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Abstract. This is a survey of recent examples of varieties that are not stably
rational. We review the specialization method based on properties of the Chow
group of zero-cycles used in these examples and explain the point of view of
unramified cohomology for the construction of nontrivial stable invariants of the
special fiber. In particular, we find an explicit formula for the Brauer group of
fourfolds fibered in quadrics of dimension 2 over a rational surface.

1. Rational, unirational and stably rational varieties

Let X be a projective variety defined over a field k. Several notions, describing
how close X is to projective space, have been developed:

• X is rational if X is birational to a projective space Pnk ;
• X is stably rational if X × Pmk is rational, for some integer m;
• X is retract rational if the identity map on X factorizes rationally through

a projective space: there exist Zariski open subsets U ⊂ X and V ⊂ Pnk , for
some n, and two maps f : U → V and g : V → U such that g ◦ f = idU ;
• X is unirational if there is a dominant rational map Pnk 99K X (one may

assume n = dimX, see [31, Lemma 11]);
• X is rationally connected if for every algebraically closed field Ω con-

taining k, any Ω-points x1, x2 ∈ X(Ω) can be joined by a rational curve:
there exists a morphism P1

Ω → XΩ, with 0 7→ x1,∞ 7→ x2.

When k is not algebraically closed, sometimes the term k-rational is used, in order
to emphasize that the birational map X 99K Pnk is defined over k (similarly for the
other notions but the last one). From the algebraic point of view, X is rational if and
only if the function field k(X) of X is a purely transcendental extension of k, X is
stably rational if and only if after adjoining some algebraically independent variables
y1, . . . , ym the field k(X)(y1, . . . , ym) becomes purely transcendental over k and X
is unirational if and only if the field k(X) is a subfield of a purely transcendental
extension of k. Also for the first four notions one does not need to assume that X
is proper. From the definitions we deduce the following implications:

X is rational
⇓ 1©

X is stably rational
⇓ 2©

X is retract rational
⇓ 3©

X is unirational
⇓ 4©

X is rationally connected.

Currently, it is still unknown if the implications 2© and 4© are equivalences or not,
even for k = C. It is commonly believed that they are not. Indeed, a smooth Fano
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variety over an algebraically closed field k of characteristic zero is rationally con-
nected: in particular, a hypersurface of degree d in Pnk , with d ≤ n; unirationality
of all such varieties seems unlikely. The case when d = n is probably the most plau-
sible to investigate as a possible counterexample to the converse of the implication
4©.

In general, it is still unknown if a smooth hypersurface of degree d ≥ 4 in PnC
could be rational (resp. stably rational, resp. retract rational) [30, p.282].

Unirational nonrational varieties. Let X be a smooth projective variety with
X(k) 6= ∅. If dimX = 1, the classical Lüroth theorem says that all the rationality
notions above are equivalent to X ' P1

k. If X is a smooth projective complex
surface, it follows from the Castelnuovo-Enriques classification that all the notions
above are equivalent as well. However, over nonclosed fields this is no longer true.
For example, there exist nonrational smooth cubic surfaces (with a point), see [34,
V.2.7], and a smooth cubic hypersurface is always unirational [31]. It was a classical
open question to decide whether or not there exists a unirational nonrational smooth
projective complex variety of dimension at least 3. This question was resolved in the
1970s, when three types of examples appeared. Surveys describing these examples
are available (see, e.g., [4]), here we provide only a brief summary and mention
what is currently known for the stable rationality of these examples:

• Let X ⊂ P4
C be a smooth cubic threefold. As mentioned above, these

varieties are unirational. Clemens and Griffiths proved that they are never
rational. To detect failure of rationality they used the intermediate jacobian:
for a rational variety it is a product of jacobians of curves, which fails in the
case of X. This invariant does not obstruct stable rationality: in fact, it is
still an open question whether or not a cubic threefold is stably rational.
By recent work of B. Hassett and Y. Tschinkel [26], it is essentially the
only remaining family of Fano varieties of dimension 3 for which stable
rationality is not settled (see below).
• Let X ⊂ P4

C be a smooth quartic threefold. Some of these varieties are
unirational, for example the quartic

x4
0 + x4

1 + x4
2 + x4

3 + x0x
3
4 + x3

3x4 − 6x2
1x

2
2 = 0

(see [27] for the geometric construction going back to Segre). It is still
unknown whether or not they are all unirational. As mentioned above, they
are all rationally connected. Iskovskikh and Manin [27] established that no
such quartic is rational using the method of birational rigidity: they proved
that every birational automorphism of X extends to an automorphism of
X. However, the group of birational automorphisms of rational varieties
is huge. The birational rigidity method has been extensively studied and
applied, see in particular the works of Pukhlikov (and his survey [38]) and
Cheltsov (and the survey [11]). Recently, the method has been further
developed by T. de Fernex, who proved that no smooth hypersurface of
degree n ≥ 4 in PnC is rational [23].

Using the specialization method we discuss in this survey, in joint work
with J.-L. Colliot-Thélène we showed that a very general quartic threefold
is not stably rational [17].
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• Artin and Mumford [2] constructed a unirational variety that is not even
stably rational: one could view their examples either as a double cover

X : z2
4 − f(z0, z1, z2, z3) = 0

of P3
C ramified along a (particular) quartic f(z0, z1, z2, z3) = 0 or as a conic

bundle over P2
C. The nontrivial invariant they use is the 2-torsion in the

Brauer group Br(X)[2] (which in this case is isomorphic to H3(X,Z)[2] as
well). For stably rational varieties this invariant vanishes. This example
is one of the key ingredients of proofs of failure of stable rationality in the
classes of varieties we discuss in this paper.

Stably rational nonrational varieties. Examples of stably rational nonrational
complex varieties X were constructed in joint work of Beauville, Colliot-Thélène,
Sansuc and Swinnerton-Dyer [7]. These examples are also threefolds admitting a
conic bundle structure over a rational surface. The method to establish that X is
nonrational relies on the intermediate jacobian criterion. Showing that X is stably
rational uses the universal torsors techniques [19]. If k is not algebraically closed,
there are examples of stably rational nonrational surfaces as soon as k admits a
Galois extension K with Gal(K/k) ' S3 [7]. However, the following question of
B. Hassett remains open:

is there a stably rational nonrational surface S defined over a finite field k?

Algebraic groups and classifying spaces. Let G be a linear algebraic group
over k. There is a generically free representation V of G and an open G-equivariant
subset U ⊂ V such that there is a G-torsor U → U/G; in addition, if U ′ ⊂ V ′ is
another such open in a generically free representation of G, then U/G and U ′/G′

are stably birational [20]. One then views U/G as an algebraic approximation of the
classifying space BG of G and one says that BG is stably (resp. retract) rational if
U/G is [37]. Until now, no example of non retract rational BG, for G a connected
linear algebraic group over an algebraically closed field, has been found. A plausible
candidate could be G = Spin16 (see [37]). However, such examples exist if G is finite
(Saltman [41], Bogomolov [9]) or if k is not algebraically closed (Merkurjev [35]).
For G = PGLp with p a prime, the classifying space BG is retract rational [42]. It
is an open question whether or not it is stably rational.

This survey is devoted to recent constructions of examples of varieties that are not
stably rational, complementing surveys of Arnaud Beauville [6] and Claire Voisin
[47] on the same topic. In section 2 we provide a list of new examples and explain
the specialization method that allowed to produce them. The example of Artin and
Mumford and their computations of the Brauer group of fibrations in conics are
crucial steps in the construction of many cases. We review a method to compute
the Brauer group as an unramified cohomology group and discuss some applications
to fibrations in quadrics. In particular, we give an explicit formula for the Brauer
group of fourfolds fibered in quadrics of dimension 2 over a rational surface.

Acknowledgements. I benefitted very much from motivating discussions with
Jean-Louis Colliot-Thélène, Brendan Hassett, Yuri Tschinkel and Asher Auel. I am
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very grateful to Alexander Merkurjev for carefully reading a preliminary version of
this paper and for correcting several inaccuracies.

2. Specialization method and applications

2.1. Examples. We now present recent examples of varieties failing stable ratio-
nality, in chronological order of their discovery. These varieties are not even retract
rational, but the statements are often in terms of the more intuitive property of
stable (non) rationality. Very general means that we remove a countable set of
proper closed conditions on coefficients of the corresponding varieties1.

