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Approximate Graph Coloring

Coloring (q,Q): Given a graph G, decide between

! (G) =

! ! (G) =

! (G) ! q

! (G) " Q

1

χ(G) =

χ�(G) =

χ(G) ≤ q

χ(G) ≥ Q

1

and
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χ(G) =

χ�(G) ! q

χ(G) ! q

χ(G) " Q

(1 # �)

IS(G) =

IS(G) ! 1/ Q

�

IS(G) ! 1/ Q $ χ�(G) " Q

1

! (G) =

! �(G) ≤ q

! (G) ≤ q

! (G) ≥ Q

(1− ")

IS(G) =

IS(G) ≤ 1/Q

"

IS(G) ≤ 1/Q ⇒ ! �(G) ≥ Q

1

and

AlmostColoring  (q,Q): Given G, decide between

χ(G) =

χ! (G) ≤ q

χ(G) ≤ q

χ(G) ≥ Q

(1 − �)

IS(G) =

IS(G) ≤ 1/ Q

�

IS(G) ≤ 1/ Q ⇒ χ! (G) ≥ Q

1

a1, a2

B 1, B 2

(a1(v1), a2(v2) != (T , T )

H q

{1, . . . , q, "}R B

R B 2R B 3

(a1, a2)

(a1, a2) # E(GB)

1 $ �

q

(1 $ �)
1 $ �

q

F1, F2

5
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! (G) =

! �(G) ! q

! (G) ! q

! (G) " Q

(1 # ")

IS(G) =

IS(G) ! 1/ Q

"

IS(G) ! 1/ Q $ ! �(G) " Q

1

¥ For    small enough, 

χ(G) =

χ�(G) ! q

χ(G) ! q

χ(G) " Q

(1 # �)

IS(G) =

IS(G) ! 1/ Q

�

IS(G) ! 1/ Q $ χ�(G) " Q

1
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χ�(G) ! q

χ(G) ! q

χ(G) " Q

(1 # �)

IS(G) =

IS(G) ! 1/ Q

�

IS(G) ! 1/ Q $ χ�(G) " Q

1

! (G) =

! �(G) ≤ q

! (G) ≤ q

! (G) ≥ Q

(1− ")

IS(G) =

IS(G) ≤ 1/Q

"

IS(G) ≤ 1/Q ⇒ ! �(G) ≥ Q

1

and

AlmostColoring  (q,Q): Given G, decide between

χ(G) =

χ! (G) ≤ q

χ(G) ≤ q

χ(G) ≥ Q

(1 − �)

IS(G) =

IS(G) ≤ 1/ Q

�

IS(G) ≤ 1/ Q ⇒ χ! (G) ≥ Q

1

a1, a2

B 1, B 2

(a1(v1), a2(v2) != (T , T )

H q

{1, . . . , q, "}R B

R B 2R B 3

(a1, a2)

(a1, a2) # E(GB)

1 $ �

q

(1 $ �)
1 $ �

q

F1, F2

5
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Previous Results
Algorithms :

¥ Coloring (2,Q) is easy - check for bipartiteness

¥ q=3:  can color 3-colorable graph with     colors,         
                (Wigderson 83, Blum 94, Karger-Motwani-Sudan 
94, Blum-Karger 97)

¥         : can color with        colors (Halperin-Nathaniel-
Zwick 01)

¥ Nothing better known for AlmostColoring

nα

! ! .207

q = 3

q " 4

nαk

q, q
log q

25

Q = q + 2
q
3

3 # q < Q

2

nα

! ≈ .207

q = 3

q ≥ 4

nαk

q, q
log q

25

Q = q + 2
q
3

3 ≤ q < Q

2

nα

! ! .207

q = 3

q " 4

nαk

q,q
log q

25

Q = q+ 2
q

3

3 # q < Q

2

n!

