
to handle these two intervals.

If S —a < ¢, then clearly f(a $)n el/|?dx = 0. If otherwise S — a > ¢, then we may
apply Theorem to |u| — 1 € W??%(a, S) to get

s s s
/ [u'|? dx < 626_2/ (Ju| — 1)*dx + 0152/ lu"|? dx

s s
< 626_2/ (u? —1)*dx + 0152/ lu"|? dx,

for a constant co > 0. Multiplying by ¢ gives

s s
/ elu'|? dx < / el dw < cg/ (7 (u? = 1)* + % u")?] da. (3.4)
(a,S)ﬂQE a a

Thus the inequality (3.4) holds in either the cases S —a < e and S — a > . Applying the
same arguments above to the interval (T',b), we see that in either of the cases b —T < ¢ and
b — T > ¢ we obtain the inequality

b
/ el 2 d < (;2/ e (2 — 1)+ a2 da. (3.5)
(T,5)N Qe T

By summing (3.3), (3.4)), and (3.5]), we get the bound

/ elu/|*dr < / elu'|* dx
{u#0}NQ. BU((a,9)NQ)U((T,b)N0%)

< max(c; /2, cz)/ (e (w?® — 1)* + %] dx
EU(a,8)U(T'b)

— max(e1/2, ¢3) / e — 1% + "] da. (3.6)
|u|>a
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Finally, once we combine (3.2)), and , we arrive at the inequality
/ elu'|* dx < 03/ [e7 (W = 1)* + %] du,
e Q
where ¢3 := max(c1/2, ¢z). O
With this interpolation inequality proven, we need one more lemma before we prove

Theorem [T.2]

Lemma 3.4 Let Q be an open interval of R and u, € L*(Q) be such that lim,, o [, (u2 —
1)2dx = 0. Then {|u,|*}, is equi-integrable.

Proof.  Find ¢ > 0 so small such that cz? < (22 — 1)? for all z large enough, say, z > M.
Now

1
/ fun? d = / n]? d +/ 2 dr < M2 +/ L2 12de < oo
Q {lun|<Mo} {lun|>Mo} {Jun|>Mo} €

so |u,|? is integrable for all n.

Fix > 0. Find N, such that [,(u2 — 1)*dz < cn for all n > N,. By integrability of
lu,|* for n =1,2,--- | N, we choose M, > M, so large that f‘u lu,|? dr < n for all such
n. We deduce that for all n > N, we have

1
/ |up |* dz < —/ (u2 — 1) dx <.
|U7L|2Mn ¢ ‘un|2Mﬂ

n|>Mpy

We now turn to the proof of Theorem [I.2]

Proof. Let C := sup,en F:, (un). We first claim that for each § > 0 there exists a
subsequence {uy, }x of {u,}, such that u,, — v in L*(a + §,b — ) for some function v €
BPV((a+6,b—6);{—1,1}), with essVar(455-5 v < Cs for a constant C not depending on
J.

To see this, we note that (a + €,,b —¢,) C (a + 0,b — ) for all large enough n, so that
we may apply Theorem [3.2] to obtain the bound

b—6 b—en
/ enlul |? dr < / enlul |? dr < C// [en (uh — 1) + 3 |un|?] do < CC'
a+9d at+en Q
for all large enough n and for a universal constant C’. It follows that

bb
/ e t(u: - 12 +e,lu|Pde < C+COC

n n
+4
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for all such n, and so by item (i) of Theorem applied to the interval (a+4§,b—9), we may
find a subsequence {u,, }x with u,, — v in L*(a + §,b — 4) for some v € BPV ((a + 6,b —
d); {—1,1}), and moreover by item (ii) of Theorem |3.1| we must have that essVar(, 555 v <
3(C'+ CC"). Hence the claim is proven with Cs := 2(C + CC").

We finish with a diagonalization argument. Let €, := (a + ,,,b — d,,) for a sequence
dm — 0T, For each m we define a subsequence {tm, , }m of {uy}, recursively as follows:

® Uy, = u, for all n.

e For m > 2, we take {u, » }» to be a subsequence of {u,,_1,}, that converges in L?(£2,,)
to some v, : Q,, — {—1,1} with essVarq, v,, < Cj, which exists by the claim.

Let w,, := u,,. We claim that for some u € L*(Q;{—1,1}) we have that w, — u in

L3(92,,) for every m, so that, in particular, we have w, — u in L2 _(Q).

To see this, consider my, my with mg > my, so that {w,, » }n is a subsequence of {t, , }n-
Then we write Uy, i := Um, n, for some sequence ny, and so

vaz - vmlHL2(Qm1) < va2 - qu,kHLQ(le) + Humhnk - vmlHLQ(le)'

Sending k — +o0o we deduce that v,,, = v,,, almost everywhere over €2,,,, so in general v,,,
is an extension of v,,, for all ms and my; with my > m;. Take u to be the maximal such
extension, defined over all of 2. Then for any m, we have that

1w, — u||L2(Qm) = Hun,n - UmHLQ(Qm) 0

because {u,,}>°,, is a subsequence of {uy, , }n, which converges to vy, in L*($,,).
This proves the claim. In particular, we see that w, — u in measure. Moreover the

family {|w,|?}, is equi-integrable by Lemma . Thus by Vitali’s Convergence Theorem,
we get that in fact, w, — u in L?(Q).

Lastly, to see that u € BPV(Q2), note that

essVaru = lim essVaru = lim essVarwv,, < Cj,
Q m—oo  Qm m—oo  Qm

and this concludes the proof. O

We now find the Gamma limit under L?*(£2) convergence.

Theorem 3.5 Let () := (a,b) be an open interval of R. For each € > 0, define a functional
F.: L*(Q) = R asin (1.10). Let {e,}, be a sequence of positive reals with €, — 0. For all
u € L*(Q), we have

- lim F. (u) =

n—-+o0o

{a essVargu, u € BPV(Q;{—1,1})

400, otherwise
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under L*()) convergence, where « is defined as in ((1.8)).
We begin with a useful interpolation result.