(1) (C. Voisin [46]) A very general double cover X → P3
C, ramified along a

quartic with at most 7 nodes.
(2) (Colliot-Thélène – Pirutka [17]) A very general quartic threefold X4 ⊂ P4

C.
(3) (Beauville [5]) A very general double cover X of P3

C branched along a sextic.

(4) (Totaro [44]) A very general hypersurface Xd ⊂ Pn+1
C , n ≥ 3, of degree

d ≥ 2d(n+ 2)/3e.
(5) (Hassett–Kresch–Tschinkel [25]) A very general conic bundle over P2

k with
k = k̄, char k 6= 2, with discriminant curve of degree d ≥ 6. More generally,
let S be a smooth projective rational surface over k. Using [2, Thm 1.1]
(see also section 3 below), the data of a conic bundle X over S with at most
nodal (reduced) discriminant curve D ⊂ S is equivalent to the data of D
and a degree 2 étale covering of D. The space of such curves in a fixed linear
system L of effective divisors on S, together with a degree 2 étale covering,
is not necessarily irreducible. LetM be an irreducible component. Assume
that a general member of L is irreducible and that M contains a reducible
curve D with smooth irreducible components, with a cover that is nontrivial
on each component. Then the conic bundle corresponding to a very general
point of M is not stably rational.

(6) (Colliot-Thélène – Pirutka [18]) A very general cyclic cover X of Pn of
prime degree p ramified along a hypersurface of degree mp with m(p− 1) <
n+ 1 ≤ mp. Here the condition m(p− 1) < n+ 1 is just to insure that X
is rationally connected, and the condition n+ 1 ≤ mp insures that X is not
stably rational.

(7) (Hassett–Tschinkel [26]) A very general nonrational smooth Fano threefold
X, if X is not birational to a cubic threefold. Here very general refers to
families of such Fano threefolds with some fixed numerical invariants, such
as ”hypersurface in P(1, 1, 1, 2, 3) of degree 6”, ”quartic in P4 ” etc., see [26,
Section 2] for more details.

The stable birational invariants, essentially of cohomological nature, that have
been successfully used in other contexts previously, are either trivial in many of
these examples, or are difficult to compute (see remarks 3.8 or 3.14 below). The
strategy in the specialization method is as follows:

1More precisely, if B is an integral scheme over an algebraically closed field k and X → B is a
family of algebraic varieties over B, we say that a very general member of the family is not stably
rational if there exists a countable set of proper closed subvarieties {Bi ⊂ B}i∈I such that for any
b ∈ B(k) \ (

⋃
i∈I Bi(k)), the variety Xb is not stably rational.
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step 1: use the invariants that behave well under specialization, even to mildly
singular varieties;

step 2: produce some varieties (special fibers) with nontrivial invariants;
step 3: show that the varieties of interest specialize to the examples produced in

the previous step.

For example, the invariant H3(X,Z)[2] of Artin and Mumford does not behave
well under specialization: it is trivial for a general quartic double solid. In the next
section, we introduce invariants based on the properties of zero-cycles, satisfying
the requirements of the step 1 above.

2.2. Zero-cycles and universal triviality of CH0.

Let X be a projective variety of dimension n defined over a field k. The decompo-
sition properties of the class N [∆X ], N > 0, of the diagonal ∆X = {x, x} ⊂ X×X,
in the Chow group CHn(X×X), have been previously used for various applications
(see for example the work of Bloch and Srinivas [8]). Here we consider the following
integral version:

Definition 2.1. A projective variety X of dimension n defined over a field k, with
X(k) 6= ∅, has Chow decomposition of the diagonal, if

(2.1) [∆X ] = [X × x] + [Z] ∈ CHn(X ×X),

where x ∈ X(k) and Z is an n-cycle on X×X, supported on D×X, where D ⊂ X
is a closed subvariety of codimension at least 1.

Remark 2.2. One could replace x ∈ X(k) by a zero-cycle of degree 1. If X is
smooth, the existence of the decomposition above does not depend on the choice
of x (see [3, Lemma 1.3]). Also assuming X proper is enough.

The following notion is more flexible for the properties of specialization and for
varieties with mild singularities (see also [36]).

Definition 2.3. A projective variety X is universally CH0-trivial if for any field
F containing k the degree map CH0(XF )→ Z is an isomorphism.

We also have a relative notion:

Definition 2.4. A projective morphism f : X → Y of varieties over k is uni-
versally CH0-trivial if for any field F containing k the push-forward map f∗ :
CH0(XF )→ CH0(YF ) is an isomorphism.

Example 2.5. (1) If X is a smooth, projective, retract rational variety, then
X is universally CH0-trivial [17, Lemma 1.5].

(2) Some singular or reducible examples of universally CH0-trivial varieties:
(a) a connected variety X over an algebraically closed field, such that each

component of the reduced scheme Xred is a rational variety with iso-
lated singular points [18, Lemma 2.3];
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(b) a projective, reduced, geometrically connected variety X = ∪ni=1Xi,
such that each Xi is universally CH0-trivial and geometrically irre-
ducible, and each intersection Xi ∩Xj is either empty or has a 0-cycle
of degree 1 [18, Lemma 2.4].

(3) If f : Z → Y is a projective morphism, such that for any (scheme) point
M of Y , with residue field κ(M), the fiber Zκ(M) is universally CH0-trivial,
then f is universally CH0-trivial [17, Prop. 1.7] (note that the converse
property does not hold). This criterion is useful in particular when f is the
resolution of singularities of Y , and the exceptional divisors are of type de-
scribed in examples above. In particular, this applies if Y has just ordinary
double point singularities.

(4) Let X be a projective integral variety over a field k. If X is universally CH0-
trivial, then X admits Chow decomposition of the diagonal: for F = k(X),
η ∈ X(k(X)) the generic point and x ∈ CH0(X) a zero-cycle of degree 1,
we have that the zero-cycle η−x ∈ CH0(XF ) is of degree 0, hence η−x = 0.
This means that the restriction of the cycle [∆X ]− [X × x] to CH0(Xk(X))
(with respect to the first projection) is zero, hence this cycle is supported
on D×X as in the definition. If in addition X is smooth, then these notions
are equivalent (see below).

(5) If X is a rationally connected variety over a field k, then X is not nec-
essarily universally CH0-trivial. Indeed, we only have that for any alge-
braically closed field F containing k the degree map CH0(XF ) → Z is an
isomorphism. For rigidity properties of the Chow groups for varieties over
algebraically closed fields see [32].

The point of view of decomposition of the diagonal is very useful to establish
the triviality of various invariants: if X is smooth and projective, we have that the
group CHn(X × X) acts on many invariants of X (such as H3(X,Z)tors, Br(X)
etc.), the diagonal [∆X ] acts as identity. The decomposition (2.1) often allows to
conclude that the action [∆X ]∗ is a zero map, so that the invariants above are
trivial:

Theorem 2.6. Let X be a smooth projective variety, defined over a field k. Assume
that X has Chow decomposition of the diagonal (2.1). Then

(i) X is universally CH0-trivial;
(ii) for any field F containing k, the natural map Br(F ) → Br(XF ) is an

isomorphism;
(iii) more generally, for any Rost cycle module M i over k and for any field F

containing k, the natural map M i(F )→M i
nr(F (X)/F ) is an isomorphism.

(iv) H0(X,Ωi
X) = 0 for any i > 0.

Proof. For (i) − (iii) see [17, Section 1] (and references there). For (iv), see [44,
Lemma 2.2], and the remark below. �

Remark 2.7. (1) For the definition and the properties of the Rost cycle mod-
ules, see [40]. In particular, the unramified cohomology groups, defined in
3.5 below, are the groups M i

nr for the cycle module of the Galois cohomol-
ogy.

(2) If k = C, the property (ii) also implies that H3(X,Z)tors = 0.
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(3) In order to construct the action of correspondences on Hj(X,Ωi
X) one may

use cycle class maps CH i(X)→ H i(X,Ωi
X) as in [22], [43, Section 2].

(4) More precisely, B. Totaro proves that if the group H0(X,Ωi
X) is nontrivial

for some i > 0, then the group CH0(X)⊗Q is not universally trivial if k is
of characteristic zero, and the group CH0(X)/p is not universally trivial if
k is of positive characteristic p.

