LECTURE 5: LOOPS

We continues in the setup where V' is finite. The material in this lecture is again
borrowed, essentially verbatim, from Sznitman’s lecture notes.

1. ROOTED LOOPS

We introduce the space of rooted loops, which are trajectories with finite lifetime
that, instead of going to the cemetery at the lifetime, are then at the starting point.
More precisely, let L, ; denote the space of right continuous trajectories {v(s)}s<¢
with finitely many jumps, satisfying v(t) = 7(0). As long as we keep the information
t, we can also think of v € L, ; as an infinite path by extending it periodically, and
then we can define in a natural way the shift 65, s € R.

Let L, = UL, ;, noting that the spaces L, ; are pairwise disjoint. We refer to
ay € L, as a rooted loop of length (7). For v € L,, there is a unique ¢ so that
v € Ly, and we set £(-y) = ¢ as the lifetime of the process. The product o-algebra
on L, is obtained after linearly stretching all paths to be of length 1; measurability
issues are in general never a serious issue in this context and we will simply ignore
them.

Let n(y) denote the total number of jumps. Since v(£(y)) = v(0), we have
n(y) € {0,2,...}. We thus set N(v) = n(vy) V 1, and let T; denote the successive
jump times of the path (no such T; exist if N(y) = 1). We call a loop trivial if
N(v) =1, and pointed if N(v) > 1 and Ty = £(7), i.e. if the last jump occurs at
&(7y), which by periodicity could be thought of as occuring at time 0. (Due to right
continuity, there can’t be a jump at time 0.)

Recall the measures P, that we introduced in the last lecture. We only need

now the measures Py, and define
Z/ Z/ Pg”{Xt_z:}ﬂB)
zeV zeV

(We will see later the reason for the division by ¢; in a nutshell, this reflects the
uniform choice of the root of the loop.)
The following facts are simple consequences of the definitions.

(1) The lifetime under u, has a finite distribution. Indeed, since the total mass

of P}, is r(x, ), we have

1
T >\7< Aw 707
602025 [ <) S s

zeV :EGV

for some constant C.
Note that the same argument shows that u,. is not a finite measure, only
a o-finite one.

(2) For k > 1,

- - dt
pr( Xty = 215000, Xpymay, § € (Gt4dE) = 1oy 4, (01, 22) gy - Tegty 1, (Ik,zl)Am?-
1



2 LECTURE 5: LOOPS

We bring a proof: for t > ¢y,
P;)I(th =Ty, th:wk))\w = rtl (.’If, xl))\ajlrtz—tl (mla xQ))\Iz ... T‘tk—tk,1 (xk:—la xk)A:Ekrt—tk ('rkv x)Aw

Summing over x € V, since Y v 7t -1, (T, ) Aoty (T, 1) = Tege,— 1, (Th, 71),
we obtain

(1)
Z P;,x(Xh =T1y--- ’th=96k)>‘3? = Tto—tq (1'17 xQ)sz R (ajk—h xk)Aﬂtth—tk ('1:/% xl)/\xr
zeV
From the definition of .., this gives the claim.
(3) For k=1,
- - dt
ﬂr(th = ;L‘l,f(X) € (t7t+ dt) = rt(xlaajl))‘zl ?

(4) Let Zy = v(0) and Z; = v(T;), i = 1,...,N(vy). (Recall that Zn = ~(0)

under p,..) Then, for n > 1,
/LT(N:Tl,Zi :I'i,i = O,...,Tl* 1,TZ S t1+dtl,l = 1,,77,,5(’}/) € t+dt))

—t n

(&
= P(xg,71) - "P(xn—h$0)1{0<t1<...<tn<t}T Hdtz’ - dt.
=1
and, for n =1,
—t
€
(2) (N =1, Zg = w0, &(7) € ¢+ dt) = —dt.

We skip the proof.

An important property of p, is its stationarity, which is summarized in the next
lemma.

Lemma 1.1. With notation as above, with n > 1, recalling that x,, = xg,
1 n
(3) uT(N:n,Zi:xi,i:(),...,nfl):ﬁl_[lP(xi_l,xi).
1=

(Recall that P(zi—1,%;) = Wg, 1 2./ Az;, and may sum to less than 1.)
Further, p(N = n) = LTr(P") (therefore, pu,(N > 1) = —log(det(I — P))),
and (recall that we extended path to infinite paths by periodicity), for any k € Z,

(4) (N > 1, {Zyim}tmez € ) = pr(N > 1, {Zp }mez € ).
Finally, u.0,1 = w., for any v € R.