Lemma 3.6 Let T > 0 and A,m € R with m # 0. Then there exists f : [0,7] — R
satisfying the following properties:

(1) f e C>=([0,T]),
(ii) f(0) = A, f(0) =m, f(T) =0, and f(T) =0,
(111) fOT | ()2 dor < Cp(A% +m2T*)T' =2 for a constant Cy, depending only on k,

(iv) supqy || < [Al + 3lm||T].

Proof.  Define g : R — R as
mr+ A, -T/R2<z<T/2
ox) = [2eu<trz
0, otherwise

Let ¢ € C°((—1,1)) be a non-negative and symmetric mollifier, so that p(z) = ¢(—=z) for
all z € (—1,1). For each € > 0 we define ¢.(z) := 1¢ (£) and the mollification

x+e
g=() :=/ 9W)pe(z —y) dy.

—€

If ¢ < T/2 then we recover the properties g.(0) = A, ¢.(0) = m, ¢g.(T) = 0, and ¢.(T) = 0,
because by symmetry of ¢. we have that g.(z) = ma + A for x near 0 and g.(z) = 0 for
z near T. Note that for each k, we have that |g(y)o” (z — y)| < e7*||o® ||oo|g(y)]| for all
r,y € R. As g is integrable, we may use dominated convergence to obtain

f dk r4e dk
g (z) = W/ gW)pe(r —y)dy = — | 9(y)p(z —y) dy
T Jr—e dz” Jr

= /Rg(y)wi’“’(l’ —y)dy = /z 6 9(y) ™ (z —y) dy.

—&
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Now we integrate in z and apply Minkowski’s inequality for integrals (Theorem to get

T T xr+e 2
/ 9 (z)? dz = / ( / 9P (z —y) dy) da
0 0 r—¢€
T+e 1/2 2
< (/ (/ 19y (z — y)|2dfr> dy)
—& (y—e,y+<)N[0,T]
T+e y+e 1/2 2
< (/ l9(y)] (/ oMz — y)IQdflf) dy)
—€ y—e
T+e 2 €
([ i) [ leepa

The first integral is bounded as

[ wlars [ Qi+ 1) ay =B (@ o+ ) + 4211

—€ —€&

As for the second integral, we write gpék) () = (;‘fv—kk%gp (%) = E,C%go(k) (£), so that

€ € 1 1 1
T e e N O
—1

—& —&

Altogether, we get that

2
Im| 2 2
T (T((T+s) +e)+(T+25)|A\>
JRACRE 22 ey
0

Choosing ¢ := T/4, and applying the inequality (a + b)* < 2a? + 2b%, we see that

T 24 22
m|*T* + |A|*T 3
| oty e < LA o cyap + pprr

for a constant C} depending only on k.
Finally, since |g(z)| < |m]|z| + |A| < |m|@ + |A] for all z, we must have

z+e

T rte T
9(y)lpe(x —y) dy < <|m||2—| + |A|) / pe(z —y)dy = Imlg + |A]

|97/a(2)] < /

r—e

for all x, so that in particular supj 7y [gr/4(7)] < |m|@ + |A|. We conclude that f := gr/4
satisfies the required properties. O

Now we prove the Theorem [3.5]
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Proof.  First, if u € L*(Q;{-1,1}) \ BPV(Q;{—1,1}), we claim that for any sequence
{un}n with u,, = win L*(Q), we have lim inf,,_,, F., (u,) = +o0o. If not, then sup,,cy Fr, (u,) <
oo and so by Theorem [1.2] a subsequence {u,, }; converges to some v € BPV(Q;{—1,1}) in
L?(2). But since u = v, we have u € BPV(€;{—1,1}), contradiction. Hence we need only
consider the case u € BPV (Q; {—1,1}).

Step 1. If u ¢ L*(Q;{—1,1}) then for some § > 0 the set £ := {z € Q: ||[u(z)| — 1| > §}
has positive measure. We may now use Minkowski’s inequality to write

/enl(ui—l)zdaﬁz/5n1(|un|—1)2da;
E E

2en1<(/<\“’_1 ) (/“m [ d:c) 2>2
et (551@)1/2 - (/E [u — qu) W)

It is clear that F., (u,) — 400 because |u — |2z — 0 and €,' — +oo. Hence
[-lim, o FL, (u) = +00.

Step 2. We now consider the case u € BPV(Q;{—1,1}).

Suppose u jumps between —1 and 1 (or vice versa) at the J points 1, z9, -+ ,x; € Q.
Find 61,---,d; > 0 so small that the intervals (a;,b;) are disjoint, where (a;,b;) := (x; —
51‘; ZT; + 5,)

Let u, — uin L*(Q). Define L := liminf F. (u,). For the liminf inequality, we need to

n—oo
prove that L > aessVaru.

By extraction of a subsequence, assume that L = lim F. (u,). Fix an arbitrary n €

n—oo
(0,1), and find N, so large that
L + T] Z an (Un)

for all n > N,,.
Fix some z; with « jumping from —1 to 1 at x;.