2.3. Specialization properties. The point of view of zero-cycles allows to estab-
lish the following local specialization property (see [17, Thm. 1.11, Thm. 1.12]):

Theorem 2.8. Let A be a discrete valuation ring, K the field of fractions of A and k
the residue field. Let X be a faithfully flat, proper A-scheme, with integral geometric
fibers. Let X/K be the generic fiber of X and Y/k the special fiber. Assume that
there is a resolution of singularities f : Z → Y of Y (i.e. f is a proper birational
map and Z is smooth), such that f is universally CH0-trivial. Assume one of the
following:

(i) X is smooth, universally CH0-trivial and Z has a zero-cycle of degree 1;
(ii) k is algebraically closed and for K̄ an algebraic closure of K, the variety

XK̄ is universally CH0-trivial.

Then Z is universally CH0-trivial.

Remark 2.9. (1) The proof of the theorem above uses the existence of the
specialization map CH0(X) → CH0(Y ) for the Chow group of zero-cycles
[24]. In general the specialization maps for Chow groups are subtle to define,
but here Y is a Cartier divisor on X and [24, Prop. 2.6] provides a simple
construction.

(2) In (i) (resp. (ii)) one could replace the assumption that X is smooth by

“X (resp. XK̄) has a resolution X̃ → X with X̃ smooth, projective, and
universally CH0-trivial. ”

(3) Burt Totaro [44] has generalized the theorem above to the case when Y is
not necessarily irreducible: under assumption (ii), he shows that for any
extension L of k, every zero-cycle of degree 0 in the smooth locus of YL is
zero in CH0(YL).

(4) The applications of the theorem are usually as follows: assume that Y/k is
a singular variety, such that Y has a resolution f : Z → Y with f univer-
sally CH0-trivial. Assume that we know that for any smooth model Z of
Y some birational invariant (for example, Br(Z)) is nontrivial. Then every
variety X that specializes to Y (i.e. X and Y are fibers of a local family X
as above), is not retract rational.

The property of the diagonal decomposition is more suitable for the following
global property (see [46, Thm.2.1], [17, Thm. 2.3]):

Theorem 2.10. Let B be an integral scheme of finite type over an uncountable
algebraically closed field k of characteristic zero. Let f : X→ B be a flat projective
map. If there is a point b0 ∈ B(k) such that Xb0 has no Chow decomposition of the
diagonal, then for a very general point b ∈ B(k) the fiber Xb has no Chow decom-
position of the diagonal.
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Remark 2.11. (1) In particular, if there is a smooth fiber Xb of f , such that
Xb is not universally CH0-trivial, then a very general fiber of f is not
universally CH0-trivial.

(2) The theorem above could also be viewed as a property of the geometric
generic fiber of f : in fact, by a general statement [45, Lemma 2.1], a very
general fiber of f is isomorphic to the geometric generic fiber of f , as an
abstract scheme.

(3) By [25, Thm. 9], the theorem also holds in characteristic p if one considers
the decomposition of the diagonal with Z[1

p ]-coefficients.

(4) It should be possible to replace the condition that f is flat by a weaker
condition, related to the existence of a relative cycle (in the sense of Kollár
[30]) of the diagonal ∆X over B.

2.4. Point of view of R-equivalence. Let X be a projective variety over a field
k. Recall that two points x, y ∈ X(k) are directly R-equivalent if there is a
map f : P1

k → X, 0 7→ x,∞ 7→ y. This generates an equivalence relation called
R-equivalence. The set of R-equivalence classes is denoted X(k)/R.

An analogue of the local specialization property 2.8 could also be obtained using
the (a priori, more “elementary” to define) set X(k)/R instead of the Chow group
of zero-cycles. Theorem 2.14 below suffices for some applications.

Proposition 2.12. Let A be a discrete valuation ring, K the field of fractions of
A and k the residue field. Let X be a proper A-scheme. Let X/K be the generic
fiber of X and Y/k the special fiber.

(i) The natural map X(K) = X(A)→ Y (k) induces the map

X(K)/R→ Y (k)/R.

(ii) If X/A is proper and flat, with A henselian, and X(K)/R has at most one
element then the image of Y sm(k) in Y (k)/R has at most one element.
Here Y sm ⊂ Y denotes the smooth locus of Y .

Proof. For (i) see [33]. The statement (ii) follows from (i). �

The following condition replaces the existence of a CH0-trivial resolution (see
[17, Rem. 1.19]):

Proposition 2.13. Let f : Z → Y be a birational morphism of integral proper k-
schemes. Assume that there exists an open U ⊂ Y such that V = f−1(U) satisfies
the following properties:

(i) The induced map f : V → U is an isomorphism.
(ii) The complement of U in Y is a finite union of geometrically integral k-

schemes Fi, such that for each Si = f−1(Fi) ⊂ Z, the set Si(k)/R has at
most one element.

(iii) The image of U(k) in Y (k)/R has at most one element.

Then the image of V (k) in Z(k)/R has at most one element. �

Theorem 2.14. Let A be a discrete valuation ring, K the field of fractions of A
and k the residue field. Assume k is algebraically closed of characteristic zero. Let
X be a faithfully flat proper A-scheme. Assume that
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(i) the generic fiber X = X×A K is geometrically integral, smooth and XK̄ is
stably rational;

(ii) the special fiber Y = X×A k is integral, and there exist a nonempty smooth
open U ⊂ Y and a resolution of singularities f : Z → Y such that for the
induced map f : V := f−1(U)→ U the properties (i) and (ii) of Proposition
2.13 are satisfied over any field L containing k.

Then Br(Z) = 0. More generally, for any Rost cycle module M i over k and for
any field F containing k and for i ≥ 1, we have M i

nr(F (ZF )) = 0.

Proof. We may assume that A = k[[t]] and that there exists a finite extension K ′/K
such that XK′ is stably rational (over K ′). The integral closure A′ of A in K ′ is a
discrete valuation ring with residue field k. Let L be the field of functions of Z. The
generic point of Y defines an L-point η of ZL, this point is in fact in VL(L). Pick
a k-point of U and let P be the corresponding L-point of ZL, this point is again in
VL(L). Let α ∈ M i

nr(k(Z)). By base change from k[[t]] to L[[t]], the assumptions
of Proposition 2.12 are satisfied. We deduce that the image of V (L) in Y (L)/R
has at most one point. From (ii), the L-points η and P of VL(L) are R-equivalent
over ZL. Restricting to a rational curve passing through η and P and using the
triviality of M i

nr of P1
k, we deduce that α(η) = α(P ) ∈ M i(L). But α(P ) comes

from M i(k) = 0, hence α ∈M i(k(Z)) is zero as well. �

2.5. Varieties with nontrivial invariants.

Example of Artin and Mumford.
Let D ⊂ P2

C be a smooth conic defined by a homogeneous equation δ(z0, z1, z2) =
0. Let E1, E2 ⊂ P2

C be smooth elliptic curves defined by ε1(z0, z1, z2) = 0 and
ε2(z0, z1, z2) = 0, respectively, each tangent to D at three points, all distinct. As-
sume that the curves E1 and E2 have nine pairwise distinct intersection points, and
distinct from the previous ones. Then there are homogeneous forms β(z0, z1, z2)
and γ(z0, z1, z2) of degrees respectively 3 and 4, such that

β2 − 4δγ = ε1ε2.

Let V be a double cover of P3
C, defined by

(2.2) z2
4 − δ(z0, z1, z2)z2

3 − β(z0, z1, z2)z3 − γ(z0, z1, z2) = 0.

Note that with this construction we could have V defined over Q̄. This double
cover V has 10 ordinary double point singularities. By projection to the plane with
coordinates [z0 : z1 : z2], the variety V is birational to a conic bundle over P2

C. Artin
and Mumford [2] proved that for any smooth and projective variety Z, birational
to V , one has Br(Z)[2] 6= 0. See also [16] for a way to prove it using the techniques
of Section 3, as well as other examples.

Cyclic covers. Let p be a prime and f(x0, . . . , xn) a homogeneous polynomial of
degree mp with coefficients in an algebraically closed field k. A cyclic cover of
Pnk , branched along f(x0, . . . , xn) = 0, is a subvariety of P(m, 1, 1, . . . , 1) given by

yp − f(x0, . . . , xn) = 0.

If in addition the characteristic of k is p, these covers have the following non-
trivial invariants: by [30, V.5.7, V.5.11], if q : Y → Pnk is a cyclic, degree p cover
of Pnk , n ≥ 3, branched along a hypersurface f = 0, then for a general choice of
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coefficients of f , there is a resolution of singularities π : Z → Y of Y obtained
by successive blow-ups of singular points, with π∗q∗OPn(mp− n− 1) a subsheaf of
Ωn−1
Z . In particular, if mp− n− 1 ≥ 0, then H0(Z,Ωn−1

Z ) 6= 0. By [18, Thm. 3.7],
one may also assume that π is a universally CH0-trivial map.