α ! .207

q = 3

q " 4

n! k

q, q
log q

25

Q = q + 2
q
3

3 # q < Q

2

χ(G) =

χ! (G) ≤ q

χ(G) ≤ q

χ(G) ≥ Q

(1 − �)

IS(G) =

IS(G) ≤ 1/ Q

�

IS(G) ≤ 1/ Q ⇒ χ! (G) ≥ Q

1
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Hardness :

¥ Coloring (3,5) and Coloring (              ) are NP-
hard (Khanna-Linial-Safra 93, Guruswami-Khanna 04)

¥ for    large, Coloring  (          ) NP-hard (Khot 01)

¥ Coloring (q, Q)               hard assuming variant of 
UGC (Dinur-Mossel-Regev 09)

¥ AlmostColoring (2,Q) UG-hard (Bansal-Khot 09)

nα

! ≈ .207

q = 3

q ≥ 4

nαk

q, q
log q

25

Q = q + 2
q
3

3 ≤ q < Q

2

n!

α ! .207

q = 3

q " 4

n! k

q,q
log q

25

Q = q + 2
q

3

3 # q < Q

2

nα

α ≈ .207

q = 3

q ≥ 4

nαk

q,q
log q
25

Q = q+ 2
q

3

3 ≤ q < Q

2

nα

! ≈ .207

q = 3

q ≥ 4

nαk

q,q
log q

25

q,q + 2�q/3�

3 ≤ q < Q

" > 0

q ≥ 3

2
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Dinur, Safra 02 : “The Importance of Being Biased”

¥ 1.36 Inapproximability of Vertex Cover

¥ roughly shows that given a graph with an 
independent set of size N/3, it is NP-hard to find 
an independent set of size N/9
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Our Result:

Theorem : For all        ,        , 
AlmostColoring  (       ) is NP-hard.

n!

! ≈ .207

q = 3

q ≥ 4

n! k

q,q
log q
25

Q = q+ 2
q

3

3 ≤ q < Q

" > 0

q ≥ 3

2

nα

α ! .207

q = 3

q " 4

nαk

q,q
log q

25

Q = q+ 2
q

3

3 # q < Q

� > 0

q " 3

2

q, q2

(1 ! ! )N
3

x

3

¥ Follows framework of Dinur-Safra

¥ Strengthens their result: Given a graph with 3 
disjoint independent sets each of size         ,  it is 
NP-hard to find an independent set of size N/9

q,q2

(1− �)N
3

x

3

χ(G) =

χ! (G) ≤ q

χ(G) ≤ q

χ(G) ≥ Q

(1 − �)

IS(G) =

IS(G) ≤ 1/ Q

�

IS(G) ≤ 1/ Q ⇒ χ! (G) ≥ Q

1

Sunday, October 24, 2010



D-S use a biased non-intersection graph:
¥ vertices all subsets of [n]
¥ edges between non-intersecting sets
¥ p-biased product measure

1 2 3 n........

1 1 1 1 1 10 0 0 0 0 0 S

0 0 0 0 0 00 1 0 1 1 0 T

No Intersection
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D-S use a biased non-intersection graph:
¥ vertices all subsets of [n]
¥ edges between non-intersecting sets
¥ p-biased product measure

1 2 3 n........

1 1 1 1 1 10 0 0 0 0 0 S

0 0 0 0 0 00 1 0 1 1 0 T

No Intersection

There is an independent set of weight p:  all sets 
containing element i
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D-S use a biased non-intersection graph:
¥ vertices all subsets of [n]
¥ edges between non-intersecting sets
¥ p-biased product measure

1 2 3 n........

1 1 1 1 1 10 0 0 0 0 0 S

0 0 0 0 0 00 1 0 1 1 0 T

No Intersection

Maximal Independent Sets are monotone families of sets

There is an independent set of weight p:  all sets 
containing element i
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Our Combinatorial Object

We replace non-intersection graph with       :

q,q2

(1 ! ! )N
3

V(H) = {F " [n]}

(F1,F2) # E(H) i! F1 $ F2 = %

µp(F) = p
|F|(1 ! p)n! |F|

Hq

V(Hq) = {1, . . . ,q, &)n

3

1 2 3 n........