Proof. The equality (3) follows from point (4) above by integration. Summing over
{x} gives the trace formula. From invariance of the right side of (3) with respect
to cyclic shifts of the sequence (zg, z1,...,2n—1), we obtain (4). So it only remains
to prove the continuous-time stationarity. This follows in turn from the following
stationarity: Consider Pgﬁ’w as a measure on infinite path (extended by periodicity
from [0, #] since Xo = X; under this measure). We claim that ey APl 05t =
Y ozev )\ij’m. It is enough to consider v < ¢ since the general case reduces to it by
periodicity. But for v < ¢, the claim follows at once from the right side of (1).
Now, recalling that p,(-) = [, oy P£7w(-)Ax%, the claimed stationarity fol-
lows. (]
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Similar computations lead to invariance under time reversal, as follows. For
v € Ly, let ¥ € L, be such that £(¥) = £() and (s) = y(—s) (where we recall
that we extended ~ by periodicity.)

Lemma 1.2.
prlN > 1 {Z ey € ) = [N > 1L {Zn} iy € 9).
Further, p. - ()71 = p,..

2. POINTED LOOPS

Recall that a rooted loop is pointed if it jumps at its lifetime. We extend the
definition of pointed loops by declaring all trivial loops to be pointed. Let L, C L,
denote the space of pointed loops. Set, for v € L, with N =n,

0-0(7) = Tl(,y) + 5(7) - T’n(’Y)a O—l(’y) = /-Ti+1 - Tlvl = ]-7 sy — 17
the time epoch between jumps; note that og = 17 for v € L.
Introduce the measure 1), on L, in a way similar to p,, by
dt
MP(N = 17Z0 = anC et+ dt) = 67t77
up(N=n,Z; =x;,0, € s; +ds;,i =0,...,n—1)

n—1

1 e
= = P(x0,21) -+ P(2n_1,@0)e” Zi-0 * H dsi,
n
i=1

. There are natural maps from L, to L, given by 07, (4)y, for m = 1,...,n. It
maps naturally 1;x—y,}u- to a measure on L,. As in the case of palm measures,
there is a relation between stationary measures in the continuum and (size bias
versions of ) stationary measures on the discrete, as follows.

Proposition 2.1. For1 <m <mn,
l{Nzn},uT o Qii(Zl =ux;,0;, €s;+ds;,;1=0,...,n— 1)

n—1

Sn—m e

(5) = s P(xo, @)+ P(xn_1,30)e” 2i=0 % H ds;,
i=1

and therefore
On—m

Lin=nypir © 9:;71 =n S0 Lin=nytip-
1

Further, if F : L. — R is a shift invariant bounded measurable function, i.e.
F-0,=F, then

(6) /l{N:n}Fd,ur:/l{N:n}Fd,Ufp

Proof. The proof of (5) involves a change of variables. Recall that

n —t
e

wr(Zi =z, T; € t; +dt;, E(y) €t+dt) = HP(%‘—I,l‘i)10<t1<...<tn<tTdtHdti~

i=1
Now, make the change of variables

n—2 n—1

(try ey tn,t) = (L, 81 =ta — L1, Syt = by — 11 — 281‘750 =t— Zsi)-
i=1

i=1
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The new variables satisfy 0 < t; < sg, s; > 0,2 = 1,...,n — 1. The Jacobian of
the transformation is 1, and the s; are precisely the definition of the ¢;. So, in the
original variables, the new density is

n — s n—1
H P(x;— 1,x1)1{0<t1<§0} dit4 H ds;
i=1 2 si
Integrating over t; one picks up a factor sg. Since the expresions in the density
except for this factor are invariant under cyclic transformations of the indices, the
shift T}, simply replaces sg by $;—m,m. This proves (5).
To see (6), use the fact that F is invariant to write that F(y) = £ 3" | F(67,7),
and use the above expression. Using (5), one picks the factor
1 Z g; _ 1
nY o, n’
as needed. (]

The measures g, and p, possess also good restriction properties. Let A C V.
Let L, 4 and L, 4 denote the sets of rooted (pointed) loops that stay in A up to
their lifetimes. It is not hard to check that

(7) 1{L,‘,A}ﬂr = lr A, 1{Lp,A}uT = lp A

where 1, 4 and p, 4 are defined as mu,., p;, on the restricted graph A with weights
A=+ D yga Way-

Exercise 1. Prove (7).