More generally, a similar analysis applies to covers of hypersurfaces (see [30]). If,
in addition, we restrict to the case p = 2, then the singularities are just ordinary
double points. So let k be an algebraically closed field of characteristic 2 and let
Y be a double cover of a hypersurface {g = 0} ⊂ Pn+1

k , of degree m, branched

along f = 0 with deg(f) = 2m. Assume m ≥ dn+2
3 e and n ≥ 3. Then for a

general choice of coefficients of f , there is resolution of singularities π : Z → Y of
Y obtained by successive blow-ups of (ordinary double) singular points, such that
H0(Z,Ωn−1

Z ) 6= 0.

In Kollár’s original results, the assumption is slightly stronger: m ≥ dn+3
3 e. This

last condition implies that there is a big line bundle inside Ωn−1
Z , and hence Z is

not separably uniruled. Here we just need that H0(Z,Ωn−1
Z ) is nonzero.

2.6. Back to examples.
In this section we give two applications of the technique above, in the case of hy-
persurfaces.

Quartic threefolds (see [17]).
Let X ⊂ P4

C be a quartic hypersurface. For a very general choice of coefficients, X
is not stably rational (not even retract rational):

(1) The quartic

Y : z2
0z

2
4 − δ(z0, z1, z2)z2

3 − β(z0, z1, z2)z3 − γ(z0, z1, z2) = 0

is birational to the variety V of Artin and Mumford, defined as above (by
taking z0 = 1.) Note that Y could be defined over Q̄. Hence, for any
resolution f : Z → Y (Z is smooth and projective, f is birational), one
has Br(Z)[2] 6= 0. The singularities of Y are slightly more complicated
than ordinary double points, but by [17, Appendice A], there is an explicit
resolution f , such that f is a universally CH0-trivial morphism. Moreover,
the conditions (i)− (iii) of Proposition 2.13 are also satisfied.

(2) By 2.9(3), any smooth variety that specializes to Y cannot be stably ra-
tional. For example, consider the projective space P corresponding to the
coefficients of quartics X ⊂ P4

C, and let X → P denote the universal fam-
ily of quartics, U ⊂ P the open corresponding to smooth quartics and
M ∈ W := P \ U the Q̄-point corresponding to Y . Consider a line L in P
containing M and not contained in W. Applying the local specialization
theorem (Theorem 2.8) to the local ring A = OL,M of L at M we see that
the smooth quartic Xη̄ = XC(t)

corresponding to the geometric generic fiber

of L, is not stably rational. But then for any point P of L(C) that is not
defined over Q̄, the corresponding quartic XP is isomorphic to Xη̄, as an
abstract scheme (there is a ’transcendental’ parameter P in the coefficients
of XP , that maps to t under this isomorphism). In this way we obtain ’by
hand’ many smooth quartics that are not stably rational.
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(3) At the next step, application of the global specialization theorem 2.10, as
explained in Remark 2.11(1) then shows that a very general quartic threefold
is not stably rational. One could also show directly that Y (even though
Y is singular) has no Chow decomposition of the diagonal (if not, Z would
have one with an ”error” term, and it is still enough to deduce in this case
that Br(Z) = 0), see [17, Prop. 2.4] and then deduce, by Theorem 2.10
that a very general quartic threefold is not stably rational.

(4) Let B ⊂ U be the locus corresponding to quartics that are not stably
rational. In (2) we constructed many concrete points in B, showing in
particular that B is Zariski dense in U . By (3), a very general point is in B,
but no specific point can be checked by arguments in (3). It is a curious fact
that by local and global arguments we do not obtain the same description
of B, a priori.

(5) By a more careful specialization, we can show that B(Q̄) is nonempty. In
fact, we have Br(Z) = H3

ét(Z,Z2)[2] 6= 0. Since Y and Z are defined
over Q̄, we can extend to a family g : Z → Y over the ring of integers
OK of some number field K. Over an open S ⊂ OK , the fibers of g are
of the same type as the fibers of f , in particular, universally CH0-trivial,
and H3

ét(Zs,Z2)[2] 6= 0 for s ∈ S. Hence any smooth quartic (over Q̄)
specializing to one of these fibers for s ∈ S is not stably rational.

(6) Choosing another specialization than to Y , one can also show that B(Q) is
not empty. See below.

Hypersurfaces in Pn+1 of degree d ≥ 2d(n+ 2)/3e (see [44]).

d = 2m: Consider the example as in Section 2.5: k is an algebraically closed field of
characteristic 2, Y is a double cover of a hypersurface {g = 0} ⊂ Pn+1

k , of
degree m, branched along f = 0 with deg(f) = 2m. The condition m ≥
dn+2

3 e is satisfied, so that choosing general coefficients, we may assume that

there is a resolution of singularities π : Z → Y of Y with H0(Z,Ωn−1
Z ) 6= 0.

Note that the map π is universally CH0-trivial. LetA be a discrete valuation
ring with field of fractions K of characteristic zero and with residue field
k and t the uniformizing parameter of A. Let F,G be polynomials with
coefficients in A that specialize to f, g respectively. Let X → SpecA be
the complete intersection defined by y2 = F,G = ty. The generic fiber is a
hypersurface X defined by F 2 − t2G2 = 0, of degree d and the special fiber
is the double cover Y . By 2.6 and 2.8, XK̄ is not universally CH0-trivial.
Choosing an embedding K̄ ⊂ C, we deduce that a very general complex
hypersurface of degree d is not universally CH0-trivial, hence not stably
rational, by Theorem 2.10.

d odd: Let X be as in the previous case and H ⊂ Pn+1 a general hyperplane.
Since one could degenerate a smooth hypersurface of degree d to a union
X ∪H, using 2.9(2) it suffices to show that CH0((X ∩H)F ) → CH0(XF )
is not surjective, for some extension F of the base field, for instance, F
the function field of X. Put X̄ = X ∩ H and let Ȳ ⊂ Y be the special
fiber of the closure of X̄ in X. Choosing H generally, we may assume that
Ȳ is normal, and disjoint from the singular locus of Y . Note that Ȳ is
also a double over of a hypersurface. In particular, since Y (resp. Ȳ ) are
normal, one could define the canonical sheaves KY (resp. KȲ ) and KY =
O(−n− 2 + 2m) and KȲ = O(−n− 1 + 2m), in particular H0(Ȳ ,KȲ ) = 0.
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If Z̄ is a resolution of singularities of Ȳ , that is an isomorphism over the
smooth locus Ȳ sm of Ȳ , then H0(Z̄,KZ̄) = 0 as well: in fact, any nonzero
section σ ∈ H0(Z̄,KZ̄) restricts to a nonzero section on Ȳ sm and any such
section extends to KȲ since Ȳ is normal. Now, if CH0(X̄F ) → CH0(XF )
is surjective, then one deduces that the diagonal of X (resp. Z) has a
decomposition, which is weaker than the integral diagonal decomposition we
consider, but still enough to use the action of correspondences to show that
the identity action on the nonzero group H0(Z,Ωn−1

Z ) factorizes through

H0(Z̄,Ωn−1
Z̄

) = H0(Z̄,KZ̄) = 0 (see [44]) and we obtain a contradiction: by

2.9(2), any smooth hypersurface degenerating to X ∪H is not universally
CH0-trivial.

In particular, as explained in the work of B.Totaro [44], the following quartic
threefold over Q:

(x0x1 + x2x3 + x2
4)2 − 4(x3

0x2 + x3
1x2 + x0x

2
1x4 + x0x

2
2x4 + x3

3x4)− 8x4
2 = 0

is smooth and is not stably rational, since it degenerates to the double over f = 0
of the hypersurface g = 0 over F2 with

f = x3
0x2 + x3

1x2 + x0x
2
1x4 + x0x

2
2x4 + x3

3x4, g = x0x1 + x2x3 + x2
4.

This double cover has a universally CH0-trivial resolution Z with H0(Z,Ωn−1
Z ) 6= 0.

Remark 2.15. For a very general hypersurface X of degree d as considered above,
with the field of functions K, the kernel A0(XK) of the map CH0(XK) → Z is
nontrivial. But then one could ask to determine if for some integer N , we have
NA0(XK) = 0. In general, such integer N exists if X is rationally connected (see
for example [14, Prop.11]). An upper bound for N was given by Roitman [39]
(he considered more generally complete intersections in projective space). Using
specialization techniques, Levine and Chatzistimatiou gave a lower bound in the
generic case [10].