The key claim that we shall prove in this step is that, for all n large enough, we may
modify u,, in (a;, b;) by “anchoring" it to —1 at a; and to 1 at b; with a derivative of 0 at both
points, without spending more than C7 potential energy for a constant C' not depending on
n. To be precise,, there exists v, ; : [a;, b;] — R such that:

® Up; € W2’2(ai,bz‘)7

o vyi(a) =—1, v,:(bi) =1,
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bz‘ bi
. / (e (02, = 1) +ellun )] da < / e, (u2 — 1)* + &3 |un|*] dz + Ch.
a; a;

To do this, we consider only n > N,, and it suffices to modify w,, in (z;,b;) by affixing to
1 in the manner described. First, observe that since u,, — u in L*(Q), we have that u, — 1
in L?(x;,b;), 50 ||tn — 1| 2(5,6:) — 0 as n — 4-o00. Putting this aside, note that we also have

J b __lunA® g5 — 1. Combining this with F., (u,) < L+, it follows that

Tq ”u" 1HL2(Z ,b;)

h 17,2 2 3 2 |un — 1’2
/ e (up, — 1) + e fun|® + de < L+n+1.
o [un = |72 0, 40)
Now let K, := [e,!] and subdivide the interval (x;,b;) into K,, same-length intervals

(yj-1,y;) so that
xi:y0<y1<---<y1{n:bi.

By a “pigeonhole principle-like argument", there exists 1 < j < K, such that

/yj
Y

j—1

<e (L+n+1). (3.7

— 1 p cLtntl
STk

et — 12+ W)+ [un
|| 1||L2(;pl 7.

A particular consequence is the bound [ [e;!(up, — 1)* + &) Jup[’] dv < Ll < g, (L +
j— n
1 + 1), which implies by Theorem (applied with the intervals in the inclusion (%y]‘_l +

3Yir 5Yi1 + 3Y5) € (y5-1,9;)) that

3Y;5 1+§?/j Yj
/ enlul |? dr < c/ [ent(uz — 1) + 2 |unl?] do < epe(L+n+1)

2 1, ) "
gyj71+§y] Yj—1

for all sufficiently large n, for a universal constant ¢. Combining this with , we obtain

1 2
3Yi—11T3Y; —1]2
/ lenlu;!2+ T, i — 1 ] dv < ep(c+1)(L+n+1).

2yj_1+iy; 1||L2(x1 bi)
— 12 lun—1[? : 2 1, 1 2
Let H = e,|ul,|* + [T P If there does not exist © € (3y;-1 + 3Y;, 3¥j-1 + 3;) for
which H(z) < aenlet DAL Fp o
- i ’

%yj—ﬁ-%yj

Hde > (GKnEn(c+1)(L+n+1)> <yj_yj_1)

>
en(c+1)(L+7]+1)_/ b — 1, 3

2
3Yi-1t3Ys

_ (6Kn€n(c+ (L+n+1)

) (biﬂ_(j) = 2eq(c+ 1)(L+n+1),
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which is a contradiction. We conclude that for all large enough n, there exists zy € (%yj_l +
$Yj, 3yj—1 + 2y;), depending on n, such that H(zo) < (C1/2)Kypen, < (C1/2) (%) En =

(C1/2)(e, + 1) < C for a constant C; that does not depend on n. In particular, we now
know that such an x, satisfies

1. e2|ul(z0)* < &,C) and

2. [un(0) = 1| < Oyl = Ulz2 (o,

These properties, combined with the fact that w, — 1 in L*(z;,b;), imply that, for all
large enough n, we have 2 |u/ (z0)|? + |un(z0) — 1]* < .

Let A :=u,(xo) — 1, m :=u} (z9), and T := y; — x. Using these constants, we may find
a smooth f : [0,7] — R as described in Lemma . We are now ready to define v, ; over
(x;,b;) as

up (), < x <
Uni(x) == ¢ fle —x0)+ 1, zo<z<y;.
1, Yy <ax <l

By virtue of f being a smooth connector, we must have v,; € W%?(z;,b;). Moreover, by
property (iii) in Lemma [3.6] we have the bounds

b; Yj
/ (v — 1) dr — / F(x — 20)[2dz < Co(A2 +m2T)T (3.8)

2 Zo

and

b; Yj
/ Wi P do = / |f"(z — o) [* do < Co(A* + m*T*) T3 (3.9)

Zo

for universal constants Cy, Cy > 0.

Since (3.§) is not quite a bound on the integral of (v} ; — 1)*, we will need to prove the
inequality
bi bi
/ (va; —1)dx < O’/ (Uni — 1)*da (3.10)
for all n large enough, for some constant C’ > 0. Indeed, observe that for all x € (x;,b;), we
have by property (iv) of Lemma that

1
[Un,i(2) + 1 < 2+ |vn; — 1] < 2+ sup |f| < 2+ [A] + 5|m] - [T].
(0,77
Now, T < &,, and from &2|u/, (z¢)|*+ |un(79) —1]* < n < 1 we have that |A| = |u,(xo)—1] < 1

and |m||T| = |ul,(xo)|(y; — o) < enlu,(xo)| < 1. We hence obtain |v,;(z) + 1| < 4 for all
z € (x;,b;), and so taking C" = 4% we get

/ (U,QH —1)%dx = / (Uni — 1)2(vm +1)%dx < C”/ (Un,i — 1)?,
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as we wanted.

We now add (3.8)) to (3.9) and apply (3.10) to obtain

b;
|-
o

T
< max(Cp, Cy) max(1,C") {_

1)? +&)lon ] da

3
(A% 4+ m?T?) + %(A2 + m?T?)

n

T 83
2 22 n

for some constant C3 > 0.

Since %yj_l + %yj <z < %yj_l + %yj, we have that (b
yi—xo=T>y; — (3y;-1 + 39;) = 5(y;

b;
/ [5; ! (UEL@ -
zo

s@mMW—w+meW(1+%)

—_— . i . an
Yi-1) = 3K £> 0 Tten

1)? + Eilv;’,i\z} dx

bi—x;
mi)sn > MRt =Y

27(1 +en)?

< Cy((un(wo) — 1 + [ (o) P(bs — 22)° (

< Cs((un(wo) — 1) + |ul, (o) | (b — 2:)%e2) (b i+ (2&)

bi — ZEZ')?’
< Ca((un(wo) — 1)° + fuy (20)*ep) < Can,

(b,- — x;)3ed

—Yj-1 >
. We use this to write

Where Cy > 0 is a constant with no dependence on n, and we have applied our choice of xg.

