Probability, homework 5, solutions.

Exercise 1. Prove that if a sequence of real random variables (X,,) converge in
distribution to X, and (Y,,) converges in distribution to a constant ¢, then X,, +Y,,
converges in distribution to X + c.

Solution. Let’s do it with &’s and §’s. Let f be a continuous bounded function,
eventually chosen of type ei*'. Then

Ef(Xn + Yn) = Ef(Xn + Yn)]l\Ynfc|<€ + ]Ef(Xn + Yn)]l\Ynfc|>6'
The second expectation on the RHS above is bounded by || f||eoP(|Yn — ¢| > €) <
I/l ER(Y,) where h is 0 on [c —€/2,¢+¢/2], 1 in [¢c —&,¢ + €]° and in (0,1)
otherwise. As n — oo we have Eh(Y;,) — Eh(c) = 0 so that we just need to prove
|E f(Xn+ Yoy, —¢jce < Ce (0.1)
for some C' > 0 which may depend on f but not . As we can choose f(z) = ¢*®
for some fixed A € R, f is Lipschitz with constant A~! so that

|E f(Xn+ Ya)Ljy, e —E f(Xn+ Oy, ojce| < 5. (0.2)
Moreover, by the same reasoning as 6 lines above,
Ef(Xo+6) — Ef(Xn+ Ly cice] < [FlacP(Yo —c| > ) 5 0. (0.3)
We also have, by convergence in distribution of X,
Ef(Xn+c¢) = Ef(X+c). (0.4)

Equations (0.2), (0.3), (0.4) allow to conclude that (0.1) holds.

Exercise 2. Assume that (X,Y") has joint density
_ 2 2
ce~ () (14v%)

where c¢ is properly chosen. Are X and Y Gaussian random variables? Is (X,Y) a
Gaussian vector?

Solution. The answer is that X and Y are not Gaussian random variables. Below
is why. Note that for any ¢ > 0 we have

/ efcy2dy =/7/c,
R

as seen from a change of variables from the density of a standard Gaussian.
The density of X at point x is therefore

/cef(HIQ)(HyQ)dy = ce~(1+2%) /67(1+z2)y2dy =cy/7m/(1+ x2)ef‘r2.

Note that this is not the density of a Gaussian random variable.

Moreover, the couple (X,Y) is not a Gaussian vector because if it was, its log-
density would be a quadratic form in (x,y), but it is not (it is a quartic form). Of
course it is not a Gaussian vector also because otherwise its coordinates would be
Gaussian.
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Exercise 3. Let ¢ > 0 and X be uniformly distributed on [0, 1]. Prove that, almost
surely (i.e. the following event has probability 1), there exists only a finite number
of rationals g, with p A ¢ = 1, such that

1
q2+e .

‘X—p‘<
q

Solution. Let Ay, = {‘X _ %

Yo P Y P4 =) <o

2
q
g>1,p<q,pAg=1 q>1,p<q q>1

< (12%} Then P(4,,q) < 2/¢* so that

This implies (e.g. by Borel-Cantelli) that P(A, , with some pAg=11i.0.)=0.

Exercise 4. You toss a coin repeatedly and independently. The probability to get a
head is p, a tail is 1 —p. Let Ay be the following event: k or more consecutive heads
occur amongst the tosses numbered 2%, ... 2%t — 1. Prove that P(Ay i.0.) = 1 if
p > 1/2, 0 otherwise.

Here, i.0. stands for “infinitely often”, and Ay, i.o. is the event Ny>1 Um>n Am.-

Solution. Let X;’s be i.i.d Bernoulli’s with parameter p, write X; = 1 if the ¢-th
coin toss is a head, 0 otherwise.