3. Unramified Brauer group and fibrations in quadrics

In this section we explain in details how to compute some of the invariants
used above, in particular, for fibrations in quadrics, from the point of view of
unramified cohomology. For K a field of charK 6= 2, one associates the groups of
unramified cohomology H i

nr(K,Z/2), as some subgroups of the Galois cohomology
groups H i(K,Z/2). When K = k(X) is the function field of an algebraic variety X
over a field k, these groups provide birational invariants, that can be useful in the
study of rationality properties. In degree 2, we essentially obtain the Brauer group
(see below). In the next sections we will be interested in fibrations in quadrics,
when only Z/2-coefficients may lead to nontrivial invariants. More generally, one

also considers torsion coefficients µ⊗jn , for n invertible in K, where µn is the étale
k-group scheme of the nth roots of unity. For a positive integer j we write

µ⊗jn = µn ⊗ . . .⊗ µn
(j times). If j < 0, we set

µ⊗jn = Homk−gr(µ
⊗(−j)
n ,Z/n)

and µ⊗0
n = Z/n. If K contains a primitive nth root of unity, we have an isomorphism

µ⊗jn
∼→ Z/n for any j.
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3.1. Residues. Let A be a discrete valuation ring, with field of fractions K and
residue field κ(v). For any integers i > 0, j and for n invertible on A the residue
maps

∂iv : H i(K,µ⊗jn )→ H i−1(κ(v), µ⊗(j−1)
n )

are well-defined. Sometimes we will omit i and write just ∂v. For n = 2 we obtain

∂iv : H i(K,Z/2)→ H i−1(κ(v),Z/2).

If Av is the completion of A and Kv the field of fractions of Av, then the residue
map factorizes through Kv as follows:

(3.1) ∂iv : H i(K,µ⊗jn )→ H i(Kv, µ
⊗j
n )→ H i−1(κ(v), µ⊗(j−1)

n ).

See [13, 16] for more details, here we just need the cases i = 1, 2 explained below:

(1) n = 2, i = 1. Recall that Kummer theory provides an isomorphism

H1(K,Z/2) ' K∗/K∗2.

If a ∈ K∗, we will still denote by a its class in H1(K,Z/2), where no confu-
sion is possible. We also have H0(K,Z/2) = Z/2 and ∂1

v(a) = v(a) mod 2.
(2) From Kummer theory again, we have Br(K)[2] = H2(K,Z/2). Using cup-

products, for a, b ∈ K∗, we obtain the symbol

(a, b) := a ∪ b ∈ H2(K,Z/2).

Then

(3.2) ∂2
v(a, b) = (−1)v(a)v(b)a

v(b)

bv(a)
,

where av(b)

bv(a)
is the image of the unit av(b)

bv(a)
in κ(v)∗/κ(v)∗2.

Remark 3.1. In general, one can explicitly compute the residues on symbols
a1 ∪ · · · ∪ ai ∈ H i(K,µ⊗in ), where a1, . . . ai ∈ H1(K,µn) ' K∗/K∗n, using the
valuations and reductions in the residue field (see for example [16]). Recall also
that any element in H i(K,µ⊗in ) is a sum of symbols: this follows from the Bloch-
Kato conjecture (theorem of Voevodsky).

The Gersten conjecture for discrete valuation rings (a theorem, see [13, (3.10)])
describes the elements with trivial residues: in fact, there is an exact sequence:

(3.3) 0→ H i
ét(A,µ

⊗j
n )→ H i(K,µ⊗jn )

∂iv→ H i−1(κ(v), µ⊗(j−1)
n )→ 0

When B is a regular local ring one can look at discrete valuations on B cor-
responding to height one prime ideals. The following statement follows from [13,
Thm. 3.82]:

Proposition 3.2. [13, Thm. 3.82] Let B be a local ring of a smooth variety over

a field k and K the field of fractions of B. Let α ∈ H i(K,µ⊗jn ), (n, char k) = 1 be
such that ∂iv(α) = 0 for all valuations v corresponding to height one prime ideals of

B. Then α is in the image of the natural map H i
ét(B,µ

⊗j
n )→ H i(K,µ⊗jn ).

Note that the map H i
ét(B,µ

⊗j
n ) → H i(K,µ⊗jn ) is in fact injective [13, Thm.

3.8.1]. The following corollary will be useful:
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Corollary 3.3. Let B ⊂ A be an inclusion of local rings, with fields of fractions
K ⊂ L respectively. Assume that B is a local ring of a smooth variety over a

field and that A is a discrete valuation ring with valuation v. Let α ∈ H i(K,µ⊗jn ),
(n, charK) = 1 be such that ∂iw(α) = 0 for all valuations w corresponding to height

one prime ideals of B. Then the image α′ of α in H i(L, µ⊗jn ) satisfies ∂iv(α
′) = 0.

Proof. By Proposition 3.2, α is in the image of H i
ét(B,µ

⊗j
n ) → H i(K,µ⊗jn ), hence

α′ is in the image of the map H i
ét(A,µ

⊗j
n )→ H i(L, µ⊗jn ) and the statement follows

from (3.3). �

We also have the following compatibility statement (see [16, Section 1]):

Proposition 3.4. Let A ⊂ B be discrete valuation rings, with fields of fractions
K ⊂ L respectively. Let πA (resp. πB) be the uniformizing parameter of A (resp.
B). Let κ(A) (resp. κ(B)) be the residue field of A (resp. of B). Let e be the
valuation of πA in B. We have the following commutative diagram:

H i(L,Z/2)
∂iB // H i−1(κ(B),Z/2)

H i(K,Z/2)
∂iA //

ResK/L

OO

H i−1(κ(A),Z/2)

eResκ(A)/κ(B)

OO

where ResK/L (resp. Resκ(A)/κ(B) ) are the restriction maps in Galois cohomology.

3.2. Unramified cohomology.

Definition 3.5. For X an integral variety over a field k, integers j and i ≥ 1 and
n invertible in k, the unramified cohomology groups are defined by

H i
nr(X,µ

⊗j
n ) = H i

nr(k(X)/k, µ⊗jn ) =
⋂
v

Ker[H i(k(X), µ⊗jn )
∂iv→ H i−1(κ(v), µ⊗(j−1)

n )],

where the intersection is over all discrete valuations v on k(X) (of rank one), trivial
on the field k.

From the definition, these groups are birational invariants of the variety X. If
X is a smooth projective variety over a field k, then one needs to consider only
discrete valuation rings in codimension 1 points:

H i
nr(k(X)/k, µ⊗jn ) =

⋂
x∈X(1)

Ker[H i(k(X), µ⊗jn )
∂ix→ H i−1(κ(x), µ⊗(j−1)

n )],

where the intersection is over all discrete valuation rings OX,x in points x of codi-
mension 1 of X, κ(x) denotes the residue field of x and ∂ix is the corresponding
residue map.

See [13] for the properties of these groups. We will need the following:

Proposition 3.6. If X is a stably rational variety over a field k, the natural maps

H i(k, µ⊗jn )→ H i
nr(k(X)/k, µ⊗jn ) are isomorphisms for all i ≥ 1.
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In degree 2 we find the Brauer group, so that the point of view of the unramified
cohomology could be viewed as a method to exhibit nontrivial elements in this
group:

Proposition 3.7. If X is a smooth projective variety over a field k, then

H2
nr(k(X)/k, µn) ' Br(X)[n].

Remark 3.8. (1) Let X ⊂ PnC be a smooth hypersurface of degree d ≤ n with
n ≥ 4. Then H3(X,Z)tors = 0 and Br(X) = 0 (see [15, Thm. 5.6] and [13,
Prop. 4.2.3]). Then H3

nr(C(X)/C, µn) = 0 in the following cases (see [15,
Thm. 5.6, Thm. 5.8]): n = 4 or n > 5; n = 5 and d = 3.

(2) A motivation to study the fibrations in quadrics comes in particular from
the fact, that a cubic fourfold containing a plane is birational to such a
fibration, with discriminant curve of degree 6. By [3, Thm. 1], using the
point of view of fibrations in quadrics, for a very general cubic fourfold X
over C, containing a plane, the third unramified cohomology group of X is
universally trivial.

