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Annals of Mathematics, 122 (1985), 540-574

The metric entropy of diffeomorphisms
Part II: Relations between entropy,
exponents and dimension

By F. LEDRAPPIER AND L.-S. YouneG

We continue to consider f: (M, m) = (M, m), a C%diffeomorphism f of a
compact Riemannian manifold M preserving a Borel probability measure m. As
before, let h,( f) denote the metric entropy of f,let Ay (x) > --- > A, (x) be
the distinct Lyapunov exponents at x and let ©, _, . E,(x) be the corresponding
decomposition of T,M. Both parts of this paper concern the relation between
entropy and Lyapunov exponents. As we have indicated in the introduction to
Part I, much of this work is motivated by the theorems of Margulis, Ruelle [Ru 1]
and Pesin [Pe]. Part I is about a necessary and sufficient condition on the
measure under which Pesin’s entropy formula holds. The main goal here in Part
II is to prove an analogous formula that works for all diffeomorphisms and all
invariant measures.

Without any hypotheses of absolute continuity on m, any equation relating
entropy and exponents must involve some notion of fractional dimension. This
fact has been observed for certain specific examples for some time (see for
instance [Bi]). General results relating these quantities have so far been confined
to maps that are one-dimensional in nature (e.g. [L], [Y]). Our main theorem
(Theorem C) extends these results. We show that for any invariant probability
measure m,

(++) ho(f) = [EXv.dm

where vy, denotes, roughly speaking, the dimension of m “in the direction of the
subspace E,”. (Precise definitions are given in § 7, in particular in (7.3) and (7.4).
Unfortunately it takes some work to see that these numbers as defined in Section
7 have the intuitive interpretation mentioned above.)

Research supported in part by NSF Grant MCS 8120790 and AFOSR Grant AFOSR-83-0265.

This content downloaded from 128.122.114.35 on Tue, 16 Sep 2014 00:31:34 AM
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

METRIC ENTROPY OF DIFFEOMORPHISMS, II 541

Since v, lies between 0 and dim E;, our formula implies the inequality of
Margulis and Ruelle [Ru 1] (although this is a rather indirect way of arriving at
their result). Pesin’s formula corresponds to the case where vy, = dim E,.

We give an indication of the proof of (* *). When two or more distinct
positive exponents are present, it is difficult to estimate dimension as is done in
[Y]. In these situations, however, there is a hierarchy of unstable manifolds
corresponding to the largest k exponents, k = 1,...,u(x) (see (1.1)). These
unstable manifolds give rise to a nested family of invariant foliations. Condition-
ing our estimates on the leaves of these foliations and working our way up
successive layers, we are able to focus on one exponent at a time.

In our argument we use the notion of “entropy along an invariant foliation”
or “partial entropies”. This allows us to distinguish between randomness occur-
ring in different directions in much the same way that one studies the growth of
the derivative by decomposing T.M into subspaces corresponding to distinct
exponents. These ideas may have further ramifications.

We have expressed entropy in terms of exponents and dimension. One may
wish also to express dimension in terms of the other invariants. We do not have a
complete solution to this problem. We show however that the dimension of m is
bounded above by ¥y, (Theorem F). A corollary to this (Corollary I) partially
confirms a conjecture of Yorke’s on the dimension of attractors [FKYY]. Inciden-
tally, Pesin’s formula can also be deduced from theorem F and (* *) in the case
when m is equivalent to Lebesgue.

This paper begins with Section 7 in which we give precise statements of
results and related definitions. Section 8 contains local unstable manifolds esti-
mates. The notion of entropy along an unstable foliation is introduced in Section
9. Theorem C is proved in Sections 10 and 11 and Theorem F is proved in
Section 12.

Some of the proofs in Section 8 and especially in Section 11 are similar to
those given in Part I. We try to make the statements of lemmas as self-contained
as possible here but will refer the reader to Part I for certain proofs.

We remark also that while our theorems contain no ergodic assumptions,
most of them can be proved by reduction to the ergodic case. For this reason-and
for simplicity of exposition—-we have chosen to present most of our ideas and
proofs assuming that m is ergodic.

Finally we should mention that the theory of dimensions, as well as its
relation to entropy and exponents, seems to be of some interest to mathematical
physicists. In fact, while this manuscript was under preparation, two physicists,
Grassberger and Procaccia (see [G]), derived heuristically (and independently of
this work) a relation very similar to (* *). For a discussion of these invariants
that is more oriented towards applications we refer the reader to the survey
article [ER].
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542 F. LEDRAPPIER AND L.-S. YOUNG

Standing Hypotheses
M is a C* compact Riemannian manifold without boundary;
f: M < is a C? diffeomorphism;
m is an f-invariant Borel probability measure on M;
and except in (7.5), (7.6) and Section 12,

m is ergodic.

7. Definitions and statements of results

(7.1) Unstable manifolds. As in Section 1, let I'’ be the set of points that
are regular in the sense of Oseledec [O]. For x € T, let

A(x) > Ap(x) > -+ > }\r(x)(x)
denote its distinct Lyapunov exponents and let
TxM = El(x) & .- ®‘Er(x)(x)

be the corresponding decomposition of its tangent space. Since m is assumed to
be ergodic, the functions x — r(x), A,(x) and dim E,(x) are constant m-a.e.
Let u = max{i: A\; > 0}. For 1 < i < u, define

Wi(x) = {y & M: limsup ~logd(f ", f"y) < - Ai}.
n—oo

Then Wi(x) is a C% (¥ j<idim E;)-dimensional immersed submanifold of M

tangent at x to @ i< Ej(x). (See for instance [Ru2].) It is called the i** unstable

manifold of f at x. We sometimes refer to { Wi(x): x € I'’} as the W-foliation

on M. Using this language then, we have a nested family of a.e. foliations
wWlc w?c ... cw*

corresponding to the distinct positive exponents of f.

As an immersed submanifold, each Wi(x) inherits a Riemannian structure
from M. This gives rise to a Riemannian metric on each leaf of W'. We denote
these metrics by d'.

The measure m also defines conditional measures on the leaves of W'. More
precisely, a measurable partition ¢ of M is said to be subordinate to the
W ifoliation if for a.e. x, £(x) € W'(x) and contains an open neighborhood of x
in Wi(x). Associated with each measurable partition is a system of conditional
measures. (See (1.3) of Part I or [Ro].) In the next two subsections we shall define
some invariants using the conditional measures for partitions subordinate to W*.

(7.2) Entropy along unstable manifolds. Fix 1 < i < u. We now define a
notion of entropy along the Wi-foliation. In the ergodic case this notion is
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described by a number h; which measures the amount of randomness along the
leaves of W'. There are several equivalent definitions. Following [BK] we take a
pointwise approach:

Let ¢ > 0. For x € I'” and n € Z*, define

Vi(x,n,e) = {y € Wi(x): d'(f*x, ffy) < efor0 <k <n}.

Let £ be a measurable partition subordinate to W' and let {m_} be a system of
conditional measures associated with £. Define

h(x,e,£&) = liminf — -}l-log mVi(x,n,e)

and

h(x, e, &) = limsup — -};log myVi(x,n,e).

n— oo

(The cautious reader may wish to verify that these functions are indeed measura-

ble.)
ProrosiTiON 7.2.1. At m-a.e.x,
lin})b,.(x, e, §) = lirr:jt,.(x, e, §).

These limits exist because h,(x, €, §) and h,(x, ¢, &) increase as 0. The
proof of this proposition occupies Section 9.

Let h,(x,¢) denote the limit in Proposition 7.2.1. Using the essential
uniqueness of conditional measures and the invariance of m it is easy to verify
that h,(fx, &) = h(x,£) m-a.e. and hence h(x, {) is constant a.e. The reader
should check also that this constant is independent of the choice of £ or {m,}.
This completes the definition of h,.

