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1. Show how to encode two classical bits into one qubit such that any one bit can be recovered
correctly with probability greater thesb %.

2. We have seen in class that Toffoli gates are universal for classical reversible computation.
Prove that no set of two-bit and one-bit gates is universal for classical reversible computation.

3. Letf: {0,1}" — {0,1}™, ¢ : {0,1} — {0,1}" be such thay is a left-inverse off
(i.e., g(f(z)) = z forall z € {0,1}™). Assume that both functions can be computed by a
polynomial size classical circuit. Show that there exists a polynomial size classical reversible
circuit (and hence also quantum circuit) that map$)) to | f(x), 0). Would you expect this
to be possible without the assumption thdtas a polynomial size circuit?

4. Describe a quantum algorithm that solves the following problem. Given a funttidtf —
{0,1}™ that satisfies () = f(y) & = —y € H for some subgroug/ of Z7, find H.

5. For any functionf : {0,1}" — {0, 1} we defineU; as the unitary transformation mapping
|z,y) to |z,y + f(x)) for eachz € {0,1}" andy € {0,1}. Also defineS; as the unitary
transformation mapping) to (—1)/®|z) for eachx € {0,1}". Show how to obtairs;
from U (using an auxiliary qubit). Can you obtairy from S;?

6. (a) Let|u), |v) be two states om qubits each. Consider the circuit below, which uses a
controlled swap gate. Find the probability of measuritigas a function off(u|v)]|.
What does this quantity correspond to?
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Figure 1: The swap test

(b) Now assume there exists a quantum cirélihat transforms0) to |u) and a quantum
circuit V that transforms0) to |v). Show how to generate the stéte) [u)+|1)|v))/v/2
usingU andV. Then, assume we apphly on the first qubit and measure it. Find the
probability of measuringp) as a function of (u|v)|.

7. Here we develop parts of the very usefillase estimatiotechnique, due to Kitaev. Léf
be a unitary transformation onqubits and letv) be an eigenvector d@f with eigenvalue\.
(@) Show that\| = 1, i.e., there exists somec [0, 27) such that\ = e*.

(b) Based on the circuit shown in Figure 2, describe how to estifdtewithin some
additive error= (with confidence, say)0%). You can assume that you have a way to
generate the state). How many operations are needed (roughly) as a functiar? of
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(c) Show that you can do the same even if you are given only one copy (dnd you are

unable to generate more yourself).
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Figure 2: Phase estimation

(@) Forb € {0, 1} define|t),) as the two-qubit state;(|00) + (—1)°|11)). Alice and Bob

(b)

share the statg),) for some unknowrb. Their goal is to determing Unfortunately,

they are unable to communicate with each other. Convince yourself that Alice (or Bob)
cannot determiné alone (no rigorous proof of this is required). Now, assume each
of them is allowed to send one classical envelope to a common friend Charlie. Find a
protocol that allows Charlie to determihdrom the two envelopes he receives.

Foreacht,l € {0,1}*", k # 1,0 € {0, 1}, define|¢)y. ;) as the statess (k) +(—1)°[1))

on 2n qubits. Alice and Bob share the state. ;) for some unknowrt, [, b (i.e., each

hasn qubits). Each of them can send one classical envelope to Charlie, who happens to
know k and/ but notb. Upon receiving the two envelopes, Charlie is asked to determine
the bitb. Find a protocol that allows them to achieve this goal.