Finally, it follows that

b;
172
/ [gn ! (Un,i -
Xq

o bi
— [Tk v de [ [

zo

12+ ei]v;:,iﬂ dx

i

1% +ed|ur |?] do

n,0

12+ 3ol ] da

w0 1 2
x;
o 1 2
.

K3

b;
< / e, (u? —
x;

b;
12 4 ] de + / e (02, —

o

1% + el |unl?] da + Cyn

1)* + &2 |unl?] da + Cyn.

Arguing similarly for the interval (a;, z;), we obtain

bi bi
[ e o< [ -
a; a;

1)% + &2 |unl?] dx + 2Cun.

(3.11)
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Thus the key claim has been proven.

Step 3. We now complete the liminf argument. We recall the definitions of the family _#
and the constant « from ) and . 1.8]) respectively.

Let us first write
L+n>F., (u, >Z/ e ( ) +ed|unl?] da

for all large enough n. We apply the key claim (3.11]) to every interval (a;, b;) to get

J b;
L+n>-2C4Jn+ Z/ [en ! (vni(@)? = 1) + &5 vy ;(2)]?] da.
=1 L

Tr—a;

Consider the change of variables y := 7=%. Defining w,; : [0,1] — R via wy;(y) =
Uni (b — a;)y + a;), we have that wl, ,(y) = (b — a;)*v ; ((b; — a;)y + a;), so that we get

n,i

3

J 1 e
L+n=> —2C4J77+Z(bi_ai)/o [5;1(@%,1'(9)2_ 1)2+m‘w i )|1 dy

/wm 2-1)? dy+ /!w (y)]? dy,

and by applying the weighted AM-GM inequality we may go down again to obtain

L+n>—204Jn+ Z 537 (/1(wm(y)2 ) (/ lwy, |2dy> 1/4

4
= —204<]77 + Z W@(wm),
i=1

= —2C4J77 + Z

where @ is defined in (1.5). Finally, as w,; € _# for all 7, we have that
57 infue y ®(w) = 2a, thus

33/4 ®<wn,l> Z

J
L+n>-2CJn+) 20
i=1
= =20, Jn+2Ja = -2CyJn + aessé/ar u.

Hence L+n > —2C4Jn+ aessVarg u. As n was arbitrary, we conclude that L > «aessVarg u,
as needed. This proves the liminf inequality for v € BPV(Q;{—1,1}).

Step 4. It remains to prove the limsup inequality for v € BPV(;{—1,1}). This entails
finding a sequence {u,}, C W*2(Q) for which u,, — u in L*(Q) and limsup,, ,., F:,(u,) <
« Varg u.
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First, recall the definition of ® as in (L.5) and the family ¢ as in (1.6). Define the

subfamily
1
/(n) — h c / . fO ‘h//|2 dx < i .
[ (2 —1)2da ~ en

Since €, — 07, it is clear that |J°, #™ = ¢. Setting
Sp={®(h):he g™},
S:={®h):he 7},

we have | J7, S, = S, and it can be shown that lim,_, inf S,, = inf S. We note also that
a, as defined in (1.8)), may be written as o = 33% inf S.

For all n, find h, € _# (") for which
1
inf S, < ®(h,) < — +inf S,. (3.12)
n

As in Step 2, suppose u “jumps" at the points x1,xs, -+ ,x; € 2, and find pairwise disjoint
intervals (a;,b;) € Q with z; € (a;,b;). Fix x; such that u jumps from —1 to 1 at x;. Let
¢, be a sequence of positive reals with (, — 0T that we shall choose later. We define u,, in
(CLZ‘, bz) as

—1, a; <x <z — (/2
up(x) == hn(x_a“nz—t@ﬂ), Ti—G/2 <z <ai+ (/2.

We define w,, similarly over all other intervals (a;,b;), and in Q \ U;.Izl(aj,bj) we let u,
agree with w. Since h,(0;) = —1, h,(1_) = 1, and A, (0;) = A, (1-) = 0, we have that
u, € W2%(Q). Moreover, u, — u almost everywhere as a consequence of ¢, — 0T, and
{|tn|}n is equi-integrable, so by Vitali’s Convergence Theorem we have u,, — u in L?(Q). It
remains to verify the limsup inequality. We have

F, (un) Z/ en( )? + edunl?] da

b o 2 2
:Z/ &t (hn (—x x2+€”/2) —1) +Z—E
i=1 7 % " n

and after changing variables we get

h// (x_xi+<n/2> ?

:ign /01 2 gy + /\h” | (3.13)
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We now choose (,, so that we obtain the equality case in the AM-GM inequality. Specifically,

we choose
/ | h/l

/ (ha () 1) dy

0

1/4

Cni=€n

Showing that this choice is valid for all sufficiently large n amounts to proving that ¢, — 0.
Indeed, since h,, € ¢ (") we have that

3\ /4
Cn <éep <_) = 31/45731/4 — 0+.
€n

With the choice of ¢, justified, we now continue the argument in (3.13)) by using the choice
of ¢, and (3.12)) to write

J 1
S 4 ., 4] (1
=1

Taking the limsup, we obtain

4] (1 2V
limsup F;, (u,) < limsup —~ 53/ ( +1nfS) ﬂ(nfS’) :anru.

This completes the proof. O
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Chapter 4

Boundary Conditions

The Gamma limit will change upon restricting to the boundary conditions u(ay) = a.
and u(b_) = b, for a. - —1 and b. — 1 as ¢ — 0. A portion of the work needed to account
for the boundary conditions has already been done in the proof of Theorem [3.5] Intuitively,
every jump in the interior of (a,b) induces a factor of «, whereas a jump at the boundary
induces a factor of §(t) depending on the height of the jump. Recall that S(t) is defined
as in the statement of Theorem [I.1 and we will again reference the family _#;(¢) and the
functional ®, defined in and (|1.5]) respectively.