The concept of entropy along a foliation has in fact been exploited in Part I
though we did not explicitly introduce this terminology. The main proposition of
Part I (see Section 5) combined with the discussion in Section 9 gives:

CoroLLARY 7.2.2. h, = h_(f).

(7.3) Dimension of conditional measures on unstable manifolds. Again fix
1 <i < u. Let Bi(x, ¢) denote the d'ball in Wi(x) centered at x of radius e.
Let £ be a measurable partition subordinate to W' with conditional measures

{m,}. For x € T’ define

g 108MB(x, €)
Blx &) =t ™ oge
and ‘

log m_Bi(x, €)

51x,8) = limsup B0

e—0
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544 F. LEDRAPPIER AND L.-S. YOUNG

As in the last section one verifies that §,(x, £) and gi(x, £) are constant along
orbits and that the two numbers §; and §, are well defined independent of £.

Propositions 7.3.1 and 7.3.2 are consequences of our results in Sections 10
and 11.

ProposiTiON 7.3.1. 8, = §,.

We denote this common value by §; and call it the dimension of m on
W Lmanifolds. To justify this terminology let us recall the following known fact
(see for instance [Y]):

Suppose p is a finite Borel measure on M and X C M is a Borel set with
pX > 0. If for every x € X,

lim inf _______log;;,B(x, )
e—>0 oge

> 9

and

lim sup log uB(x, ¢)

log & <3,

e—0

then the Hausdorff dimension of X, written HD( X), satisfies
8 < HD(X) < 8.

Suppose now that 2 < i < u. Remember that W' is a (¥ j<idim E;)-dimen-
sional foliation on M each leaf of which is in turn foliated by the
(X, - ;- ,dim E )-dimensional foliation W*~!. We shall see in Section 11 that the
number 8, — §,_, can be interpreted as the “transverse dimension” of m on
Wi/Wi~1 In particular, we shall prove:

ProposiTION 7.32. 0 < §;, — §,_, < dimE, for 2 <i < u.

(7.4) The main result: ergodic case. In (7.2) and (7.3) we described some
natural invariants associated with the dynamical system f: (M, m) « . Our main
result establishes the connection between these numbers and the Lyapunov
exponents of f.

TueoreM C'. Let f: M « be a C? diffeomorphism of a compact Rieman-
nian manifold and let m be an ergodic Borel probability measure on M. Let
A, > .-+ > A, denote the distinct positive Lyapunov exponents of f, and let §,
be the dimension of m on W -manifolds. Then for 1 < i < u there are numbers
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y; with 0 < y; < dim E; such that

5, = ZY]'

j<i
fori=1,...,uand
hm(f) = Z}\zYz

i<u
Theorem C’ is the amalgamation of the following three partial results:
@ hy =X,

(i) h; — h,_; =A(8,—8,_)) fori=2,...,u, and

(ifi) b, = h,(f).

Setting vy, = 8, and v, = 8, — §,_, for i = 2,..., u, one obtains the conclusion
of Theorem C’ immediately by adding formulas (i), (ii) and (iii).

We explain these formulas before proceeding further. The dimension of a
measure is directly related to dynamical invariants such as entropy and Lyapunov
exponents if one can dynamically generate sets that are essentially round balls.
This can be done when all the exponents are equal. In this case equation (i) is the
basic principle relating entropy, exponents and dimension. In general, one
attempts to decompose the dynamical structures associated with a map into
directions corresponding to the different rates of expansion. Equation (ii) is then
a restatement of (i) concerning the transverse dynamics and dimension of Wi~!
inside W 'leaves. This is the idea of part of the proof of (ii). (See Section 11.) To
complete the proof of (ii) we need another argument, which is explained in
Section 10. Finally equation (iii) says that what happens in the contracting and
neutral directions does not contribute to the entropy of f. That was basically the
concern of Part I. (See Section 9.)

The next two corollaries follow immediately from Theorem C’.

CoroLLArRY D’. With the same hypotheses as in Theorem C’, and with
ho = O,

5, = WY fori=1,...,u.
l j<i }‘i
In (7.3) we defined 8, = §,(f) and in Theorem C’ we defined y;, = v,( f) for
i=1,...,u. Remember that these y,’s carry geometric meaning as the trans-
verse dimension of m between successive W 'foliations. Now consider
f~% (M,m) < and define analogously ¥, = v,(f ') corresponding to the
positive exponents of f ! (or equivalently the negative exponents of f). Let
Y, =¥,_;+; when A, <Oand vy, = dimE; if A\; = 0.
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546 F. LEDRAPPIER AND L.-S. YOUNG

CoroLLARY E’. With the same hypotheses as in Theorem C’ and with v, as
defined above,

YAy =0.

This follows from Theorem C’ and the fact that h () = h,(f'). We state
two more corollaries of Theorem C’ that are known results:

CoroLrarY 74.1. h (f) <X,  A,dmE,.

i<u’ti

CoroLLARY 7.4.2. If m has absolutely continuous conditional measures on
unstable manifolds (see Definition 1.4.2), then

h,(f)= Y A\ dimE,.
i<u

Corollary 7.4.1 follows readily from Theorem C’ and Proposition 7.3.2, as
does Corollary 7.4.2 since 8, = ¥, _ dim E; when m has absolutely continuous
conditional measures on W*.

The nonergodic version of these results is stated in the next section. We
mention here that Corollary 7.4.1 (without the assumption of ergodicity) was
proved independently by Margulis and Ruelle [Rul]. Corollary 7.4.2 (again not
necessarily ergodic) is the “if” part of Theorem A and was proved in [LS]. As
indicated in Part I, this gives an alternate approach, though the proofs in [Rul]
and [LS] require weaker differentiability assumptions and are much more direct.
Theorem C’ was first proved in the Axiom A dimension 2 case by Manning [Mg].

(7.5) Definitions and the main results: nonergodic case. Unlike the situa-
tion when m is ergodic, the functions x — r(x), A,(x) and dim E(x) (see (7.1))
are now no longer constant a.e. Let u(x)= max{i: A(x) > 0}. Then for
i=1,...,u(x), we can define Wi(x) as in (7.1) except that A, should now be
relaced by A (x).

Let T, = {x € T": i < u(x)}. A measurable partition £ of M is said to be
subordinate to W' on T, if for m-a.e. x € T;, {(x) € Wi(x) and contains an
open neighborhood of x in Wi(x). We extend the notion of entropy along W'*
and dimension of m on Wimanifolds to the nonergodic case using conditional
measures for partitions of this type. These extensions are rather formal. To make
geometric sense out of it the reader should consider sets of the form I, =
{xeT;: X, ,dimE(x) =k} one at a time or simply disintegrate m into its
ergodic components. Note that the entire leaf Wi(x) is contained in the ergodic
component of x (see e.g. (6.2)).

First we define the notion of entropy along W', which is now a class of
measurable functions defined on T,. Let £ be a measurable partition subordinate
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to W' with conditional measures { m_}. Define h;: T; - R by
hi(x) = hy(x, &, {m,})

= lim liminf — llog mVi(x,n,e)
=0 n—0 n

= lim limsup — llog mVi(x,n,e).
e—=0 ;0 n
We know that the liminf and lim sup definitions coincide m-a.e. on I; because
Proposition 7.2.1 says they do for the ergodic components of m. To verify that h;
is indeed a well defined class of measurable functions one must show that if £’ is
a measurable partition of the same type as £ and { m/} is a system of conditional
measures for §’ then hy(x,§, {m,}) = h(x,£’,{m/}) m-ae. on I,.
Corollary 7.2.2 now reads

Jhuco(®) dm(x) = h,(£).