, colorings of [n] with q colors
and one blank color,  *

q,q2

(1− ! )N
3

V(H) = {F ⊆ [n]}

(F1,F2) ∈ E(H) i! F1 ∩ F2 = ∅

µp (F) = p
|F |(1− p)n−|F |

Hq

V(Hq) = {1, . . . ,q, ∗} n

(F1,F2) ∈ E(H) i! ∀i, (F1(i),F2(i)) /∈ { (1,1), (2,2), . . . (q,q)

1− !
q

IS(G) = m

ISh (G) ≤ !m

3

* *

*

*
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Edges in 

q,q2

(1 ! ! )N
3

V(H) = {F " [n]}

(F1,F2) # E(H) i! F1 $ F2 = %

µp(F) = p
|F|(1 ! p)n! |F|

Hq

V(Hq) = {1, . . . ,q, &)n

3

1 2 3 n........

There is an edge between colorings            if they 
don’t agree on any coordinate.
* is considered a blank color and not agreeing

a1, a2

B1,B2

(a1(v1), a2(v2) != (T,T)

Hq

{1, . . . ,q, " } RB

RB2RB3

(a1, a2)

(a1, a2) # E(GB)

1 $ !
q

(1 $ ! )
1 $ !
q

F1,F2

5

* *

*

*

* *

*
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Edges in 

q,q2

(1 ! ! )N
3

V(H) = {F " [n]}

(F1,F2) # E(H) i! F1 $ F2 = %

µp(F) = p
|F|(1 ! p)n! |F|

Hq

V(Hq) = {1, . . . ,q, &)n

3

1 2 3 n........

No Agreement

There is an edge between colorings            if they 
don’t agree on any coordinate.
* is considered a blank color and not agreeing

a1, a2

B1,B2

(a1(v1), a2(v2) != (T,T)

Hq

{1, . . . ,q, " } RB

RB2RB3

(a1, a2)

(a1, a2) # E(GB)

1 $ !
q

(1 $ ! )
1 $ !
q

F1,F2

5

* *

*

*

* *

*
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Edges in 

q,q2

(1 ! ! )N
3

V(H) = {F " [n]}

(F1,F2) # E(H) i! F1 $ F2 = %

µp(F) = p
|F|(1 ! p)n! |F|

Hq

V(Hq) = {1, . . . ,q, &)n

3

1 2 3 n........

No Agreement

Agreement, No Edge

There is an edge between colorings            if they 
don’t agree on any coordinate.
* is considered a blank color and not agreeing

a1, a2

B1,B2

(a1(v1), a2(v2) != (T,T)

Hq

{1, . . . ,q, " } RB

RB2RB3

(a1, a2)

(a1, a2) # E(GB)

1 $ !
q

(1 $ ! )
1 $ !
q

F1,F2

5

* *

*

*

* *

*
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Weighting of 

q,q2

(1 ! ! )N
3

V(H) = {F " [n]}

(F1,F2) # E(H) i! F1 $ F2 = %

µp(F) = p
|F|(1 ! p)n! |F|

Hq

V(Hq) = {1, . . . ,q, &)n

3

1 2 3 n........

Product measure assigning    to * and           to 1...q

n!

α ≈ .207

q = 3

q ≥ 4

n! k

q, q
log q

25

q, q + 2�q/3�

3 ≤ q < Q

� > 0

q ≥ 3

2

a1, a2

B1,B2

(a1(v1), a2(v2) != ( T,T)

Hq

{1, . . . ,q, "}RB

RB2RB3

(a1, a2)

(a1, a2) # E(GB)

1 $ �

q

(1 $ �)
1 $ �

q

F1,F2

5

a1, a2

B1,B2

(a1(v1), a2(v2) != ( T,T)

Hq

{1, . . . ,q, "}RB

RB2RB3

(a1, a2)

(a1, a2) # E(GB)

1 $ �

q

(1 $ �)
1 $ �

q

F1,F2

5

a1, a2

B1,B2

(a1(v1), a2(v2) != ( T,T)

Hq

{1, . . . ,q, "}RB

RB2RB3

(a1, a2)

(a1, a2) # E(GB)

1 $ �

q

(1 $ �)
1 $ �

q

F1,F2

5

a1, a2

B1,B2

(a1(v1), a2(v2) != ( T,T)

Hq

{1, . . . ,q, "}RB

RB2RB3

(a1, a2)

(a1, a2) # E(GB)

1 $ �

q

(1 $ �)
1 $ �

q

F1,F2

5

n!