We first introduce a new family of functions #5(t), defined as

Po(t) ={ue W22 (=00,0) : u(0) = t and u(z) = —1 for all < —L for some L > 0}
(4.1)
for a parameter t € R. We associate with each u € _#(t) the constant L,,, where —L,, is the
first time that u reaches —1 and remains at this value indefinitely. That is,

L, =if{L>0:u(x)=—1forallz < —-L}. (4.2)

We also define a new functional ¥ : W;2*(—o0,0) — R via

W (u) ;:/ [ — 1)° + [u[?] d.

—00

Lemma 4.1

4
ALt) 33/4 uelgr}l(t) (u) veljflw) ®)

Proof. ~ We first note that if ¢ = —1 then both _#,(t) and _#5(t) contain the constant
function —1, thus inf,c ) ®(u) = 0 and inf,e g,y V(u) = 0. Now assume that ¢t # —1.

31
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Consider u € #;(t). Take L > 0 depending only on u (that we shall choose later), and
define v € _#,(t) via
—1 <-—-L
v(z) = { ’ r=

u(z/L+1), —L<x<0’
With the change of variables y := z/L + 1, we have

W) = [ 0@ = 0+ @F] do

_ [ (u(z/L+1)*=1)*+ %]u”(a:/L +1)°| dx
Ll el 7

—-L

- [ [pter -7+ Swwr) (13

By examination of the equality case of the AM-GM inequality, this is precisely 33%Cb(u) for

1y n 1/4
%) , which is well-defined
0 u<— XL

from the assumption that ¢t # —1. This gives 3;%q)(u) = V(v) > infye 47 1 Y(w), and
taking the infimum gives inf,e ) ®(u) > infie g7 1) V(w).

a proper choice of L. Specifically, one may take L := <

On the other hand, if v € _#5(t), then from taking u(z) := v (L,(x — 1)), where L, is
defined in (4.2)), we get from using the same computations done in (4.3)) and applying the
AM-GM inequality that

v = [ a1+ 0] dy

> e ([owr ) ([ wwra)”

4
= W‘P(U%

4

so that W(v) > ziz infue g, ®(u). Thus infye g0 U(v) > 5 infue g, ) P(u), finishing the
proof. O

We will now prove several crucial results concerning the family _#,(t) and the functional
V. The first is a compactness result.

Lemma 4.2 Let Q C R be a bounded open set and let u,, € W*2(Q) be such that

M = sup/ [(u2 —1)* + [ul]’] dz < oo.
Q

neN

Then there exist a subsequence {u,, }r and u € W2%(Q) such that
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1. u,, — uin W?%(Q),
2. Up, — u uniformly, and

3wy, — u' uniformly.

Proof.  Find A > 0 large enough so that 2? < (22 — 1)? for all |z| > A. Then
/uidxg/ uidm—i—/ uidx§A2£1(Q)+A/(qu—1)2§A2£1(9)+AM,
Q {lunl<A} {lun|=A} Q

s0 {u,}, is uniformly bounded in L?*(f2). Since {u!}, is uniformly bounded in L?*(f2) as
well, we may apply Theorem with some [ < £}(€) to deduce that {u/ }, is uniformly
bounded in L*(Q). Hence {u,}, is uniformly bounded in W?2?2((Q).

By Theorem [2.17, there exist a subsequence {u,, }x and u € W*2(Q2) such that u,, — u
in W22(Q). Moreover, since {u,, }» and {u], }; are both bounded in W"?(2), we have by
Morrey’s Embedding (Theorem that both {uy, }x and {u}, }, are bounded in C%'/3((2).
In particular, both sequences are uniformly bounded and uniformly equicontinuous, so by
the Ascoli-Arzela Theorem we may extract a further subsequence {unkj }; such that Uny, = U

uniformly and u;kj — u/ uniformly.
O

Next, we show that we may “force" a bound on L, for functions u € _#5(t) (see (4.1]) and
(#.2)).

Lemma 4.3 Let M,n > 0. Then there exists a constant Ly, > 0, depending only on M
and n, such that for everyt € R and u € _#5(t) with V(u) < M < oo, there exists v € _Z5(t)
such that W(v) < W(u) +O(n) and v(z) = —1 for all v < —Lyg,, that is, L, < Lygy,.

Proof. Step 1. For ease, we may assume that n < % We begin by constructing a
function v; € _#5(t) such that W(v;) < ¥(u) + O(n) and L (v;'((0,2))) < C for a constant
C depending only on M and 7.

First, let us apply Theorem to the interval (—L, — 1,0) with ¢ = 1 to obtain
-1 0
/ | dz < c’/ (W — 1) + [W'[2] dz < O'M (4.4)
— Ly —Ly—1

for a universal constant C’. We may assume that C’ > 4.

Let K = CHDMED and € = 2K +3. Let E == u~'((0,2)). If £}(E) < 2K +3, then set
vy := u. Otherwise, we have L!(E N (—o00,—1)) > 2K + 2, and consider E; := (—oo,y) N E,
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F:=[y,2]NE, and E; := (2, —1)N E, where y, z are chosen such that L!(E;) = L!(F,) = K
and L1(F) = LY(F) — 2K > 2.

We use the fact that u > 0 over Ey, the inequality (4.4]), and the inclusion £y C (=L, —1)
to write

Mz/ [ — 1) + W] da

—L,—1

1 1[0
> —/ (u* — 1)* dx + —/ [(u* = 1)+ |u"|*] dz
2 2

Ly—1
>1/( 1)2d+1/_1|’\2d

— u — X u X
- 2 B 20" L.