Similarly there are two measurable functions (or more precisely two classes
of measurable functions) 8,,8,;: T, — R such that if £ is a measurable partition
subordinate to W¥on T and { m_} is a system of conditional measures for £, then
at m-a.e. x € [,

lileriigf W = 8,(x)
and
log m_Bi(x, ¢)

log ¢ = 8(x).

lim sup
e—0

Propositions 7.3.1 and 7.3.2 are valid (so we can write 8, = §, = 8,) again
because they are valid for the ergodic components of m. The function 9, is called
the dimension of m on W -manifolds.

We are finally ready to state the main result of this paper:

Tueorem C. Let f: M < be a C? diffeomorphism and let m be an
f-invariant Borel probability measure on M. Let A (x) > -+ > A, (x) be the
distinct positive exponents at x and let 8;: T, — R be the dimension of m on W'.
Then there exist measurable functions v;: I, = R with 0 < y,(x) < dim E(x)
such that at m-a.e.x,

8,(x) = L v(x)
j<i

fori=1,...,u(x) and
ha(F) = [ L MN(x)vi(x) dm(x).

i<u(x)
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Theorem C follows immediately from Theorem C’ by decomposition of m
into ergodic components.

The nonergodic versions of Corollaries D’, E’, 7.4.1 and 7.4.2 are obvious.

(7.6) A volume lemma and some consequences. Theorem C and Corollary
D give some information on the dimension of the conditional measures of m on
unstable manifolds. We wish now to discuss the dimension of m itself. Since this
discussion does not involve the other foliations, we shall refer exclusively to W*(*)
when we speak of unstable manifolds—which we denote simply by W*. Note
also that no ergodicity is assumed in this section unless otherwise stated.

TuroreM F. Let f: M < be a C? diffeomorphism of a compact Rieman-
nian manifold and let m be an f-invariant Borel probability measure on M. Let
8" be the dimension of m on W*, 8° be the dimension of m on W?*, and 8°(x) be
the multiplicity of 0 as an exponent at x. Then at m-a.e.x,
log mB(x, ¢)

lim sup Tog &

e—0

< 8%(x) + 8%(x) + 8%x).

Note that §* + §° + 8° = ¥,y,. The influence of the neutral exponent on
dimension is unpredictable and without further assumptions one cannot expect a
sharper estimate. Theorem F is proved in Section 12.

Let us say that a measure on M has full dimension if at m-a.e.x,
log mB(x, ¢)

] = dim M.
og &

lim sup

e—0

CoroLLARY G. Let f: M < be a C? diffeomorphism of a compact Rieman-
nian manifold and let m be an f-invariant Borel probability measure with full
dimension. Then m has absolutely continuous conditional measures on both
stable and unstable manifolds and the following formulas hold:

ha(£) = [ A dim E, dm,

h.(f) =fZA;dimE,.dm,
and
flog|Det Df | dm = 0.

Whether a measure m has full dimension is experimentally relatively easy to
verify. Note also that full dimensionality is a weaker assumption than absolute
continuity to Lebesgue. Hence Corollary G can be regarded as a slight extension
of some of the results in [Pe].
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CoroLLARY H. Let f be a C? diffeomorphism of a compact Riemannian
manifold. An invariant Borel probability measure with full dimension is ab-
solutely continuous with respect to Riemannian measure if any one of the
following conditions hold:

(1) There is no zero exponent, i.e. §°(x) = 0 m-a.e.;

(2) 8°%x) = 1 m-a.e. and f is the time-one map of a flow generated by a C*
vector field;

(3) M is an n-torus and f is an ergodic algebraic automorphism.

Assertions (1) and (2) follow from absolute continuity properties of the
stable foliation. See [Be] for (3).

When the measure is not of full dimension, our results are related to a
conjecture of Yorke’s (see [FKYY]). Suppose m is ergodic. We define the
Lyapunov dimension of m, written Lyap dim(m), to be dim M if ¥ ;A ;|dim E, > 0.
Otherwise define

Y. AN dimE;
Lyapdim(m) = }_ dimE, + —’—#’
j<i "
where i < r is the largest integer with ¥, ;A ,dimE; > 0.

CoroLLARY L. Let f: M < be a C? diffeomorphism of a compact Rieman-

nian manifold and let m be an f-invariant ergodic Borel probability measure on
M. Then

log mB(x, ¢)

lim sup Tog ¢

e—0

< Lyapdim(m)

at m-a.e.x. Equality holds almost everywhere only if m has absolutely continu-
ous conditional measures on unstable manifolds. In fact, if equality holds, then
there is some i with y; = dimE; for j <i and v; =0 for j > i, y; being the
numbers in Corollary E’.

A weaker inequality involving liminf can be obtained by a simpler proof.
(See [L].)
To prove Corollary I, observe that by 7.3.2 we have
(*) Z(}\j_}\i)Yjs Z(}\j_}\i)dimEj'
j j<i
Dividing by — A, and applying Corollary E’, we get
Zyj < Lyap dim(m)
i
which together with Theorem F gives the inequality in Corollary I. Suppose now
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that equality is attained. This forces equality in (*), from which follows the last
assertion in Corollary I. That m has absolutely continuous conditional measures
in this case is a consequence of Theorem A and the fact that i > u.

8. More on local unstable manifolds

In the first half of Section 8 we record some estimates in Lyapunov charts.
(8.1) and (8.2) parallel (2.1), (2.2), (2.3) and (4.2). For the convenience of the
reader we reintroduce the notation here, referring to Part I (or [Ru2]) for proofs.
The second half of Section 8 contains a description of some special coordinates
on W*manifolds. These coordinates are used mainly in Section 11.

(8.1) Lyapunov charts. As usual, d denotes the Riemannian metric on M.
We write R4™M = R4mE: x ... xRU™E: and for x € R4™M let (x,,...,x,) be
its coordinates with respect to this splitting. Define

|x| = mf”"xili
where | - |, is the Euclidean norm on R¥™£:. Let
Ri(p) = {x, € RU™%: |x,], < p)
and R(p) = {x € R¥™M: |x| < p}.

We now describe some changes of coordinates. Given & < (1/100) X
min, ,,csla — b| where S = {0} U{A,...,A,}, there exists a measurable
function I: T” — (1, o0) with I( f *x) < e°l(x) and an embedding ®_: R(l(x) ')
— M for each x € I’ such that the following five conditions hold.

(i) ®,0 = x, and D®(0) takes R4™% to E(x) fori=1,...,r

(ii) exp, ' o ®, coincides with D®,(0) on R(I(x) ™).

(iii) Let f, = CI)fx1 o fo®, be the connecting map between the chart at x
and the chart at fx, deﬁned wherever it makes sense, and let f 1=

f~1x o f~1o ®_be defined analogously. Then for all v € R¥™E;
et |o| < |DF0)v]| < eMte|vl.

(iv) If L(g) denotes the Lipschitz constant of the function g, then

L(f. - Df(0)) <,
L(f ' - Df Y0) <e
and
L(Df,), L(Df, ") < U(x).
(v) Forall z,z’ € R(I(x)™ 1Y),
K 'd(®.2,®.z2') < |z — 2| <l(x)d(®,2,D.2")

for some universal constant K,.
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Throughout Part II we shall refer to any system of local charts { ®,: x € '’}
satisfying (i)—(v) above as (¢, l)-charts. This definition of (e, l)-charts is more
restrictive than the one given in Part I, where no attempt was made to control
the behavior in individual Oseledec subspaces. The construction of Lyapunov
charts given in the appendix to Part I extends easily to meet these additional
requirements.