α ≈ .207

q = 3

q ≥ 4

n! k

q, q
log q

25

q, q + 2�q/3�

3 ≤ q < Q

� > 0

q ≥ 3

2

....
* *
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Weighting of 

q,q2

(1 ! ! )N
3

V(H) = {F " [n]}

(F1,F2) # E(H) i! F1 $ F2 = %

µp(F) = p
|F|(1 ! p)n! |F|

Hq

V(Hq) = {1, . . . ,q, &)n

3

1 2 3 n........

Product measure assigning    to * and           to 1...q

n!

α ≈ .207

q = 3

q ≥ 4

n! k

q, q
log q

25

q, q + 2�q/3�

3 ≤ q < Q

� > 0

q ≥ 3

2

a1, a2

B1,B2

(a1(v1), a2(v2) != ( T,T)

Hq

{1, . . . ,q, "}RB

RB2RB3

(a1, a2)

(a1, a2) # E(GB)

1 $ �

q

(1 $ �)
1 $ �

q

F1,F2

5

a1, a2

B1,B2

(a1(v1), a2(v2) != ( T,T)

Hq

{1, . . . ,q, "}RB

RB2RB3

(a1, a2)

(a1, a2) # E(GB)

1 $ �

q

(1 $ �)
1 $ �

q

F1,F2

5

a1, a2

B1,B2

(a1(v1), a2(v2) != ( T,T)

Hq

{1, . . . ,q, "}RB

RB2RB3

(a1, a2)

(a1, a2) # E(GB)

1 $ �

q

(1 $ �)
1 $ �

q

F1,F2

5

a1, a2

B1,B2

(a1(v1), a2(v2) != ( T,T)

Hq

{1, . . . ,q, "}RB

RB2RB3

(a1, a2)

(a1, a2) # E(GB)

1 $ �

q

(1 $ �)
1 $ �

q

F1,F2

5

n!

α ≈ .207

q = 3

q ≥ 4

n! k

q, q
log q

25

q, q + 2�q/3�

3 ≤ q < Q

� > 0

q ≥ 3

2

....

F1(a1) = F2(a2) ∈ [q] ⇒ (a1, a2) ∈ E(GB)

i 0

F ⊆ { 1, . . . , q, ∗} n

Inf p
i (F ) = µp ({ F : F|i=∗ /∈ F but F|i=r ∈ F for some r ∈ [q])

asp (F ) =
�

i

Inf p
i (F )

1
q

áasp (F ) ≤ dµp (F )

dp
≤ asp (F )

µ! (F) = (! )# of *

�
1 − !

q

�#of { 1...q}

6

* *
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Independent Sets in

q,q2

(1 ! ! )N
3

V(H) = {F " [n]}

(F1,F2) # E(H) i! F1 $ F2 = %

µp(F) = p
|F|(1 ! p)n! |F|

Hq

V(Hq) = {1, . . . ,q, &)n

3

There are q disjoint independent sets of weight        
in        :

q,q2

(1 ! ! )N
3

V(H) = {F " [n]}

(F1,F2) # E(H) i! F1 $ F2 = %

µp(F) = p
|F|(1 ! p)n! |F|

Hq

V(Hq) = {1, . . . ,q, &)n

3

a1, a2

B1,B2

(a1(v1), a2(v2) != ( T,T)

Hq

{1, . . . ,q, "}RB

RB2RB3

(a1, a2)

(a1, a2) # E(GB)

1 $ �

q

(1 $ �)
1 $ �

q

F1,F2

5

1 2 3 n........

All colorings assigning     to coordinate      form 
an independent set 

F1(a1) = F2(a2) ! [q] " (a1, a2) ! E(GB)

i0

6

F1(a1) = F2(a2) ! [q] " (a1, a2) ! E(GB)

i0

6

* *

*

* * * *

**
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Independent Sets in

q,q2

(1 ! ! )N
3

V(H) = {F " [n]}
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µp(F) = p
|F|(1 ! p)n! |F|

Hq

V(Hq) = {1, . . . ,q, &)n

3
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3
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3
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Hq

{1, . . . ,q, "}RB

RB2RB3

(a1, a2)

(a1, a2) # E(GB)

1 $ �

q

(1 $ �)
1 $ �

q

F1,F2

5

1 2 3 n........