From Proposition 3.6, we have H2
nr(C(S)/C, µn) = 0 for S a rational complex

surface. We will need a stronger statement (see for example [2, Thm.1]):

Proposition 3.9. Let S be a smooth projective rational complex surface and K the
function field of S. We have the following exact sequence

(3.4) 0→ Br(K)[n]
⊕∂2→ ⊕x∈S(1)H1(κ(x),Z/n)

⊕∂1→ ⊕P∈S(2)Hom(µn,Z/n),

where S(r) is the set of points of codimension r of S; κ(x) (resp. κ(P )) is the
residue field of x (resp. of P ), and the maps are induced by residues.

3.3. Function fields of quadrics. Let K be a field, charK 6= 2, and q a nonde-
generate quadratic form over K. We write

q ' 〈a1, . . . , an〉

for the diagonal form of q in an orthogonal basis, such that q(x) = a1x
2
1+. . .+anx

2
n.

We say that q is similar to a form 〈a1, . . . , an〉 if q ' 〈ca1, . . . , can〉 for a constant
c ∈ K∗. For the general theory of quadratic forms see for example [29]. Here we
will be mostly interested in the cases n = dim q is 3 or 4. We will use the following
two cohomological invariants of q.

• The discriminant of q is the class disc(q) of (−1)n(n−1)/2a1 . . . an inK∗/K∗2.
In dimension 4, any quadratic form q is similar to a quadric of the form

q ' 〈1,−a,−b, abd〉, where d = disc(q).

• The Clifford invariant of q is an element c(q) ∈ H2(K,Z/2). In dimension
4, we have

if q ' 〈1,−a,−b, abd〉, then c(q) = (a, b) + (ab, d)

and c(λq) = c(q) + (λ, disc(q)).
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Let Q be the quadric defined by a homogeneous equation q = 0. The natural
maps H i(K,Z/2)→ H i(K(Q),Z/2) induce the maps

τi : H i(K,Z/2)→ H i
nr(K(Q)/K,Z/2).

For i ≤ 4 these maps have been studied in [28]. In the next section we will need
only the case i ≤ 2, going back to Arason [1].

Theorem 3.10. (1) If i = 1 and q ' 〈1,−a〉, then ker(τi) ' Z/2, generated
by the class of a.

(2) If i = 1 and dim q 6= 2 then the map τi is injective.
(3) If i = 2 and disc(q) is not a square, then τi is a bijection.
(4) If i = 2 and q '< 1,−a,−b, ab > is a Pfister form, then ker(τi) ' Z/2,

generated by the class (a, b).

Remark 3.11. In what follows we often have C ⊂ K, so that we omit the minus
signs for the coefficients of quadrics.

We will need the following corollary.

Corollary 3.12. Let A be a local ring with field of fractions K and residue field k
and q '< 1,−a,−b, abd > a quadratic form over K. Let Q/K be the corresponding
quadric. Let v be a discrete valuation on K(Q) with B the valuation ring. Assume
we have an injection of local rings A ⊂ B. Assume that, up to multiplication by a
square in K, the element d is a unit in A, that is a square in k. Let α = (a, b) ∈
H2(K,Z/2) and α′ be its image in H2(K(Q),Z/2). Then ∂v(α

′) = 0.

Proof. Let Â be the completion of A and K̂ its field of fractions. By hypothesis,
over the field K̂ the element d is a square and hence q '< 1,−a,−b, ab > over
K̂. In particular, α is in the kernel of the map H2(K̂,Z/2) → H2(K̂(Q),Z/2) by
Theorem 3.10. But, using (3.1), the composite map

H2(K,Z/2)→ H2(K̂,Z/2)→ H2(K̂(Q),Z/2)→ H2(K(Q)v,Z/2)
∂→ H1(κ(v),Z/2)

sends α to the residue ∂v(α
′), hence ∂v(α

′) = 0. �

3.4. Birational strategy. Artin and Mumford [2] constructed examples of fibra-
tions in conics X over P2

C with Br(X)[2] 6= 0. In the work of Colliot-Thélène and
Ojanguren [16], these examples are explained using the point of view of unramified
cohomology. Let us sketch this general birational strategy:

(1) Let S be a smooth, projective, rational surface over C, let K be the field
of functions of S. Let X be a smooth projective variety with a morphism
X → S with generic fiber a smooth conic Q/K. The goal is to com-
pute the group Br(X) = Br(X)[2] = H2

nr(K(Q)/C,Z/2) or to understand
if this group is nonzero. The Hochschild-Serre spectral sequence implies
that the natural map Br(K) → Br(Q) is surjective. One then uses that
Br(Q) = Br(Q)[2] = H2

nr(K(Q)/K,Z/2) and the straightforward inclusion
H2
nr(K(Q)/K,Z/2) ⊃ H2

nr(K(Q)/C,Z/2) to claim that any element ξ in
the latter group comes from an element β ∈ Br(K).

(2) The description of β via family of its residues, is given by the exact se-
quence (3.4). To show that an element β gives an element in Br(X) =
H2
nr(K(Q)/C,Z/2), we need to show that for any discrete valuation v on
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K(Q) the residue ∂v(β) is zero. Let A be the valuation ring of v. The
rational map SpecA 99K K induced by the inclusion K ⊂ K(Q) extends
to a morphism SpecA → S and the image xv of the closed κ(v)-point of
SpecA is called the center of v in S. There are two cases to consider: xv is
the generic point of curve Cv or a closed point Pv. This is the most techni-
cal part, done case-by-case using Proposition 3.4 and other local arguments.

For complex threefolds fibered in conics over a rational surface, Colliot-Thélène
(Lecture course, Beijing BICMR, 2015) has obtained a general formula for the
Brauer group of X:

Theorem 3.13. (Colliot-Thélène) Let S be a smooth, projective, rational surface
over C and K the field of functions of S. Let X be a smooth threefold equipped with
a conic bundle structure π : X → S and α ∈ Br(K)[2] the class corresponding to the
quaternion algebra associated to the conic given by the generic fiber of π. Assume
that α is nonzero and that the ramification curve C, consisting of codimension
1 points x of S such that ∂x(α) 6= 0, is with only quadratic singularities. Let
C = ∪ni=1Ci ⊂ S be its decomposition into irreducible components and (γi) the
associated family of residues of α in ⊕ni=1H

1(κ(Ci),Z/2). Consider the following
subgroup H ⊂ (Z/2)n:

H = {(ni) |ni = nj for i 6= j, if there is a point P ∈ Ci∩Cj , ∂P (γi) = ∂P (γj) 6= 0}.
Then the Brauer group Br(X) is the quotient of H by the diagonal (1, . . . , 1)Z/2.

Remark 3.14. In the theorem above, if C is irreducible, then Br(X) = 0.

Below we provide a similar formula for fibrations in quadrics of dimension 2,
using the birational strategy above. We start with two concrete examples before
giving the general description.

3.5. Examples in dimension 4. For the projective plane P2
C, with homogeneous

coordinates [X : Y : Z] we use standard coordinates x and y (resp. y and z, resp.
x and z) for the open Z 6= 0 (resp. X 6= 0, resp. Y 6= 0). Consider a fibration in
quadrics over P2

C with generic fiber Q/K, K = C(x, y) defined by a quadratic form

q = 〈x, y, 1, xy((x+ y + 1)4 + xy)〉,
i.e.,

(3.5) Q : xx2
0 + yx2

1 + x2
2 + xy((x+ y + 1)4 + xy)x2

3 = 0.

Note that over an open X 6= 0 we have a model of Q defined by

(3.6) x2
0 + yx2

1 + zx2
2 + yz((1 + y + z)4 + yz2)x2

3 = 0.

The class of the discriminant of q in K∗/K∗2 is the class of d = ((x+y+1)4+xy),
hence nonzero.

Proposition 3.15. Let α = (x, y) ∈ Br(K)[2]. Then the image α′ of α in
H2(K(Q),Z/2) is a nonzero class, that lies in the unramified cohomology subgroup

α′ ∈ H2
nr(K(Q)/C,Z/2) ⊂ H2(K(Q),Z/2).
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To establish the proposition we have to show that for any discrete valuation v
on K(Q) we have ∂v(α

′) = 0. Note that by Theorem 3.10, the class α′ is nonzero.
Let us first investigate the ramification of α on P2

C. From the definition and the
formula (3.2), we only have the following nontrivial residues:

• ∂x(α) = y at the line Lx : x = 0, where we write y for its class in the residue
field C(y) modulo squares;
• ∂y(α) = x at the line Ly : y = 0,
• ∂z(α) = ∂z(z, zy) = y at the line Lz : z = 0, where we view the generic

point of Lz in the open X 6= 0, with homogeneous coordinates y and z.