3. LOCAL TIMES FOR LOOPS

The definition of local times for loops is analogous to that for paths, we simply
set

£
L, = LI(/Y) = 7/0 1{')'5:m}d3-
z

By definition, the local time is invariant under time shifts, and under time reversals,
and therefore has the same “law” under p, or fi,.

The next lemma gives a Laplace trasform for the law of the local time. We saw
similar computations in the context of Dynkin’s isomorphism.

Lemma 3.1. For anyn > 0,

(8) /(1 — e )1 yoyydp, = log <1 + 1) ,

and more generally, for F' > 0,

F
(9) /(1 — e~ X F@Laygy, —logdet(I + GF) = —log (detG ) .

det G

Proof. It N = 1 then the loop is a trivial loop and L, = /), on the event that
Yo = z. By (2) it then follows that

oo —t
/(1 — e_an)].{Nzl}d’U,r = / (]_ — e_"t/k“”)ert,
0
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from which the conclusion (8) follows after using the trick

1 oo
fdt:/ e ' ds
t 0

and Fubini.

To see (9), we use the definitions for P} ,, and recall that

EL (1= e Zuev PO = PR, = 2) /Ay — By(1g,_gye” o /N
_ )\i (et(Pfl)lr _ et(PflfF//\)lz)

where the Feynman-Kac formula was used in the last step. Summing over z and
integrating with respect to the weight dt/t we obtain that

> dt
10 1 e Svev FOLM) g, :/ Tr(et(P-D) _ gt(P—1-F/x)y 4
a0 fa-ex g = [ (D e
Recall that the eigenvalues of P (a self adjoint matrix in L2(d))), denoted AP,
satisfy

(11) max [\]] < 1.
3

By Weyl’s inequalities!, with )\fLF/ & denoting the eigenvalues of P — F'/\, we also

have that max; \)\f_F/A| < 1if ||F| is small enough. Therefore, we can expand the

exponential and obtain that

_ - et
Te(etP=D — MP=I=F/N)  — tZET}(P’“—(P—F//\)k)
E>1
P—F/A\k
- OO t)
= 2 T )
i k>1

Now, note that for |a| < 1,

®  thak e~tdt L ak(k —1)!
/0 Z?T:ZE_/Q ti e dt:ZTz—log(l—a).

k>1 ’ E>1 k>1

Therefore, from (10) we obtain that

/(1 e D FOLO) g, = 3 flog(1 - AF) — log(1 — AP
(12) = logdet(I — P+ F/\) —logdet(I — P)
(13) = logdet(I + (I — P)"'F/)\) = logdet(I + GF),

where in the last equality we used that (I — P)"*A~! = G. Recall from Lecture 4
that (I + GF)™! = (=L + F)~Y(—L) if ||[F|| is small, and that L = A\(P —I). Thus,

(I+GF) ' =\I—-P+F/\N)'\I-P))
and therefore

det(I+GF)™! = det(A\ ') det(\) det(I — P+ F/\) " det(I — P) = det(Gr)/ det(G).

1See Remark 3.2 below for an alternative, shorter argument
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It follows from the last display and (13) that
(14) / (1 — e 2wev FOLOY gy, — Jog(det(G)/ det(Gr)).

To extend the proof from || F|| small to general bounded positive F, we argue by
the general principle that if the formula makes sense, it should extend. To begin,
note that

(15) 0< B+ /(1 e A Tuev FWLi Mgy,

is monotone increasing. It is also bounded for small 8 > 0 and finite for all 5 > 0
since 1 — e~ (979 < (1 — %) + (1 —e7?) for a,b > 0 (differentiate in b to see that).