(8.2) Local unstable manifold estimates. Let {®,: x € I'’} be a system of
(&, 1)-charts. For x € T’ and 1 < i < u, let Wi(x) be the subset of R(I(x) ')
the @ -image of which is the component of Wi(x) N ® R(I(x) ') containing x.
We write R¥)(p) = R'(p) x -+ xR'(p) and R"~(p) = R"*!(p) x - -+ xR'(p).

LemMa 8.2.1. There is a function gi: RO(I(x)™ ') = R (I(x) ') such
that

(1) gi(0) = 0, Dg(0) =0,

(2 1Dgll < 3, and

(3) graph(g;) = W/(x).

Clearly, ﬁ_ "Wi(x) € Wi (f ).

LEmMa 8.2.2. Let x € I''. Then there exists T, 0 < 7 < %, such that for all
y € ®(WHx) N R(rl(x)™ ") and 1 < i < u, there is a function
g. . RO(U(x)™") —» R~ (U(x)™") such that

(1) ®, 'y € graph g; ,,

(@) IDg; Il < 3, and

(3)

. 1 ~ ~
graph gi = {z € W*(x): limsup o loglf, "z — eyl < -\ + 28}.

n—oo

We denote Wi(x) N R(7l(x)"') by W (x). Note that W} (x) =
graph (g¥|R™")(rl(x)~1)). Also we denote the graph of g} , by Wi(y) and call
its @ -image a local i unstable manifold at y. The following corollary is an easy
consequence of 8.2.2(3).

CoroLLARY 8.23. Let x €I’ and let v be as in 8.2.2. Then for all
y € QW (%),

(1) Wi(y) c W/ Y(y), . | | |

(2) Ifz € ®W;! (x), then either W/(y) = W,/(2) or W/(y) N W/(z) = &,
and

3) Ify € T, then ®_'Wi(y) N W¥(x) = Wi(y).
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Assertion (2) above says that { W/(y): y € ® W (x)} is a foliation on some
set containing W (x). (1) says that for different i’s these foliations are “nested”,
and (3) says that for each i the global and local Wfoliations induce the same
partition on W (x), a fact we will need in Section 11.

LEmMMA 8.2.4. Letx € T".
(1) Ifz,2’ € R(e M 3U(x) ") then f,z, f,.z” € R(I(fx)~ ') and
|f;z . £z1| < |Z _ z’|e)“+2€.
2 Ify € W (x) and z,2" € W/(y), then
|£_lz _f;—lzll < e—)xi+2elz _ z/l’
Finally we state a lemma that tells us that the W'foliation inside local
Wleaves is at least Lipschitz. Let L(R",R¥) denote the space of linear maps

from R" to R* For x €T’ and 1 <i<u, let G: U, oy Wiy) =
L(REjsdmE; RIi<j<dimEj) he defined by

G;(Z) = Dgi,y(zla'“9 zi)

where y € ®W! (x) and z€ Wi(y). In particular, if ® z &€ I, then
D® (z)(graph G(z)) = e;jgiEj(q)xz)-

Lemma 8.2.5. There is a constant D > 0 such that for all x € T’ and for
every 1 < i < u, the map G} is Lipschitz with Lip constant < DI(x).

The proof is identical to that in (4.2).

(8.3) Special coordinates on local unstable manifolds. For each x € '’ we
now define a coordinate system on the local W*manifold at x. These coordinates
“straighten out” local W manifolds into parallel planes and at the same time
preserve good dynamical estimates.

We first state a lemma about Lipschitz foliations that has nothing to do with
dynamics. The proof is quite straightforward and will be omitted. Fix positive
integers n,,...,n; and a number 0 < p < 1. Let B(p) be a closed disk
centered at 0 of radius p in R™. Consider B(p) = Bi(p) x --- xBX(p) as a
subset of R™* =+,

LemmMaA 8.3.1 (straightening out lemma). Fori=1,...,k — 1, let F, be a
Lipschitz foliation with C' leaves on some subset of R™* "™ containing
B(p). Assume that each leaf of F, is the graph of a function

g: B'(2p) x - -+ xBi(2p) - Run1™ ¥

with ||Dg|| < 5 and that the function x — T F, has Lipschitz constant < some
number C. Assume also that the F;’s are nested; i.e., if F(x) denotes the leaf of
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F, containing the point x, then F(x) C F, (x) for all x € B(p) and for all i.
Define 0 = (0,,...,0,): B(p) = R"* "™ as follows: Forx = (x,,...,%;) €
B(p), let O(x) = x,, and let O(x) be the i coordinate of the unique point of
intersection of F;_,(x) and {0} x --- x{0} x R%* "™ fori > 2. Then

(1) O is a homeomorphism between B(p) and its image;

(2) For every x,y € B(p), O;x =0,y for j =i+ 1,...,u if and only if
y € F(x) and

(3) Both O and O~ ' are Lipschitz with Lip constant depending only on C
(assuming k is fixed).

Consider now a system of Lyapunov charts {®,}. For x € I’ let
p.: R(l(x)™') » R™(I(x)" ') be the natural projection. Then p |W(x) is a
lipeomorphism and the p,-images of W/(y), y € ® W (x), form the leaves of a
Lipschitz foliation F,. It is easy to check that these F,’s (i = 1,...,u — 1) satisfy
the hypotheses of 8.3.1 with B(p) = R™)(7l(x)~ ') and C = DI(x) (see 8.2.5).
Let 0. R*(7l(x)"') > R¥=«dimE be the map in 8.3.1.

We are now ready to define our “special coordinates” on W (x). Let
7 WY (x) > REis«dmE be given by

Wx = 0x ° px'

From 8.3.1 we can conclude that , is a lipeomorphism between W (x) and its
image with Lip(7,), Lip(7, ') < N,, where N, depends only on I(x) (and other
constants determined by f). Moreover, 7, W/(y) lies on a (L j<idim E;)-dimen-
sional plane parallel to RYi=<%mEj x (0} x --- x{0} and if Wi(y) # Wi(y’)
then 7 Wi(y) and 7 W/(y’) lie on distinct planes.

Lemma 8.3.2. Let z € W' (x) and suppose |z| < te M3 When 7, =
1 u
(7o, md),

|ml fiz| < eNt3|miz| fori=1,...,u.

Proof. Make the estimate one i at a time. For i > 2 the proof is identical to
that of Lemma 2.3.2.

(8.4) Special coordinates on a set of positive measure. In (8.3) we describe
some coordinates on local unstable manifolds that have desirable geometric as
well as dynamical properties. These coordinates, however, are not compatible in
the sense that for D ¢ ® W (x) N ® W (x’),(m o ®, )| D need not be equal
to (m.,o® ")|D. The aim of this subsection is to construct a map
a: § > REi=«dimEi wwhere § is a set of positive measure, such that 7 restricted to
each local W*leaf in S straightens out W -leaves as in (8.3).

Let I, be chosen so that A = {I < l,} has positive m-measure. For x € I",

let Ef(x) = ®,_,E;(x). As mentioned in (8.2), El(y), i = 1,...,u, is actually
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defined for every y € A= U, c 2@ W (x). In fact, there exists a constant I]
such that for every y € A, I Df, "ol| < Ige” 7397 |o]| for all n > 0 and for all
v € E'(y). This implies that y — E(y) is continuous on A.

Let w € A be a density point of x, - m. Then using the continuity of
y — Ei(y) on A, we can choose 75, 0 <1, < 7, so that for all x €A, =
AN @ R(rlyh), if ye ®W! (x) N ®,R(7l, "), then for each i =1,...,u,
®_10d Wi(y) N R(27,l;") is the graph of a function from R“@27l;!) —
R~ (2515 "), the norm of the derivative of which is < 3. For each x € A,
then, Lemma 8.3.1 gives a map 0, ,: R*X(1yly"') = RE:=«dimE: that straightens
out the foliation whose leaves are subsets of p, ®_'® Wi(y).