1 1
> _12 s /2d
= 2/:51(“ )+ gl dr,

so there exists z; € E; such that (u(z1) — 1) +

particular we have (u(z;) — 1)? < 21 and |u/(z1)[?

we note that |u(z1) — 1| < 3 and |[v/(z1)] < 1.

Ul/(2))? < 4~ = M4 < In

1
207 L1(Er) K = ¢
< 27. By the assumptions on C’ and 7,

We now apply Lemma to u over the interval [z, 21 + 1], with A := u(z1) — 1 and
m = u'(x1), to see that there exists @; € C*°([xy, 1 + 1)) such that @, (zq) = u(xy), @) (x;) =
u'(21), U (v1+1) = 1, and @) (v, +1) = 0, with sup; i —1] < lu(zr)—1|+5 | (z1)] < 1,

x1,x1+1
x1+1
/ (@ — 1) < C"((u(z1) = 1) + [ (21)]?),

and

/xl @ |* < C"((u(ar) — 1) + Ju' (1) %),

z1

for a universal constant C” > 0. Since |u; — 1] < 1 on [z, 21 + 1], we may write
(@ —1)% = (g — 1)*(n + 1)? < (@ — )2+ 1)* = 9(iu — 1)%,

so we conclude that

r1+1 r1+1 r1+1
/ [(af — 1)+ |@" "] dz < / 9(a; — 1)*dx +/ @ |? da
< 100" ((u(w1) = 1)% + |u'(21)[)

Here and henceforth, we assume that 7 is sufficiently small so that O(n) < 1. We construct
Ty € By and Gy € C*°([z2 — 1,25]) in a similar manner so that supy,, ; ., |t — 1| <1 and
Sy (2 — 1) + |@5]% dz = O(n).

iy
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Now define @ as

)
u(z), —oo<x<m
(z), v1<z<z1+1

u(x) =<1, n+l<zr<azy—1. (4.5)

tUp(r), 3 —1<2 <1y
(u(T), T2 <2<0

Note that this is well-defined in the sense that 1 +1 < x5 — 1 because x9 —x1 > 2 —y >

LY(F) > 2. Moreover our choices for @; and 1y ensure that u € VVI?)CZ(—OO, 0), and

mm:/ KW—W+WWMwﬁ/ (@ — 1) + @] da
(—o00,z1)U(z2,0)

[1‘1,I1+1]U[:C2—1,CC2]

< / [(u2 —1)%+ |u”]2} dz —|—/ [(u2 —1)%+ \u”|2] dx + O(n)
(—00,z1)U(22,0)

[$1,$1+1}U[1‘2—1,I2]

< U(u) +O(n).

We define
w(r—xe+214+2), —c0o<zx<z9—1
vi(x) = )
u(z), To—1<x<0

In essence, we have “deleted" an interval in which & = 1. We still have v; € W>?(—00,0)

and v1(04) = w(04) = ¢, with lim,,_ v1(z) = —1, so that v; € _#(t). Furthermore,
U(vy) = ¥(a) < ¥(u)+ O(n). Finally, we see that

L'{z<0:0<v(r) <2}) < L({w € (—00, 21 + 1)U (29— 1,0) : 0 < G(x) < 2})
<L'{r € ByUE,:0<u(z) <2})
+ LM ([zy, 21 + 1)) + LY [z — 1, 29]) + L1 ((—1,0))
=2K +3=0C,

which was our goal.

Step 2. Now we can construct v with L, < Ly, where we take Ly, := C + M + K + 3.
Define the set G :={—Ly, +1 <z < —1: -2 < wv(z) <0}, and observe that

C+M+K+1<LY((=Lyy+1,-1))
<L'{~Lyy+1l<z<-1:0<uv(x)<2})
F L {~Lyn+1 <z < —1:|oi(2)] > 2}) + L£Y(G).

Since L'({—Lyy+1 <2< —1:0<wv(x)<2})<C by construction, and

MA4+1>V(u)+1>W(y) > / (v = 1)* + v ]?] dz > L' ({z <0 |vy| > 2}),
{lv1>2}

we deduce that £!(G) > K.
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We will now bound [, (v1 4+ 1)* + |v}|* dz. By Theorem , we have that
-1 0
/ lv1|? dx < / lv1|? dx < C”/ [(v7 = 1)* + [V} ’] dz < C"¥(v1) < C'(M + 1),
G —Ly+1 —L,
and since (v; +1)? < (v? — 1)? over G, we evidently have that

/@1 +1)2de < /(vf C12de < U()) < () + O(n) < M + 1.

In sum, we have that [, [(vy + 1)* 4 [0}|?] dz < (C"41)(M +1). Thus there exists 23 € G
such that

(C"+1)(M+1) < (C"+1)(M+1) <

(v1(z3) + 1) + o) (z3)]* < 210 T <7

Hence, as we did before to u, we may use Lemma to modify vy in the interval (z3 — 1, x3)

and obtain a function v € W;2(—o00,0) for which v(z) = —1 for all 2 < a3 — 1, v(x) = vy ()

for z3 <z <0, and [77 [(vf = 1)* + [vf[*] dz < O(n).

This function v satisfies U(v) < ¥(v1) +O(n) < V(u)+ O(n) and, since —Ly;, +1 < x3,
we have that v(z) = —1 for all z < —Lj,,,, where L), depends only on M and 7, as desired.
O

Now we arrive at our first major result.
Lemma 4.4 The function (3, as defined in (1.9)), is continuous.

Proof.  Step 1. We claim that 5(t) is decreasing over t < —1 and increasing over ¢ > —1.

First note that () > 0 for all ¢ and 8(—1) = 0. Now suppose s,t € R satisfy either
—l1<s<tort<s< —1. Weshow that 3(s) < 3(t) by proving that for all v € _#;(t) we
may find u € _#;(s) for which ®(u) < ®(v).