Let A be the valuation ring and xv be the center of v in P2
C. There are two cases

to consider: xv is the generic point of a curve Cv or a closed point Pv.

3.5.1. Codimension 1 case. Recall that by Proposition 3.4, using the notations
above, the inclusion of discrete valuation rings OP2,Cv ⊂ A induces a commutative
diagram

(3.7) H2(K(Q),Z/2)
∂2 // H1(κ(v),Z/2)

H2(K,Z/2)
∂2 //

OO

H1(κ(Cv),Z/2)

OO

Hence we have the following cases:

(1) Cv is different from Lx, Ly or Lz. Then ∂Cv(α) = 0, so that ∂v(α
′) is zero

from the diagram above.
(2) Cv is one of the lines Lx, Ly or Lz. Then note that modulo the equation

of Cv the element d = (x + y + 1)4 + xy (or (X + Y + Z)4 + XY Z2 in
homogeneous coordinates) is a nonzero square, so that Corollary 3.12 gives
∂v(α

′) = 0.

We deduce that for any valuation v on K(Q) with center a codimension 1 point in
P2
C the residue ∂v(α

′) is zero.

3.5.2. Codimension 2 case. Let Pv be the center of v on P2
C. We have an inclusion of

local ringsOP2,Pv ⊂ A inducing the inclusion of corresponding completions ÔP2,Pv ⊂
Av with function fields KPv ⊂ K(Q)v respectively. We have three possibilities for
the point Pv:

(1) If Pv is not on the union Lx ∪ Ly ∪ Lz, then α is a cup product of units in
OP2,Pv , hence units in Av, so that ∂v(α

′) = 0.
(2) Pv is on only one curve, say Lx. Then the image of y in κ(Pv) is a nonzero

complex number, hence a square in ÔP2,Pv , hence y is also a square in Av.

We deduce that α′ = 0 in H2(K(Q)v,Z/2), hence ∂v(α
′) = 0.

(3) Pv is on two curves, say P = Lx∩Ly. Then the image of d = (x+y+1)4+xy
in κ(Pv) is a nonzero complex number, hence a square in κ(Pv). Then
Corollary 3.12 gives ∂v(α

′) = 0.

We deduce that for any valuation v on K(Q) with center a codimension 2 point
in P2

C the residue ∂v(α
′) is zero. This concludes the proof of the proposition.

Let us consider another example. Let Ci, i = 1, 2, 3, be smooth conics in P2
C

given by equations fi(X,Y, Z) = 0, such that C1 and C2 intersect in 4 distinct
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points P1, . . . , P4, the conic C3 is bitangent to C1 at points P5 and P6 (distinct
from previous four points) and C3 is bitangent to C2 at points P7 and P8 (distinct
from previous six points). For example, one could take

f1 =
X2

4
+ Y 2 − Z2, f2 = X2 +

Y 2

4
− Z2, f3 = X2 + Y 2 − Z2.

Consider a fibration in quadrics over P2
C with generic fiber Q/K, K = C(x, y)

defined by a quadratic form q = 〈1, f1, f2, f1f2f3〉. The class of the discriminant of
q in K∗/K∗2 is the class of f3, hence nonzero.

Proposition 3.16. Let α = (f1, f2) ∈ Br(K)[2]. Then the image α′ of α in
H2(K(Q),Z/2) is a nonzero class, that lies in the unramified cohomology subgroup

α′ ∈ H2
nr(K(Q)/C,Z/2) ⊂ H2(K(Q),Z/2).

As before, let v be a valuation on K(Q) with A the valuation ring and xv the
center of v.

3.5.3. Codimension 1 case. Assume xv is the generic point of a curve Cv.

(1) Cv is different from Ci, i = 1, 2. Then ∂Cv(α) = 0, so that ∂v(α
′) is zero

from the diagram of proposition 3.4.
(2) Cv is one of the two conics C1, C2. Then the bitangency condition implies

that, modulo the equation of Cv, the element f3 is a nonzero square, so that
Corollary 3.12 gives ∂v(α

′) = 0.

3.5.4. Codimension 2 case. Let Pv be the center of v on P2
C. We have an inclusion of

local ringsOP2,Pv ⊂ A inducing the inclusion of corresponding completions ÔP2,Pv ⊂
Av.

(1) If Pv is not on the union C1∪C2, then α is a cup product of units in OP2,Pv ,
hence units in Av, so that ∂v(α

′) = 0.
(2) Pv is on only one curve, say C1. Then the image of f2 in κ(Pv) is a nonzero

complex number, hence a square in ÔP2,Pv , hence f2 is also a square in Av.

We deduce that α′ = 0 in H2(K(Q)v,Z/2), hence ∂v(α
′) = 0.

(3) Pv = Pi, i = 1, . . . , 4. Then the image of f3 in κ(Pv) is a nonzero complex
number, hence a square in κ(Pv). Then corollary 3.12 gives ∂v(α

′) = 0.

We deduce that for any valuation v on K(Q) the residue ∂v(α
′) is zero, that

finishes the proof of proposition.
Note that in this example the divisor C1 ∪ C2 ∪ C3 is not in simple normal

crossings, but the construction still works.

3.6. Brauer group of fibrations in quadric surfaces. Let S be a smooth,
projective, rational surface over C, let K be the field of functions of S. Let X be
a fourfold equipped with a projective map π : X → S with generic fiber a quadric
Q/K given by a nondegenerate quadratic form q over K. First observe:

• The quadric Q becomes rational over (at most) a degree two extension
of K, hence, by a restriction-corestriction argument, the Galois cohomol-
ogy of K(Q) is 2-torsion, so that we are only interested in the group
H2
nr(K(Q)/C,Z/2), isomorphic to the Brauer group of X, if X is smooth.
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• If the discriminant d = disc(q) is a square, then the quadric Q is K-
birational to a product C × C for C a conic over K [21, Thm. 2.5]. More
precisely, if q is similar to a form 〈1,−a,−b, ab〉 then one could take for C
the conic defined by the form 〈1,−a,−b〉. Let L = K(C). Then the field
K(Q) = L(CL) is a purely transcendental extension of L since C(L) 6= ∅.
Hence this case is essentially equivalent to the conic bundles case, so that
we will only consider the case when disc(q) is nontrivial (i.e. nonsquare).

In the statement below we use the following notation: for C ⊂ S an irreducible
curve we write ∂C for the residue at the generic point of C; we also identify the
divisor D =

∑
Di with the set of generic points of Di.

Theorem 3.17. Let S be a smooth, projective, rational surface over C and K
the field of functions of S. Let Q/K be a two-dimensional quadric given by a
nondegenerate quadratic form q over K. Let α ∈ Br(K) be the Clifford invariant
α = c(q) of q. Assume that the divisor

ramα = {x ∈ S(1) | ∂x(α) 6= 0}
is a simple normal crossing divisor. Let P be the set of singular points of ramα.
Let d ∈ K∗/K∗2 be the discriminant of q. Assume that d is nontrivial and consider
the following divisor:

T = {x ∈ S(1) | ∂x(α) 6= 0 and d, up to a multiplication by a square,

is a unit in OS,x, and the image of d in κ(x) is a square.}
Let T = ∪ni=1Ti be the decomposition into irreducible components. For i = 1, . . . , n
put ci := ∂Ti(α). Let

(3.8) H = ker[(Z/2)n
∂1→ ⊕P∈PH0(κ(P ),Z/2)], (ni)

n
i=1 7→ (⊕ni ∂1

P (ci))

Then the natural homomorphism

H → H2(K(Q),Z/2),

that associates to a family (ni)i ∈ H the image β′ in H2(K(Q),Z/2) of the unique
class β ∈ H2(K,Z/2) with

∂2(β) = (nici)i ∈ ⊕ni=1H
1(κ(Ti),Z/2),

via the exact sequence (3.4)

0→ Br(K)[2]
∂2→ ⊕x∈S(1)H1(κ(x),Z/2)

∂1→ ⊕P∈S(2)H0(κ(P ),Z/2)

induces an isomorphism

Φ : H
∼→ H2

nr(K(Q)/C,Z/2).

Remark 3.18. (1) In the construction ∂x(β) = 0 if x is not the generic point
of one of the components of T .