Let § = U, 4 (2W(x) N @, R(7l5 ). Define 7: S — REi=dimEi Ly

w(y) =0, .°p,° P, (y)

where y € ®W/(x), x € A,. The reader should verify that this map is well-
defined; i.e. the definition of #(y) is independent of the choice of «x.

We note also that

(1) S is the disjoint union of sets D, where each D, N {l < l,} # &, and
if xe D, N{l<]l,}then D, =85N ®W(x); also, m(SN {l < [}) > 0;

(2) Because W'¥|S, i = 1,...,u, is a continuous foliation, it is easy to see
from our definition of @ in Lemma 8.3.1 that « is in fact a continuous map; and

(3) With the notation in (1), for each a, #|D, and (7|D,) ! are Lipschitz
maps with Lip constant < some constant N,,.

9. Entropy along unstable foliations

(9.1) Increasing partitions subordinate to W'. Let 1, and n, be measurable
partitions on M. Recall the following definitions: 71, refines ny(n, > n,) if
n(x) C ny(x) for m-a.e.x, and n, is increasing if m, > fn,. In (3.1) we
described certain increasing partitions that are subordinate to W*. In this

subsection we construct similar partitions subordinate to W%, i = 1,..., u.
LEmMA 9.1.1. There exist measurable partitions §,,...,£&, on M such that
for each i,

(1) ¢, is an increasing partition subordinate to W',
2 §>¢&.,and
(3) f~ "¢, generates as n — 0.

Outline of proof. We take a system of (&, I)-local charts { ®,} and choose [,
and S=UD, asin (84). Fori=1,...,u,let

2 wi D, ifxe D
b = WEIND e e D,
M-S if x & S.
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It fo]lows from our definition of S and 8.2.3(3) that if x € D, N {I < [}, then
every £~element contained in D, is equal to S no Wi(y) for some
yeOW! (x). Let §, =V, . f" £ Since él s > gu, obviously we have
£,> - > ¢,

Some care has to be taken to ensure that £,(x) contains an open neighbor-
hood of x in Wi(x) for m-a.e.x. (In fact, Lebesgue-a.e. 7, small enough for
purposes (8.4) will do.) We omit further details because this argument is identical
to that in [LS].

Note that £; has the following characterization. Let x € I'”. Then y € §,(x)
if and only if for all n > 0,

(1) f 'y Sifandonlyif f ™ €S,

(2) f ™, f "y lie in the same D, whenever f "x € §, and

3) y € Wix).

In (9.2) and (9.3) we shall prove

yg})hi(x’s’gi) = H(§,|f¢,) = !i_l;r:)hi(x’ & §,).

Proposition 7.2.1 follows immediately from this. Remark also that if £/ is another
increasing partition subordinate to W' constructed in the proof of 9.1.1, then
H(&!|f€) = h; as well.

In (9.2) and (9.3) let &, (i = 1,..., u) be as above and for each i let {m!}
be a system of conditional measures associated with §,.

(9.2) Proof that h, > H(§,|f¢;). Let € > 0 be given. For § > 0, we let
As; = {x: Bi(x,8) C £(x)}. Then mAz;11 as 810. Let g(x) =
— log mi( £ ',)(x) and choose 8’ small enough that

j‘; g = H(f_1§i|§i) —&= H(§l|f§l) — €.
Define
Ui(x,n,8) = N (F)(x).

(j:0<j<n
and fix€A;)

Then by definition Vi(x,n,8) € Ui(x,n,8) and — log m'Ui(x,n,8) >
L7 o(X a, - 8)(f'x). Thus whenever § < 8’ we have for m-a.e.x,

h(x,8,¢,) = liminf %log mVi(x,n,8)

> jA C
> H(§|f¢;) — e
(9.3) Proof that h, < H(£,|f%,).
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LemMa 9.3.1. Let & be a partition with H, (%) < co. Then for m-a.e.x,

lim — Llogm(#V £)i(x) = H(£IfE,)

n— oo

where ag(x) denotes the element of the partition V;‘;éf “Ja that contains x.

Proof. Define the information function of a partition 2 given n by
I(2|n)(x) = — log m 2(x) where {m_ } is a family of conditional measures
associated with 7. Then

LoV eyne) =)

n—1
- Lot + 1T 1o v i v o) (7).
=1

Since sup, (2 V &,|f¢, V #°,) is an integrable function, the second term above
converges m-a.e. and in L' (see [Pa]). By ergodicity the limit function is constant
almost everywhere and is therefore equal to

.1 n
lim ZH((2V £)il€)
which can be written as
: 1 n : 1 nyf—n+
nh_’n:o HH((‘Ei)Olgi) + nlglzo EH(QO If lgi)’
The first term is equal to H(,;|f§;). The second term goes to O since f "§;

generates. [

We now construct a partition & where #;(x) can be compared to
Vi(x,n,e). Let {®,}, S and [, be as in (9.1) and let S’ = SN {I < I,}. Then
mS’ > 0. First we define n, and n_: S’ - N by

n,(x) =Inf{n>0: f'x € S’}
and

n_(x)=Inf{n>0: f "x e S'}.
Then we let ¢: M — R be given by

W) - |

where ¢’ is a preassigned small number. Since [ — log{ dm < oo, there is a
partition # with H(%) < oo such that £(x) C B(x, y(x)) for almost every x.
(See [Mé] or (2.4) for a similar construction.) Finally we define ¢, by replacing
max(n ,,n_) in the definition of ¢ by n .

S/Kr—llo—2e—max{)\l+3£, —A,+3¢} -max{n, (x),n_(x))} ifxre S’

1 otherwise
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Lemma 9.3.2. Let x € S”.
(1) If y € ® Wi(x) satisfies |®_ 'y| < l,¢,(x), then
d'(fix, fiy) < ¢
for 0 < j<n_(x)and
£ € By W £75%).
(2) If y € PJ(x) N ®Wi(x) for some n > 0, then
d'(fix, fiy) < ¢
for 0 < j<n

. Proof. 1t follows from our assumptions on y and 8.2.4(1) that
i@ y) € Wji(f'x) and

IFi(@, )l < |®; yle™*2 forj>0

provided that |®;'yle®*29% < |(fF)~le"™M73¢ for all 0 < k < j. This is
guaranteed for j < n,(x). Since W} (f/x) is a graph over R*(I( fix) ') with

slope < % and | - | is the max norm,

di(fix, fly) < K,|®:)(fly)l <& for0 < j<n,(x)

To prove (2), first observe that if y € 2(x), then |® 'y| < [,¥(x) <
Iyy ., (x) so that we have the desired conclusion for 0 < j < n (x). Furthermore,
if n>n_ (x)and y € Z{(x), then

@y e P(frOx) N poco Wi, (f+ )

and we can apply (1) with f*+@®x and f"+®)y in place of x and y. An inductive
argument completes the proof of (2).

Lemma 9.3.3. For every ¢ > 0, there exists a partition P with H(P) <
and a function ny: M — N such that for m-a.e.x,

Py(x) NE(x) c Vi(x,n,e’) foralln > ny(x).

Proof. Let & be as above and let
ny(x) = Inf{n > 0: fx € S’}.

Consider an arbitrary point x with the property that f"x € S’ infinitely often as
n - +o0. Let y € 2(x) N §,(x). We claim that d'(fix, fly) < ¢ for 0 <
j < ny(x) and that fy € @ g, Won  f10Fx).