Indeed, since v(1_) =t and v(0,) = —1, there must exist 7' € (0, 1) for which v(T) = s.
Take u(z) := v(Tz). Clearly, u € #(s), and we have

1 T 1
/ (u* —1)*dr = / T7'(v? —1)%dr < / T'(v? —1)*dw
0 0 0

1 T 1
/ lu"|? dx = / T3")? de < / T3"|? de.
0 0 0

and
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Thus
1 3/4 1 1/4
O(u) = (/ (u? — 1) das) ( u”|? dm)
0 0
1 3/4 1 1/4
< (/ T v —1)? dx) </ T3 "|? dx)
0 0
1 3/4 1 1/4
= (/ (v* — 1) dx) (/ [v" |2 dm)
0 0
= O(v),
as needed.

Step 2. Fix ¢ty € R. We show that limsup, ., 3(t) < B(to). It is sufficient to prove that for
any v € _71(ty), we may pick u, € _#1(t) for each ¢t € R such that lim;_,;, ®(u;) = ®(v). This
is because if we fix 77 > 0, then we may take v € _#1(to) such that 3(to) < 552 ®(v) < B(to)+n,
take u; for each ¢ € R as above, and then choose ¢ > 0 so small that |®(v) — ®(u;)| < 7 for
all t with |t — ¢] < d, so that

1 1 4
B(t) < mq)(ut) < W((I)@) +mn) < Blto) +n+ 334"

which is enough.

For v € f#(t), we take u; € #1(t) to be u; := 3 (v + 1) — 1. Then

! 1+t\* [? 1+1)°
2 _ 1) dy = / 1)2 1-2 0 .
/O(ut ) dx <1+t0) i (v+1)* v+ T dx

Taking the limit, we obtain

1 1

. 2 2 . ) 1+t0 ? ! 2 2
lim [ (uf —1)°dzx=1lm [ (v+1)*|v+1-2 de = [ (v —1)°dx
0

t—to J, t—to Jy 1+t

because (v + 1) (v+1 — 2%)2 converges to (v — 1)? pointwise as t — ty and, since v is

bounded, we have that (v+ 1)? (v+1— 21;5:?)2 is uniformly bounded for all ¢ sufficiently

near t, which is enough to apply dominated convergence.

We also have

1+t
lim/ ! de = lim [ —— / |U"|2dx:/ WP
t—=to J t—to \ 1 + %o 0 0
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Altogether, we see that

@%A o) @ﬁ/“ﬂwﬁ
:< (v? — 1) )3/4 (/0 |v”|2dx>
(v

This completes the proof that S is upper semi-continuous.
Step 3. We are now ready to show that liminf, ,;, 8(¢) > 5(to).
Letting t,, — to be arbitrary, we just need to show that liminf, ., 5(t,) > 5(to)-

By the monotone properties that we have proven about 3 in Step 1, we see that {5(¢,) :
n € N} is bounded by a constant M. Specifically, we may take

M = max {5 (suptn) , B (inf tn) } .
neN neN

Next, by extraction of a subsequence, we assume that there exists the limit L :=
lim,, 00 B(t,). Fix n > 0 and select @, € _#5(t,) such that 8(t,,) < V(a,) < (t,) + % Since
U (i) < M +1 for all n, we may use Lemma [£.3|to find u,, € _#5(t,) such that u,(z) = —1
for all + < —Lyy,, where Ly, depends only on M and 7, and ¥(u,) < ¥(u,) + O(n), so
that

B(tn) < Wlan) < Blta) + -+ O (46)

Note that {W¥(u,)}, is uniformly bounded. In particular, sup,,cy fi]m [(u? —1)* + |u]?] dx <
oo for each m € N.

Consider m = 2. By Lemma we may extract a subsequence {ugy,}, of {uy,}, for
which ug,, — vy in W?%(—2,0) for some vy € W*2(—2,0) and uy,, — vy uniformly.

Inductively, for m > 3 we take {um}n to be a subsequence of {w;,_1,}, such that
U — Uy in W32(—m, 0) for some v, € W??(—m,0) and such that w,,, — v,, uniformly.

We claim that v, extends v,,_; for all m > 3. Indeed, w;,—1, — Un—1 almost every-
where, and since {u,,}n is a subsequence of {uy,—1.}n, we have that w,,,, — v,,—1 almost
everywhere over (—m + 1,0). Since uy, , — vy, almost everywhere, it follows that v,,_; and
Uy, agree over (—m + 1,0) as needed.

It follows that there exists a unique u : (—o00,0) — R extending every v,,. Now consider
{tnn}n- For each m, {u,,}, may be viewed as a subsequence of {u, , }, for n large enough,
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SO Up, — U, = u almost everywhere in (—m,0). Thus w,, — u over (—oo,0) almost

everywhere. Similarly, we see that u,, — u in W??(—m,0) for each m > 2. In particular,
: 2,2

Upp — w in W7 (—o0,0).

Since {uyn}n is a subsequence of {uy,},, we let ng be such that {w,, }r = {u,n}n-

To finish, we use the fact that w,, — w almost everywhere in (—o0,0) to obtain the
inequality

0 0
/ (u* —1)*dr < lim inf/ (u2, —1)*da

o k—o0 o

by Fatou’s Lemma. Next, we use the property that u;, — u” in L{ (—00,0) and the fact

loc

that z — 22 is convex, together with Theorem [2.18| to conclude that

0 0
/ [u"|? dx < liminf/ lu! |? dx.
o k—o0 oo k
Combining these two inequalities gives W(u) < liminfy . ¥(uy, ).

Now, on one hand, we have from (1.6 that W(uy,) < (t,,) + -+ O(n), and taking the
liminf we have
L+0(n) = lign inf B(t,,) + O(n) > liminf ¥(u,, ).
—00

k—o00

On the other hand, we claim that W(u) > B(t). It suffices to prove that u € _#5(ty).
Indeed, since u,, — u almost everywhere, and wu,, (0-) = t,, with t,, — o, we must have

u(0_) = to. Moreover, u,(z) = —1 for all # < —Ly;,, and for all n, so u(x) = —1 for all such
x as well. Thus u € _#s(to).