All colorings assigning     to coordinate      form 
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F1(a1) = F2(a2) ! [q] " (a1, a2) ! E(GB)

i0

6

F1(a1) = F2(a2) ! [q] " (a1, a2) ! E(GB)

i0

6

* *

*

* * * *

**
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Independent Sets in

q,q2

(1 ! ! )N
3
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3
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Hq
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Hq
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q
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1 $ �
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5

1 2 3 n........

All colorings assigning     to coordinate      form 
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* *
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Monotone Sets

F1(a1) = F2(a2) ∈ [q] ⇒ (a1, a2) ∈ E(GB)

i 0

F ⊆ { 1, . . . , q, ∗} n

6

is monotone if switching a *

to a true color keeps a coloring in the set

a1, a2

B 1, B 2

(a1(v1), a2(v2) != ( T , T )

H q

{ 1, . . . , q, " } R B

R B 2R B 3

(a1, a2)

(a1, a2) # E(GB)

1 $ �

q

(1 $ �)
1 $ �

q

F1, F2

5

F1(a1) = F2(a2) ! [q] " (a1, a2) ! E(GB)

i0

6

a1, a2

B 1, B 2

(a1(v1), a2(v2) != ( T , T )

H q

{1, . . . , q, "}R B

R B 2 R B 3

(a1, a2)

(a1, a2) # E(GB)

1 $ !
q

(1 $ ! )
1 $ !

q

F1, F2

5

If      is in monotone set      ,       must be  in   

a1, a2

B 1, B 2

(a1(v1), a2(v2) != ( T , T )

H q

{ 1, . . . , q, " } R B

R B 2R B 3

(a1, a2)

(a1, a2) # E(GB)

1 $ �

q

(1 $ �)
1 $ �

q

F1, F2

5

F1(a1) = F2(a2) ∈ [q] ⇒ (a1, a2) ∈ E(GB)

i 0

F ⊆ {1, . . . , q, ∗}n

6

F1(a1) = F2(a2) ∈ [q] ⇒ (a1, a2) ∈ E(GB)

i 0

F ⊆ {1, . . . , q, ∗}n

6

a1, a2

B 1, B 2

(a1(v1), a2(v2) != ( T , T )

H q

{1, . . . , q, "}R B

R B 2 R B 3

(a1, a2)

(a1, a2) # E(GB)

1 $ !
q

(1 $ ! )
1 $ !

q

F1, F2

5

* *

*
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Monotone Sets

F1(a1) = F2(a2) ∈ [q] ⇒ (a1, a2) ∈ E(GB)

i 0

F ⊆ { 1, . . . , q, ∗} n

6

is monotone if switching a *

to a true color keeps a coloring in the set

a1, a2

B 1, B 2

(a1(v1), a2(v2) != ( T , T )

H q

{ 1, . . . , q, " } R B
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1 $ �

q

F1, F2

5
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i0

6
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{1, . . . , q, "}R B
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q

F1, F2

5

If      is in monotone set      ,       must be  in   

a1, a2

B 1, B 2

(a1(v1), a2(v2) != ( T , T )

H q

{ 1, . . . , q, " } R B

R B 2R B 3

(a1, a2)

(a1, a2) # E(GB)

1 $ �

q

(1 $ �)
1 $ �

q

F1, F2

5

F1(a1) = F2(a2) ∈ [q] ⇒ (a1, a2) ∈ E(GB)

i 0

F ⊆ {1, . . . , q, ∗}n

6

F1(a1) = F2(a2) ∈ [q] ⇒ (a1, a2) ∈ E(GB)

i 0

F ⊆ {1, . . . , q, ∗}n

6

a1, a2

B 1, B 2

(a1(v1), a2(v2) != ( T , T )

H q

{1, . . . , q, "}R B

R B 2 R B 3

(a1, a2)

(a1, a2) # E(GB)

1 $ !
q

(1 $ ! )
1 $ !

q

F1, F2

5
¥ Maximal independent sets must be monotone since 
switching a  * to a true color cannot create an edge

* *

*
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Influence and Average Sensitivity
The influence of coordinate i on a set       is:

F1(a1) = F2(a2) ∈ [q] ⇒ (a1, a2) ∈ E(GB)

i 0

F ⊆ {1, . . . , q, ∗}n

6

The average sensitivity of      is:

F1(a1) = F2(a2) ∈ [q] ⇒ (a1, a2) ∈ E(GB)

i 0

F ⊆ {1, . . . , q, ∗}n

6

F1(a1) = F2(a2) ∈ [q] ⇒ (a1, a2) ∈ E(GB)

i0

F ⊆ { 1, . . . , q, ∗} n

Inf �
i (F ) = µ�({ F : F|i= ! /∈ F but F|i= r ∈ F for somer ∈ [q])

as�(F ) =
!

i

Inf �
i (F )

1
q

áas�(F ) ≤ dµ�(F )
d�

≤ as�(F )

µ�(F) = ( �)# of *

"
1 − �

q

# # of{1...q}

6

F1(a1) = F2(a2) ! [q] " (a1,a2) ! E(GB)

i0

F # {1, . . . ,q, $}n

Inf �i (F) = µ�({F : F|i=! /! F but F|i=r ! F for some r ! [q])

as�(F) =
�

i

Inf �i (F)

1

q
· as�(F) %

dµ�(F)

d!
% as�(F)

µ�(F) = (! )# of *

�
1 & !
q

�#of{1...q}

6
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Russo’s Lemma

Let      be monotone.   Then 

F1(a1) = F2(a2) ∈ [q] ⇒ (a1, a2) ∈ E(GB)

i 0

F ⊆ {1, . . . , q, ∗}n

6

F1(a1) = F2(a2) ∈ [q] ⇒ (a1,a2) ∈ E(GB)

i0

F ⊆ {1, . . . ,q, ∗} n

Inf !
i (F ) = µ! ({F : F|i= ∗ /∈ F but F|i= r ∈ F for some r ∈ [q])

as! (F ) =
�

i

Inf !
i (F )

1

q
áas! (F ) ≤ dµ! (F )

d!
≤ as! (F )

µ! (F) = (! )# of *

�
1− !
q

�# of {1...q}

6
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Russo’s Lemma

Let      be monotone.   Then 

F1(a1) = F2(a2) ∈ [q] ⇒ (a1, a2) ∈ E(GB)

i 0

F ⊆ {1, . . . , q, ∗}n

6

Friedgut’s Theorem
A set with small average sensitivity is close to a set that 
depends only a small number of coordinates

F1(a1) = F2(a2) ∈ [q] ⇒ (a1,a2) ∈ E(GB)

i0

F ⊆ {1, . . . ,q, ∗} n

Inf !
i (F ) = µ! ({F : F|i= ∗ /∈ F but F|i= r ∈ F for some r ∈ [q])

as! (F ) =
�

i

Inf !
i (F )

1

q
áas! (F ) ≤ dµ! (F )

d!
≤ as! (F )

µ! (F) = (! )# of *

�
1− !
q

�# of {1...q}

6
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The Reduction
Initial Graph: G(V,E): m,r co-partite graph 

1 2 ...

m

    =  r-clique
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The Reduction
Initial Graph: G(V,E): m,r co-partite graph 

1 2 ...

m

    =  r-clique

hIS(r,    , h) Problem:  Decide between

q,q2

(1− �)N

3

V(H) = {F ⊆ [n]}

(F1,F2) ∈ E(H) i! F1 ∩ F2 = ∅

µp(F) = p
|F|(1− p)n! |F|

Hq

V(Hq) = {1, . . . ,q, ∗)n

(F1,F2) ∈ E(H) i! ∀i, (F1(i),F2(i)) /∈ { (1,1), (2,2), . . . (q,q)

1− �

q

3

q, q2

(1 − �)N
3

V (H ) = {F ⊆ [n]}

(F1, F2) ∈ E(H ) iff F1 ∩ F2 = ∅

µp (F) = p|F |(1 − p)n−|F |

H q

V (H q) = {1, . . . , q, ∗)n

(F1, F2) ∈ E(H ) iff ∀i , (F1(i), F2(i)) /∈ {(1, 1), (2, 2), . . . (q, q)