It suffices to prove this claim, for if y € ZJ(x) N §,(x), then the second
assertion above allows us to apply 9.3.2(2) to f™*)y, which then tells us that
d'(fix, fly) < & for ny(x) < j < n.
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To prove the claim, let us assume that x € S’ and for simplicity of notation
write 1, = — n_ (f™%x) + ny(x). That is, 7, is the largest integer < 0 such that
f*x € §’. Since §; is increasing, we have f*y € £,( fx) which by our choice of
S lies in @,, W, fvox( fPx). Also, ¢ is chosen in such a way that £ 12( f(*)x) lies
well inside the charts at f7*™™x for j = 1,2,..., n_(f"®x). Thus

1o oYl < | Ppor, fO7 Nyl < -0 < | @pg, fo Py < Lo (fox),
whichis < [ ¢, (f"x). Lemma 9.2.2(1) gives exactly what we need. O

Finally, combining Lemmas 9.3.1 and 9.3.3, we have at m-a.e.x and for
every small ¢,

h(x,¢, &) =limsup — %log mVi(x,n,¢)

n— oo

1 .
< limsup — —log m. P (x)

< lim — Tlog mi(£,V#)i(x)
= H(¢,|f%)).

Proof of Corollary 7.2.2. 1t follows from (9.2), (9.3) and Corollary 5.3 that
h, = H(£,|f§,) = h,(f).

10. Relating entropy, exponents and dimension: Proof of Theorem C’

We now begin to prove Theorem C’. The five sets of inequalities listed
below are dealt with separately:

1) a. Sls%,

1
(2) hi—hi_l_>_}\(8 iﬁl), 2<i<u,
(3) h,—h, , <A(8,-8,,), 2<i<u,
(4) h, — h,_, <A dmE, 2<i<u,

(5) by = h(f). ]

Inequalities (1)a. and b. tell us that §, = §, and that h, = § A,. This
together with (2) and (3) prove inductively that for i = 2,...,u, §, = 5,. (Pro-
position 7.3.1) and h, — h,_;, = A (8, — §,_,). Adding these equations and
setting v, =8, — §,_, (8, =0), we obtain h, =%,_,y;A,. That y, < dim E,
(Proposition 7.3.2) is a consequence of (4).
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The fifth equation was stated as Corollary 7.2.2 and was proved in the last
section. In Section 10 we prove (1) and (2). The remaining two inequalities
involve explicit estimates on “transverse dimension”, a notion we shall elucidate
in Section 11.

(10.1) Proof that h, = &,\,. Since there is only one rate of expansion along
W this proof mimics the arguments in [Y]. Let £ > 0 be given. Choose a system
of (&, I)-charts { ®,}, an increasing partition £, subordinate to W' and a system
of conditional measures {ml} for £,. From Section 9, (9.2) in particular, we
know that there exists 8 > 0 such that for m-a.e.x,

b‘l(xa K,S,gl) > hl — E.

Consider y € BY(x,e "™*398](x)~2) and let z = ®_ 'y. Then z € W/(x) and
2] < e "MT398](x) L. By 8.2.4(3), |f*z| < |z]le™*29* for k > 0 provided all
iterates up through k stay well inside charts. This is guaranteed for k = 1,...,n.
Thus |f*2] < & for 0 < k < n and since f*z € W (f*x), we have shown that
BY(x,e "M*398](x)~2) € V(x,n, K,8). This gives

.. logm;B'(x,p)
liminf ————=

§1(x) P log p

log miBl(x,e‘"()‘1+3€)81(x)_2)
= liminf s
nooo  — n(A; + 3¢) + log8l(x)

1 L. 1
> mhmmf - ElogmiVl(x,n,K,S)

n— oo

h,—¢
Z)\1+3e

for m-a.e.x. The choice of ¢ being arbitrary, we have proved §, > (h,/A)).

To prove the other inequality, let & be the partition in (9.3) with i = 1. It
was shown in the proof of Lemma 9.3.3 that for almost every x, if f"x € S,
n >0, then f"(£(x) N P3(x)) € ©p Wp (f'x). Fix x and n > ny(x). Con-
sider y € £,(x) N PP(x). Let k be the largest integer < n such that f*x € §".
Since f*y € P(f1x), RN )| < lW(Fix) < &K, My le Mira0nh, Algg,
since k > n,, fky € O Wi (f kx). It then follows from Lemma 8.2.4(2) that
1D, 'y < [@ax(fry)le” M2k < Ko™ Mm29", Thus

£1(x) N 2g(x) € Bl(x,e "M 729)
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for all n > n(x). Proceeding as before, we have

_ 10 mlB , —n(A; —2¢)
8,(x) = limsup gm.B(x,e )

o oo —n(A, — 2¢)
< 1 _. limsup — —l—lo m-Pp(x)
= A — 2¢ n_)oop n %8 ™70
h,

We know from Corollary 4.1.4 that §, < dimE .

(10.2) Proof that h, — h,_; > A (8, — §,_,). Let ¢ > 0 be given. Choose
(e, l)charts {®, } and measurable partitions §,, 1 <i <wu, as in (9.1). In
particular then, each £, is an increasing partition subordinate to W' and
£, > -+ > §,. For each i, choose a system of conditional measures associated
with £, We now fix i, 2 < i < u, and focus on the relationships among the
invariants defined on Wi and Wi~1,

LemMa 10.2. There exists a partition P with H(?) < oo and a measurable

function n;: M — N such that for m-a.e. x, the following four properties are
satisfied for all n > ny(x):

log mi—lBi—l(x, e—n()\,-—2e))

(1) — n(}\i — 28) < 81‘—1 + g,

(2) - %log mix_l‘@(;'(x) = hi—l - E,

(3) &(x) ﬂ‘@(;'(x) C Bi(x,e_"()\f_ze)),
@ h %logmig’(;‘(x) <h, +e

Proof. By definition of 8, |, there exists a function n;: M — N such that
property (1) is satisfied for m-a.e.x and n > n,(x). By (9.2), we can choose &!
and n,: M — N such that for m-a.e.x and

n > ny(x), — 1/nlogm! " 'Vi"Y(x,n,e') > h,_, —«.

By 9.3.2 there are a partition 2 and a function ny: M — N such that for m-a.e.x
and n > nj(x),

28(x) N &, (x) c ViTYx, n, ).
By 10.1.1 there is a partition # and a function n;: M — N such that for m-a.e.x
and n > ny(x), £(x) N RBY(x) C Bi(x, e "*729). (Our argument in 10.1 is
given for i = 1 but this is clearly valid for all i =1,...,u.) Let Z2=2V A.
Then properties (2) and (3) are satisfied for n > ny(x), ni(x) and ny(x). Finally,
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since ZJ(x) D (§; V #)y(x), by 9.3.1 there is an n,: M — R such that for
m-a.e.x and n > n,(x) property (4) is satisfied. We put n, =
max(n,, ny, nj, ny, n,) and the lemma is proved. a

For the remainder of this section let # and n,, be as in the last lemma. Fix
N, large enough that if I' = {n, < N} then mI' > 0. Consider the following
four additional conditions:

(5) LEB Yz, e "™ 29) c £ (x),
(6) % > %

@ EmBlle ) o5 - cand

(8) H}g@ <e

We claim that for a.e.x € I, there exists n(x) > N, such that properties
(1)—(8) are satisfied with n = n(x). First, (1)—(4) are satisfied for all x € I" and
n > N,. For a.e.x € T, condition (5) holds for all n large enough (depending on
x), as does condition (6). (See (4.1.2).) By definition of 3,., for a.e.x, (7) holds for
an infinite number of n’s.