We next claim that the function in (15) is actually analytic on the right half
plane of C. To see that it is enough to show that the integrand is dominated by
an integrable function. Note that the integrand is dominated by 2 (if 8 > 0) and,
since p,({N > 1}) < 00, see Lemma 1.1, we only have to worry about the event
N = 1. But, on this event,

- e B2y F(y)Ly(v)| =1- e*ﬁF(’Yo)f(’Y)‘ < 1BIIF |l (),

where we uses that 3. Since {(y)1{y=1} is integrable under s, we obtain the
desired uniform integrability on compact subsets of Cr := {z € C: Rz > 0}. It
follows that (15) is analytic on Cg. On the other hand, taking first F' > 0, write
I = F~'Y2FY2 and use the formula det(AB) = det(BA) to get

det(I + BGF) = det(I + BVFGVF),

noting that the formula remains true even if certain entries of F' vanish by continu-
ity. Now, VFGVF is a symmetric matrix, with nonnegative eigenvalues, and the
analyticity of the log-determinant on Cg follows. Thus, the equality (14) extends
from 8 € (0,5y) to > 0, and in particular to 5 = 1. O

Note that substituting in (14) F = 1,, gives
(16) /(1 — e~ )dp, = log(1 +ng(x, z)),

since det(I + GF) = det(I + FY/2GF'/?) = 1 + ng(x, x).

Remark 3.2. A shorter argument, that avoids the analytic continuation, was sug-
gested by Liying Li and is as follows. From (11) one has that 1 — AP > 0. Similarly,

1-— )\fLF/A > 0. Since
Tr(et(P—I) _ et(P—I—F/,\)) _ Z(e—(l—,\f’)t _ e_(1_)\f—F/A)t.
Since

oo —at _ ,—bt
/ £ T a= log(b/a),
0 t

and the number of eigenvalues is finite, the integrability and hence the conclusion
follow.

Exercise 2. Use the restriction property to show that for A CV and F as above,

/ (1—e 2= F@Layqy — logdet(I + GAF),
v.€A
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where G is the green function of the random walk killed at exiting A.

Exercise 3. (*) Prove the following variant of Lemma 3.1, using (8) of lecture 4:
for F:V =R,

Eqpy(em =P8 = (F — L) (x,y).

4. UNROOTED LOOPS

We have so far considered loops with a distinguish point, the root. Sometimes
it is better to forget that distinguished vertex. We can introduce an equivalence
relation ~ on L, by declaring two loops equivalent if their lifetime is equal and
one it a shift of the other. Let L* be the space of equivalent classes of loops,
endow it with the o-algebra induced from L, vi the map 7* : L, — L*, and define
w* = p(m*)~1. (Since equivalence classes are translation invariant, we can use i,
or p, in the last definition).

We do one calculation with respect to the measures p*.

Definition 4.1. A unit weight is a (measurable) function T : L, — Ry satisfying

€M)
/ T(0,7)dv = 1.
0

An example (besides the trivial one Ty(y) = 1/£(v)) is T1 () = To(v) 1y A{a}=0 +
10)=2/(AaL®).

Lemma 4.2. IfT is a unit weight and F : L* — R, measurable then
(17) [ Fawr = 3 For ()T ()P,
zeV

Note first that the choice of unit weight does not affect the left side in (17), and
thus the right side does not depend on the unit weight chose. This can be useful in
computations.

Proof. By definition, the right side in (17) equals

/Z)\E (For* - T)dt.

zeV

Using stationarity of A, P} . (as in the proof of Lemma 1.1, we have

Z)\E (For* /dv Z)\ L Fom®0b,) (Tob,).

zeV zeV

Using that (F o7* 0#6,) = F o7*, we can perform the integration over v and use
the fact that 7" is a unit weight (note that under E! ., £(v) =t) to obtain that the
expression in the last display equals

dt
/ Z)\E (Form™)— :/ Fo7r*d,u7n:/ Fdu*.
L, .

zeV
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Using the weight 77, a consequence of the last lemma is that
1
1x€"/* dﬂ* = 7sz,m o (77*)_17
Ly

that is, the meausre p*, on the event that a point x was visited, can be obtained from
P, . by a random rescale (corresponding to local time) together with “forgetting
the root”. By invariance of L, to shifts, this is the same as the equality

1956"/* delff* = sz,m o (77*)_17
Integrating, we obtain that wa’y* L du* = g(x, ).