1 − �

q

IS(G) = m

ISh (G) ≤ �m

3

q,q2

(1 ! ! )N
3

V(H) = {F " [n]}

(F1,F2) # E(H) i ! F1 $ F2 = %

µp (F) = p
|F |(1 ! p)n−|F |

Hq

V(Hq) = {1, . . . ,q, &)n

(F1,F2) # E(H) i ! ' i, (F1(i),F2(i)) /# {(1,1), (2,2), . . . (q,q)

1 ! !
q

IS(G) = m

ISh (G) ( !m

3

and

where            is largest set of vertices with no h-clique

q,q2

(1 ! ! )N
3

V(H) = {F " [n]}

(F1,F2) # E(H) iff F1 $ F2 = %

µp(F) = p
|F|(1 ! p)n−|F|

Hq

V(Hq) = {1, . . . ,q,&)n

(F1,F2) # E(H) iff ' i, (F1(i),F2(i)) /# { (1,1), (2,2), . . . (q,q)

1 ! !
q

IS(G) = m

ISh(G) ( !m

3
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Blocks and Block Assignments
A block B is a set of L vertices from G

B =

!
V
L

"

L

v1v2 . . . vL

B 1

4

B =
!
V

L

"

L

v1v2 . . .vL

B1

4

B =

!
V

L

"

L

v1v2 . . .vL

B1

4

B =

�
V
L

�

L

v1v2 . . . vL

B 1

4

B =

�
V
L

�

L

v1v2 . . . vL

B 1

4

block
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Blocks and Block Assignments
A block B is a set of L vertices from G

B =

!
V
L

"

L

v1v2 . . . vL

B 1

4

B =
!
V

L

"

L

v1v2 . . .vL

B1

4

B =

!
V

L

"

L

v1v2 . . .vL

B1

4

B =

�
V
L

�

L

v1v2 . . . vL

B 1

4

B =

�
V
L

�

L

v1v2 . . . vL

B 1

4

block

A block assignment a to block B assigns each vertex in B 
T or F.  Must assign enough T’s.

T    F    T   T    F   F 

F    F    F   T     T   F

F    F    F   F     F   F

B =

!
V

L

"

L

v1v2 . . .vL

B1

RB = { a : B ! {T,F} : # of T’s is large enough}

RB1

a1a2

4

B =

�
V
L

�

L

v1v2 . . . vL

B 1

R B = {a : B ! {T , F} : # of T’s is large enough}

R B 1

a1a2

4

block assignments

not enough T’s
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Blocks and Block Assignments
A block B is a set of L vertices from G

B =

!
V
L

"

L

v1v2 . . . vL

B 1

4

B =
!
V

L

"

L

v1v2 . . .vL

B1

4

B =

!
V

L

"

L

v1v2 . . .vL

B1

4

B =

�
V
L

�

L

v1v2 . . . vL

B 1

4

B =

�
V
L

�

L

v1v2 . . . vL

B 1

4

block

A block assignment a to block B assigns each vertex in B 
T or F.  Must assign enough T’s.

T    F    T   T    F   F 

F    F    F   T     T   F

F    F    F   F     F   F

B =

!
V

L

"

L

v1v2 . . .vL

B1

RB = { a : B ! {T,F} : # of T’s is large enough}

RB1

a1a2

4

B =

�
V
L

�

L

v1v2 . . . vL

B 1

R B = {a : B ! {T , F} : # of T’s is large enough}

R B 1

a1a2

4

block assignments

not enough T’s

Intention is that block assignment assigns T to vertex in 
independent set.
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Intermediate Graph
For each block B, we create a clique whose 
vertices are all of B’s block assignments.

B =
�
V

L

�

L

v1v2 . . .vL

B1

RB = { a : B ! {T,F} : # of TÕs is large enough}

RB 1

a1a2

GB

4

B =
�
V

L

�

L

v1v2 . . .vL

B1

RB = { a : B ! {T,F} : # of TÕs is large enough}

RB 1

a1a2

GB

4

Edges between blocks:  If           overlap in L-1 vertices 
and there is an edge in G between the pivot vertices, 
then there are edges between their block assignments 
in      if there is a disagreement:

B =
�
V

L

�

L

v1v2 . . .vL

B1

RB = { a : B ! {T,F} : # of TÕs is large enough}

RB 1

a1a2

GB

4

a1, a2

B1,B2

(a1(v1), a2(v2) �= (T,T)