To complete the argument we now pick (and fix) x and n = n(x) > N, for
which (1)-(8) hold. By (6) and (1), m' XL n T) > imi"¥L)
> lenAi-2031+0 Byt for y € LN T, we have by (2), mi '@l(y) <
e~ (h-179n Tt follows that the number of distinct #J-atoms intersecting L N T is
bigger than m' YL N T)e™-179" By (5), L C §,_y(x) C £(x); so distinct
Pj-atoms intersecting L N T define distinct (§; vV £{')-atoms intersecting L N T'.
Now £,(y) N Pi(y) C Bi(y,e "*29) for y € ' N L, which guarantees that
all the (£, V 2§ )-atoms intersecting L N I' are contained in Bi(x,2e "*i~29),
(Here we used the fact that di(x,y) < d' Yx,y) for y € L.) Putting these
together we can conclude that

miBi(x,2e "*2))
> #{distinct (£ V ¢;)-atoms intersecting L N T'}
X minimal measure of such an atom

> %e—n()\i—2e)(4§i_l+e)en(hi_l—s) . e n(hite)

Comparing this with property (7), we have

- . 1
(81‘ - 8)(}‘1‘ - 28) < (Si_l + 8)(7\i — 28) + W + hi — hi—l + 2¢
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562 F. LEDRAPPIER AND L.-S. YOUNG

and by (8),

= = h,—h,_, + 3¢
8:'_85—1_285W_

The desired inequality follows from the arbitrariness of e.

11. Transverse dimension: Proof of Theorem C’ (continued)

In this section we prove the two remaining relations leading to Theorem C’.
We have to estimate from above an increase in entropy, and this is similar to
what we did in Part I. In fact, the proof follows the same scheme as in Sections 3
and 5, and we shall not give details when they can be obtained by a straightfor-
ward adaptation of the corresponding statements in Part 1.

(11.1) Construction of partitions and related notions. We consider again
the family of increasing partitions £, (i = 1,..., u) subordinate to W' given by
Lemma 9.1. Remember that these partitions are defined using a set S with the
properties discussed in (8.4). Let £ be a finite entropy partition adapted to
({®,}, e M173%) (see Definition 2.4.1). We require that & refine {S,M — S}
and another partition to be specified later. Define

n,=§& VP

LemMma 11.1.1. The family of measurable partitions n,, i = 1,...,u, has
the following properties:

(1) Each 7, is increasing,

@) m<mn_,2<i<u,

(3) m(x) € ®(Wi(x) N R(te M 3U(x)"Y)) fori=1,...,uand mae.rx,

4) hy(fim)=H ) =h, i=1,...,u

Property 3) is a consequence of Lemma 2.2.3 B ii) and our definition of £.
Property 4) is Lemma 3.2.1.

LemMa 11.1.2. For ma.e.x and every y € I'’ N n,(x),

oW, H(y) N my(x) =n;_y(y).

That ® W~ !(y) N ny(x) € n,_4(y) follows from our characterization of £,
in (9.1).

LEmma 11.1.3. For m-a.e.x and every y € I'" N n,(x),
FHmo(9)) = n_o(F 1) 0 F (%))

The last two lemmas are analogs of Lemmas 3.3.1 and 3.3.2.
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For each i > 2, we now define a metric on 7,(x)/m,_, for m-a.e.x. As in
(3.4), this metric will depend on the arbitrary choice of a positive measure set E.
Let Ec SN {l <1,} be a measurable set with mE > 0. We assume that the
partition & refines { E,M — E} and define #: U, ,f"E —» R¥is«dmE a5 fol-
lows: If x € E, #(x) = m(x) where o: S — R¥i=«dmE 5 a5 in (8.4), and in
general #(x) = 7(f "*)x) where n(x) is the smallest nonnegative integer such
that f "x € E. Since m,> {E,M — E}, for each x €U, ,f"E, either
f "(m(x)) € E or f "(n(x)) N E = @. Thus for each x, 7|n,(x) is a lipeomor-
phism between 7,(x) and a subset of R¥i=14™E; carrying distinct n,_;-elements
to subsets of distinct R¥i<:4™ Eiplanes. (See (8.4).)

Forx €U, f"E, i > 2 and y,y’ € n,(x), define

d(y,y') = |7’y — 7'y’|
where 7 = (#!,...,#"*). This induces a metric on 1,(x)/n,_,; making it isomet-

ric to a subset of (R¥™E | . |). For each i, i > 2, let m. be a system of
conditional measures associated with 7, and let

Bi(x,p) = {y € n,(x): di(x,y) < p}.
Define:
- log i, Bi(x, p)
] = liminf x T
Yi(x) im in og p

We call the function ¥, the transverse dimension of n,(x)/7,_,.

LEmma 11.14. ¥, < dimE, i=2,...,u.

This is a consequence of the above discussion and (4.1.4).

LEmMA 11.1.5. There exists a number N > 0 such that for all i > 2, for all
x € E and for all y,y’ € n(x),

1. - i —1(,,r Ji ’ i - i - ’
NI e (y) —mie @ (y) <di(y,y) < Nl @, (y) — m o @, '(y')],

x

where «! is as in 8.3.2.

This follows from remark (3) at the end of (8.4) and the uniform Lipschitz

property of m,c® ' on SN {l < [,}. Note that N does not depend on E as
longas EC SN {l<1}.

(11.2) Proposition 5.1 revisited.

ProposiTiON 11.2. Suppose f: M « is a C? diffeomorphism of a compact
Riemannian manifold and m is an ergodic Borel probability measure on M. Let
B > 0 be given. Then there exists a family of increasing partitions n;, i =
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564 F. LEDRAPPIER AND L.-S. YOUNG

1,..., u, satisfying Lemma 11.1.1 such that for m-a.e.x and fori = 2,...,u,
(A, + B)¥i(x) = (1= B)(h; — hi_y = B),
where ¥, is the transverse dimension of n,/7,_,.
The proof of Proposition 11.2 is parallel to that of Proposition 5.1, except

that the exponent in the transverse direction is now A,. More precisely, if x € E,
f*x € E and y € f "(n,(f"x)), then

di(fx, f'y) < N%X+391di(x, y)
(apply Lemmas 8.3.2 and 11.1.5).
It follows from this proposition and Lemma 11.1.4 that
ANdimE, > h, — h,_,.

which is the fourth inequality stated at the beginning of Section 10.
To complete the proof of inequality (3), we need to relate ¥, to §, — §, .
We do this via a notion of transverse dimension that does not depend on the 7,’s.

(11.3) General lemmas in dimension theory. We state two lemmas relating
the dimension of a measure and those of its decompositions.

LemMa 11.3.1. Let m be a probability measure on R? X R9, « the projec-
tion onto R?, m, a disintegration of m with respect to m. Define
logm o7 'B?(t,p)
log p

y(t) = liminf
p—0
and let § > 0 be such that at m-a.e. (s,t)

1 B9
5 < liminf 28 B (5.P)
p—0 og p
Then, at m-a.e. (s,t):
log mB”*9((s, t), p)
log p ’

8 + y(t) < liminf
p—0

Proof. Fix o > 0; we can find N, and a set A; with mA, > 1 — o such that
for all (s,t) € Ajand n > N,

m,B%(s,2e ") < e "%e".

By the Lebesgue density theorem (see 4.1.2) we can find N, and a set A, with
mA, > 1 — 20 such that for all (s,t) € A, and n > N,,

m(A, N B?*9((s,t),e ")) = mB?*((s,t),e”").
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If (s, t,) € A, and n > N,, we have

mBP*9((sy,t,),e ") <2 m,(A, N B(s,, e "))mon (dt)
Bp(t(]’e_n)

< 2¢ "e"mon 'BP(t,,e ")

because for each ¢, there exists some u(t) with (¢, u(t)) € A, N B%s,, e ") and
thus A, N B%sy, e ") Na Yt} € BYu(t),2¢ ") N7 *(t}. The lemma fol-
lows when n — o0 and ¢ — 0.