With W(u) > B(ty), we have that
L+ O(n) = lim inf ¥ (up, ) > W(u) > B(to).
But 7 > 0 was arbitrary, so L > [(t,), which is what we wanted to show. O
We now prove our main result, Theorem [I.1]

Proof.  Asin the proof of Theorem , we need only consider the case u € BPV (Q; {—1,1}).

For the liminf inequality, let u,, — u in L*(2). We may assume that u,(ay) = a., and
un(b_) = b, for all n.

Fix n > 0, and suppose that u(b_) = —1. Find an interval (b—4,b) in which v = —1, and
now for all large enough n we follow Step 2 of the proof of Theorem [3.5 where we “modify"
Uy, in (b,b—4) so that it becomes “affixed" to —1 at b— 4. That is, we find v, : (b—9,b) = R
such that v, € W?2(b—§,b), v,(b—3d_) = =1, v, (b—5_) =0, v,(b_) = u,(b_) = b, , and

b b
/ e (vp = 1)* + ep|vpl?] do < / [en (up —1)% + &2 |unl?] dx + .
b—4 b—6
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Now, as in Step 3 of the proof of Theorem [3.5] we may change variables and apply the
AM-GM inequality to eventually obtain the bound

b
4
—1(,2 2 3,2 ;
g, (v, = 1) " +er|v,|°| dr > == inf D(u)=28(0b,).
| et wd =07 el do 2 g int () = 2800,
If instead w(b_) = 1, then by a symmetrical argument, we instead obtain the term 26(—b,,).
Both of these terms may be written as 2/5(— sgn(u(b_))b,, ).

Using the same argument, we obtain the term 25(—sgn(u(a))ac, ), and we recover the
term « essVarg u as in Steps 2 and 3 of the proof of Theorem [3.5

We deduce that
liminf G., (u,) > « essSYar w + liminf 25(— sgn(u(ay))ae, ) + 26(—sgn(u(b_))b., ),
n—oo

n—oo

and so we get

liminf G, (u,) > « essé/aru + 28(—sgn(u(ay))ag) + 28(—sgn(u(b-))bo)

n—o0

by continuity of 5.

For the limsup inequality, we use a construction similar to that done in Step 5 of the
proof of Theorem . We begin by strengthening the continuity result on 5(t). Define the

constant .
Be(t) := inf {\If(v) tv € _Fo(t), Ly < \/E} ,

and let t, € R with t,, — to. We claim that lim,,_,, 3., (t,) = B(to). To see this, fix n > 0

and for each n € N take v, € _#5(t,) for which 8(t,) < ¥(v,) < B(t,) + =. The continuity

of 5 ensures that {¥(v,)}, is bounded by a constant M > 0. By Lemma [4.3| we construct

¥y, for which ¥(3,) < ¥(v,) +O(n) < B(t,) + = + O(n) and Ly, < Ly, where Ly, depends

only on M and 7. Particularly Ly, has no dependence on n, thus L, < %" for all n large

: Ven
enough. For all such n we write

B (1) < W(0) < Bltn) + = + O,

and so by taking the limsup we obtain

limsup f., (t,) < B(to) + O(n)

n—oo

by continuity of 5. As n > 0 was arbitrary, we get limsup,,_,. 5., (t,) < B(ty). But we
clearly also have S, (t,) > 5(t,), and taking the liminf finishes the proof of the claim.

We now turn to the proof of the limsup inequality. As we did for the liminf inequality,

assume the case u(b_) = —1 and find 6 > 0 small enough so that u = —1 in the interval
(b—4,b). We will define u,, over (b—4,b). Take v, € #(b.,) satisfying L,, < \/% such that

ﬂen (ben> < \I/(Un) < ﬁen (bgn) + % (47)
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Since €, L, < /g, — 0, we have ¢, L,,, < for all n large enough. For all such n, we define

-1, b—d<x<b—e,L,,
up(x) ==

Un, <’3—_b), b—enL,, <x<b

En

This satisfies u,(b — ) = —1, u,(b — ) = 0, and the boundary condition u,(b_) = b.,.
Moreover,

b
| et~ v b ds
b—5
b z—b\> P z—b\>
:/ g vn( ) —1 —i——Zv,’{( ) dx
b—enLay, En gn En
/ (v2 — 1)+ |vn)?] dz
Loy,

= V(v,) < B, (be,) + l

thus )
1
lim sup/ e, (uz — 1) + 2 |un|?] do < limsup ., (b-,) + — = B(bo)
b5 n

n—oo n—oo

by the claim. It remains to show that u, — —1 in L*(b — §,0).

Since €,L,, — 0, we have that u, — —1 almost everywhere in (b — ¢,b). By Vitali’s
convergence theorem, it suffices to prove that {|u,|*- 1—sp)}n is equi-integrable. Indeed, we
have

b 0
/ (u? —1)*dr = 5n/ (v2 —1)*dr = £,%(v,,),
b—6 —Lay,

and since limsup,_,o, ¥(v,) < limg, o0 Be, (be,) + + < 00, we have that lim, fbb_ sl

1)? dx = 0, so equi-integrability follows from Lemma

Our construction for w, over (b — §,b) provides us with the term 3(by) for the Gamma
limit in the case that u(b_) = —1. If instead u(b_) = 1, we may negate our construction
to instead acquire the term 5(—bg). The term in both cases is equal to S(bgsgnu(b_)). A
symmetrical construction near the endpoint a yields the term [(agsgnu(ay)). Lastly we
may define u,, away from the endpoints as in Step 5 of the proof of Theorem in order to
recover the term a essVarg u, completing the proof. 0]
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