5

The block assignments disagree on the overlap
             or
They both assign T to their respective pivot vertex

B =

!
V
L

"

L

v1v2 . . . vL

B 1

RB = { a : B → { T , F} : # of T’s is large enough}

RB1

a1a2

GB

B 1B 2B 3

((B 1, a1), (B 2, a2)) ∈ EGB

B 1 = öB ∪ v1, B 2 = öB ∪ v2

4

a1, a2

B1,B2

(a1(v1), a2(v2) != ( T,T)

Hq

{1, . . . ,q, " } R B

RB 2RB 3

5

a1, a2

B 1,B 2

(a1(v1), a2(v2) �= ( T ,T )

H q

{1, . . . , q, ∗}R B

R B 2R B 3

5
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Final Graph
¥ Again a cluster for each block B, but now each 
cluster is a copy of      with vertex set  
¥ A vertex in V[B] is a coloring of all the block 
assignments of B with colors 1,..q, *.
¥ Edges within a block given by non-agreeing 
structure

a1,a2

B1,B2

(a1(v1),a2(v2) != ( T,T)

Hq

{1, . . . ,q, "}RB

RB2RB3

5

a1, a2

B 1, B 2

(a1(v1), a2(v2) != ( T , T )

H q

{ 1, . . . , q, " } RB

RB2RB3

5
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Edges between clusters:  again between L-1 overlapping 
blocks.  

There is an edge between          if 

a1, a2

B1,B2

(a1(v1), a2(v2) �= ( T,T)

Hq

{1, . . . ,q, ∗} R B

RB 2RB 3

(a1, a2)

(a1, a2) ∈ E(GB)

1− !
q

(1− ! )
1− !
q

F1,F2

5

F1(a1) = F2(a2) ! [q] " (a1, a2) ! E(GB)

6

In other words, there is no edge between      
if they agree on some pair of block assignments that do 
not form an edge in the intermediate graph. 

a1, a2

B1,B2

(a1(v1), a2(v2) �= ( T,T)

Hq

{1, . . . ,q, ∗} R B

RB 2RB 3

(a1, a2)

(a1, a2) ∈ E(GB)

1− !
q

(1− ! )
1− !
q

F1,F2

5
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Completeness
If G has an independent set of size m, we need q 
independent sets each of size        in the final graph.

Independent Set

‘Correct’ Block Assignments: size             |# of Blocks| 

Independent Set
Set of all colorings that assign     to intermediate 
independent set

weight:  

a1, a2

B 1, B 2

(a1(v1), a2(v2) != ( T , T )

H q

{ 1, . . . , q, " } R B

R B 2R B 3

(a1, a2)

(a1, a2) # E(GB)

1 $ �

q

(1 $ �)

5

a1, a2

B 1, B 2

(a1(v1), a2(v2) �= ( T , T )

H q

{1, . . . , q, ∗}R B

R B 2R B 3

(a1, a2)

(a1, a2) ∈ E(GB)

1 − !
q

(1 − ! )
1 − !

q

5

F1(a1) = F2(a2) ∈ [q] ⇒ (a1,a2) ∈ E(GB)

i0

F ⊆ {1, . . . ,q, ∗} n

Inf !
i (F ) = µ! ({F : F|i=∗ /∈ F but F|i=r ∈ F for some r ∈ [q])

as! (F ) =
�

i

Inf !
i (F )

1

q
áas! (F ) ≤ dµ! (F )

d�
≤ as! (F )

µ! (F) = (�)# of *

�
1− �

q

�#of { 1...q}

1− 2�

q

6
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Outline of Soundness
¥ Given a large independent set, assume it is 
maximal and therefor a monotone set in  the graph

¥ Perturb   so measure is still large but average 
sensitivity is small (Russo)

¥ Use Friedgut to find small set of coordinates that 
determine the independent set 

¥Use these coordinates to find h-clique-free set in 
initial graph

n!

α ≈ .207

q = 3

q ≥ 4

n! k

q, q
log q

25

q, q + 2�q/3�

3 ≤ q < Q

� > 0

q ≥ 3

2
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Thank You!
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