Assume p < 1/2 first. Let Bf = N2y ' {X; = 1}. Then 4, C Ugi;Bf;, o)
2k+l
P(Ar) < Y P(By) < 2871,
=2k

so that ), P(Ax) < oco. This implies easily P(A,, i.0.) = 0 (we have now seen this
is a part of the Borel-Cantelli lemma).
Assume now that p > 1/2. Let Cf = {3i € [(,{ +k — 1] : X; = 0}. Then

k .
Af C Ny>0.2k 4 ak<ok+1 C,f +ak and these events are independent, so

: 2p)k
P(AS) < P (Nusoas ancarn O F04) = (1= 9924 —exp (- 14 0r1)).
We conclude that P(Ay) > C/k for some universal constant C' (this is the bound

obtained in the worse case p = 1/2). Moreover, by convergence of sets,

P (Nn21 Umzn Am) = 1m P(Upzndp) = lim | 1- 1;[ (1—P(An))
The above parenthesis is always 1 due to P(A;) > C/k, which concludes the
proof.For R,,, we just need the upper tail, and the approaches mentiones in (7)
all work.

Exercise 5. Prove that for any z > 0, % = foo e~ tdt. Deduce the value of

0
o0 sinx
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Solution. The first question is elementary. For the second question, by Fubini we
have

/ smx / / - dxdt / l 1._ 1. dt:l/ dt
o 2i\t—i t+i 2 Jgpt?+1

where the last equality is known through the density normalization of a Cauchy
random variable (i.e. by a residue calculus) or with the arctan antiderivative.

Exercise 6. For any probability measure p supported on R, one defines the
Laplace transform as

Z(A) = / e du(z), A > 0.
0

(1) Prove that .Z, is well-defined, continuous on Ry and ¢ on R.

(2) Prove that .2}, characterizes the probability measure p supported on Ry.

(3) Assume that for a sequence (i, ),>1 of probability measure supported on Ry,
one has &), (A\) — £()\) for any A > 0, and ¢ is right-continuous at 0. Prove
that (fn)n>1 is tight, and that it converges weakly to a measure p such that
(=%,

Solution.
(1) It is well defined because | [~ e **du(z)| < [;° le™*|dp(z) < [;° dp(z) = 1.
Continuity follows from |e~(A7)* — e=Az| < 2 and dommated convergence.

Similarly, for infinite differentiability, we prove by induction that

200 = [ ot auta)

for all kK > 0 and A > 0. The case k = 0 is obvious. Assuming it is true for k,
for A, h > 0 we write

67()\+h)az — e

(PO 1) = 2B h = [ o S )

—(Ah)z__—Ax
For a > 0 we have |e”* — 1| < a, so that |£ | < xe™** for all h ad

we can aply dominated convergence as h — 07. A similar reasonning allows to
treat the case h — 0~ and concludes the induction.

(2) There are many ways to solve this difficult question. Here is a particularly
simple solution. Let v be the pushforward of x by the function x +— e~*. Then
the knowledge of (.Z},(k))r>0 is equivalent to the knowledge of all moments of
v, a measure supported on [0,1]. Such measures are clearly characterized by
their moments, e.g. by the Stone-Weirstrass theorem on [0, 1].

(3) We first prove tightness. Direct calculation gives, for any a > 0,

I Car—1+e
s [asgL o= [ R @),
0 0

@ ax
— —t . o, . . . .
and tl% is positive and increases on R . This implies

1 /aa — Z (AN > i ([0, 01
0

«

B



On the other hand,

1 (¢ 1 /¢ 1 /¢
5[ a=Zaan < [T n-ame g [T - 2.,

Let € > 0. By continuity of ¢ at 0 there exists a > 0 such that the fist integral
is at most €. By dominated convergence, for this « the second integral is also
smaller than e for large enough n. We have proved that

pn((0,071%) <€

for large enough n, i.e. tightness.

As (pin)n>1 is tight, it has weakly converging subsequences, to a measure
w1 supported on R;. As this weak convergence clearly implies convergence
of the Laplace transform, this shows that £ = .%,. Consider any converging
subsequence, to a measure p’. Then ¢ = %)/, so by (2) p =/, which concludes
the proof.