(2) For a given quadric surface Q/K we could always assume that ramα is a
simple normal crossings divisor, after blowing up S.

(3) Explicitly, up to similarity, we may assume that q can be represented as
q = 〈1, a, b, abd〉 (note that we can ignore the signs since we are over C), so
that c(q) = (a, b) + (ab, d). If x ∈ T , then

(3.9) ∂x(α) = ∂x(a, b)
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(4) The definition of H as the kernel of the map (3.8) is precisely to ensure that
H is in the kernel of the map ∂1 of the sequence (3.4).

The proof of Theorem 3.17 follows the same strategy as in the preceding exam-
ples. We split into two parts: first we show that any element of H gives an unrami-
fied element on K(Q) and then we establish that any element in H2

nr(K(Q)/C,Z/2)
comes from H. Note that H → H2(K(Q),Z/2) is an injection by Theorem 3.10.

3.6.1. Φ is well-defined. Fix (ni)i ∈ H and let β ∈ H2(K,Z/2) be such that

∂2(β) = (nici)i ∈ ⊕ni=1H
1(κ(Ti),Z/2)

and β′ be its image in H2(K(Q),Z/2). Note that the conditions on ni’s guarantee
that (nici)i is in the kernel of ∂1 in the sequence (3.4), so that β exists. We have
to show that for any discrete valuation v on K(Q) we have ∂v(β

′) = 0. Let A be
the valuation ring and xv be the center of v in S. There are two cases to consider:
xv is the generic point of a curve Cv or a closed point P .

Codimension 1 case. If ∂Cv(β) = 0, then ∂v(β
′) is zero by Proposition 3.4. If

∂Cv(β) 6= 0, then Cv is one of the curves Ti and by definition ∂Cv(β − α) = 0. But,
because of the condition on d we could apply Corollary 3.12 to get ∂v(α

′) = 0,
where α′ is the image of α in H2(K(Q),Z/2). Hence ∂v(β

′) = 0 as well.
Codimension 2 case.

(1) If P is not on T , then β is unramified for the valuations corresponding to
the height one prime ideals of OS,P , so that ∂v(β

′) = 0 by Corollary 3.3.
(2) P ∈ Ti ∩ Tj with ni = nj = 1 and ∂P (ci) = ∂P (cj) 6= 0. Then β − α is

unramified for the valuations corresponding to the height one prime ideals
of OS,P and ∂v(β

′ − α′) = 0 by Corollary 3.3. The image of d in κ(P ) is
a nonzero complex number, hence a square in κ(P ). Then Corollary 3.12
gives ∂v(α

′) = 0, so that ∂v(β
′) = 0 as well.

(3) In the remaining cases, let P ∈ Ti with ni 6= 0 (if P is on another curve Tj
then ∂P (cj) = 0 by definition of H). Then ci = ∂Ti(β

′) could be written
(modulo squares) as ci = u with u a unit in OTi,P (using the sequence (3.4)
and (3.3)). Let w ∈ OS,P be such that the image of w in κ(Ti) is u, then

w is nonzero in κ(P ) and hence a square in ÔS,P . Let t be a uniformizing
parameter of Ti in K. By construction, β− (t, w) is unramified on OS,P , so

that ∂v(β
′ − (t, w)) = 0 by Corollary 3.3. Since w is a square in ÔS,P , and

hence in A, we deduce ∂v(β
′) = ∂v(t, w) = 0.

3.6.2. Φ is surjective. By Theorem 3.10 the mapH2(K,Z/2)→ H2
nr(K(Q)/K,Z/2)

is an isomorphism. Hence any element fromH2
nr(K(Q)/C,Z/2) ⊂ H2

nr(K(Q)/K,Z/2)

comes from an element β ∈ H2(K,Z/2). We only need to show that for any x ∈ S(1)

we have

(3.10) ∂x(β) 6= 0⇔ x = Ti and ∂x(β) = ci.

The condition at points P ∈ Ti ∩ Tj is automatically forced by the exact sequence
(3.4). As in remark 3.18, we choose q ' 〈1, a, b, abd〉, so that c(q) = (a, b) + (ab, d)
and ci = ∂Ti(a, b).

So consider x ∈ S(1) and fix a uniformizing parameter π of A = OS,x, we denote
by vx the corresponding valuation on K. Up to changing q by λq with λ ∈ K∗

(that does not change K(Q)), we may assume that q is with coefficients in A and
N = 0, 1 or 2 coefficients of q have odd valuation at x. We then have that q = 0
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defines a closed subscheme Z ⊂ P4
A. The divisor π = 0 of Z is either integral, or a

union of two planes. In the former case it defines a discrete valuation v on K(Q),
in the latter case we take v corresponding to any of the planes. In Proposition 3.4
the factor e = 1 and we have the following commutative diagram:

H2(K(Q),Z/2) // H1(κ(v),Z/2)

H2(K,Z/2) //

ResK/K(Q)

OO

H1(κ(x),Z/2)

Resκ(x)/κ(v)

OO

If N = 0 or 1, then κ(v) is the function field of a quadric over κ(x), that we denote
q̄ = 0, of positive dimension, so that the map Resκ(x)/κ(v) is injective by theorem
3.10. Since the diagram commutes, ∂x(β) ∈ kerResκ(x)/κ(v) and hence trivial for
N = 0 or 1. Similarly, if N = 2, then ∂x(β) = 0 or disc(q̄). So the only possible
nontrivial residues of β correspond to the following cases (up to multiplication by
squares):

• vx(a) = 1, vx(b) = 0 and vx(d) = 0 (or the symmetric case vx(a) = 0,
vx(b) = 1 and vx(d) = 0). Write a = πa1 with a1 a unit and ā1 (resp. b̄,
d̄) for the image in κ(x). Then we have two possibilities for q̄: 〈1, b̄〉 or
〈ā1, ā1b̄d̄〉. If ∂x(β) 6= 0 then from the commutative diagram above we must
have b̄ = b̄d̄ and ∂x(β) = b̄, so that d̄ is a square and ∂x(β) = ∂x(a ∪ b).
• vx(a) = 1, vx(b) = 1 and vx(d) = 0. Write a = πa1 and b = πb1 with a1, b1

units as before. Then we have two possibilities for q̄: 〈1, ā1b̄1d̄〉 or 〈ā1, b̄1〉.
If ∂x(β) 6= 0, then from the commutative diagram above we must have
ā1b̄1d̄ = ā1b̄1 and ∂x(β) = ā1b̄1, so that d̄ is a square and ∂x(β) = ∂x(a∪ b).

We deduce that the condition (3.10) is satisfied, so that β ∈ H. This finishes the
proof of Theorem 3.17. �

Corollary 3.19. Let π : X → S be a fibration in quadrics over a smooth projective
rational surface S over C, such that the total space X is smooth and projective,
of dimension 4. If the discriminant curve D ⊂ S is smooth and connected, then
Br(X) = 0.

Proof. Let

ξ ∈ Br(X) = Br(X)[2] = H2
nr(C(X)/C,Z/2) = H2

nr(K(Q)/C,Z/2),

where K is the field of functions of S and Q is the generic fiber. As in the proof of
the surjectivity above, ξ comes from an element β ∈ H2(K,Z/2) and β can have a

nontrivial residue only at codimenion one points s ∈ S(1), such that the fiber Xs is
not smooth, since only at the generic point of D. However, at this point, the class
of the discriminant of Q has valuation 1, and hence the set H in the theorem above
is empty. �

Remark 3.20. A cubic fourfold containing a plane is birational to a fibration in
quadrics π : X → S with discriminant curve D of degree 6. Assume that in the
construction in Theorem 3.17 the discriminant curve D is of degree 6 and the class
of the discriminant of the generic fiber of π is not a square, then D = D0 + 2D1,
where D0 corresponds to the discriminant. In particular, D1 is of degree 1 or 2.
If we had a nontrivial β ∈ H2

nr(C(X)/C,Z/2), then, by Theorem 3.17, β could
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have nontrivial residues only along components of D1, via sequence (3.4). Since the
degree of D1 is 1 or 2, one easily checks that this is impossible.
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Lüroth problem, (in Russian) Mat. Sb. (N.S.) 86 (128) (1971), 140–166.
[28] B. Kahn, M. Rost, R. Sujatha, Unramified cohomology of quadrics, I, Amer. J. Math. 120

(1998), 841–891.
[29] B. Kahn, Formes quadratiques sur un corps, Cours spécialisé no 15, SMF, 2008.
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