If instead of R?, we have no structure at all, a similar proof gives the
following lemma:

Lemma 11.3.2. Let (2, v) be an abstract probability space and m a
probability on @ x RY written m(dw, ds) = [m (ds)r(dw). Let ¥ > 0 be such
that at m-a.e. (w, s)

1 B4

p—0 lng
Then,
1 BY
¥ < liminf ogmg (s.0)) m-a.e.
p—0 og p

(11.4) Transverse dimension. Let B > 0 be given. We choose
&1y),S,m: S — RE=«imEE and 7, i = 1,...,u, as above and let ¥, be the
transverse dimension of 7,/7,_,. For each i, let { M.} be a system of conditional
measures associated with £, (see 9.1).

Fix x€S and i, 2<i<u Let 7= §&(x)— REj<dmE; —
REIj<dmE; 5 RIME and write m’ = M’ o 7~ 1. Define:
log m{|z; — vil <)
log p '
Note that by the Lipschitz property of = and 7,

v,(y) = liminf
p—0

log -1, o7 '{|z; — il <p}

~(A_] Qe 7y i i

¥(7 'y) = lim inf oz p
for mi-a.e.y, if we assume mi(U, . ,f"E) = 1. Also we may assume that
> (1 - B)[hi —h_, - :8]
- A+ B
for mi-a.e.y. Applying (11.3.2) with @ = g,.(x)/ni and R7 = R4™E we can
conclude that

'.Y’i(ﬁ_ly)

(1 - B)[hi — hi—l — B]

Y, > W m’-almost everywhere.
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566 F. LEDRAPPIER AND L.-S. YOUNG

Consider now the partition of ﬁ(éi(x)) into planes of the form
{ z; = constant}. We may assume that at mi-a.e.y:

logm,{jz — y| <p} _

lim inf d, d
mint = g 8 an
logmi -t ocd Yz, =y, |z—y| <
i ing 12851y {zi=vy, |z —y| <p} 5
p—0 logp

Lemma 11.3.1 then tells us that for mi-a.e.y:

(*) 8, — 8, ZYi(y)Z (1 _B)[;l:;z'—l -B]

which completes the proof of inequality (3) and hence of Theorem C.

Remark. Observe that y, as defined above has geometric meaning as the
dimension of m on W!/Wi~ ! It is not hard to see that this quantity is in fact
independent of our choice of S and #. It then follows from ( *) and inequality (2)
that

Yi=0,-98,_,.

12. Volume lemma and dimension of invariant measures:
Proof of Theorem F

(12.1) Some reductions. We do not assume in this section that the measure
m is ergodic. Instead, we divide M into a countable number of invariant sets on
each one of which all relevant functions are more or less constant. By (4.1.2) it
suffices to consider these sets one at a time.

For x € T, set

E'(x)= @ E(x), Ef(x)= @ E(x), Ex)=E,(x),
A(x)>0 Ai(x)<0

where A, ,(x) = 0; W* and W* have the same meaning as in (7.6), and §* and
8° are the dimension of m on W* and W* manifolds as defined in (7.5). In the
proof of Theorem F we do not distinguish between exponents of the same sign.
Thus the charts and estimates in Part I are more suitable for this section.

For £ > 0, integers u,, s, and numbers A*, A=, 8%, 8§~ and h, with
AT, — A7 > 100¢, let I'(g, uy, sg, A", A7 ,8%,87 ,h) =

{x eI (i) dim E¥(x) = u,, dim E%(x) = s,

(ii) >\r(n%no}\i(:vc) > AT, )\r(nax A(x) <A,
(i) 6" — e < 8%x) < 8%, 8 —e<8%(x) <8,

(iv) h < hz(f) <h + ¢},
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where { m_} is a decomposition of m into ergodic components. Clearly, there is a
countable number of invariant sets of this type, the union of which has mea-
sure 1.

First reduction. We may assume that for some ¢, u,, so, A, A7, 8%, 8~
and h,

mI(e,uy, s, A", A" ,8%,87 ,h) =1.

Let { ®,} be a system of (&, l)-charts (see Remark (3) in the appendix at the
end of Part I). We construct an increasing partition ¢* subordinate to W* and a
decreasing partition £° (i.e. f§° > £°) subordinate to W* as in (3.1). We may
assume that the same [, is used in both constructions, but since m is not ergodic,
we can only ensure that Lemma 3.1.1 holds for both f and f~! on a set B with
mB > 1 — ¢. But again by (4.1.2) it suffices to prove the theorem for the
induced measure on sets of measure arbitrarily close to 1.

Second reduction. We may assume that mB = 1.
More specifically we prove the following proposition:

ProrosiTioN 12.1. Suppose (i), (ii), (iii), (iv) are satisfied for m-a.e.x, and
&' and &° are respectively increasing and decreasing partitions subordinate to
W and W* on M. Then, given ¢ > 0, there exists a set A with mA > 1 — 5¢’
such that for x € A,

B
i sup J0EMB(.2)

by s e 1
e logp <&6"+86 +6 +5£(1+ + T

A7)
where §° = dim M — u, — s, is dim E°(x) for m-a.e.x.

We now pick once and for all a system of conditional measures m¥
associated with £“, a system of conditional measures m; associated with £° and a
decomposition m,_ of m into ergodic measures. Discarding a set of measure 0, we
may assume further that each m, is an ergodic invariant measure, for which m*
and m’® are conditional measures associated with £* and £°.

Let us review some of the facts at our disposal. First recall that at m-a.e.x,
we have:

(1) Hz (£"|f¢") = hz(f)  (Corollary 5.3),
: logmiB“(x,p) _ .

(2) 111;1 j:)lp ~ Togp = 8%, and
: logm;B*(x,p) _

(3) llt;]j:)lp — Togp <6 .
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If # is a finite entropy partition and a,b > 0, then by the Shannon-
Breiman-McMillan theorem,

(4) lim — %logm(?fﬁb(x)) <(a+b)(h+e)

where Z7(x) denotes the atom of the partition V{Zf % containing x. More-
over, if n = £V #°_ and {m_} is a system of conditional measures associated
with n, then we claim that at m-a.e.x,

®) lim — logm, #5(x) = hy(£,#) and

< 6.

. log m,B"(x, p)
(6) hrzljxolp —ogp

These two assertions are consequences of (1) and (2) and two other general facts,
the proofs of which we postpone until (12.4).

From our results in Section 9 (it is not hard to adapt them to the
non-ergodic case), it follows that there exist a finite entropy partition £, and a
set A, with mA, > 1 — ¢ such that at every x in A,

(7) limsup — %log mi(.@l)o_,,(x) > H(&|f ') — ¢

>h — e

We may assume also that h(f, %) > h — € on A,. Combining this with (5),
we have

(8) lim — %log m(P,)o(x) >h—¢ onA,.

In the case when there are no zero exponents, using arguments that are
standard by now, we can choose a partition 2 > 2, such that for some suitable
choice of a,b > 0, the atoms of #"%, have diameter < e ". Proposition 12.1
then follows from (3),(4),(6),(7),(8) and the counting argument we give in
(12.3). In the presence of zero exponents, we have to further partition the atoms
of #"¢,—more or less arbitrarily—along the neutral direction. This accounts for
the factor 8° which appears in the statement of Proposition 12.1. This partition
procedure is described in (12.2).

(12.2) Local picture.

LemMma 12.2.1. Leta = (1/A*— 2¢), b = (1/— A~ — 2¢). There exist a set
A, with m(A,) > 1 — ¢, an integer N,, a constant C and a finite entropy
partition P refining P,, with the following property: For every n > N, there
exists a partition 2, > P"%, such that if x € A, and q,(x) is the atom of 2,
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containing x, then:
(i) diamgq,(x) < 2e™" and
(i) mq,(x) = C e e ""mP"; ().

Proof of Lemma 12.2.1. Let (v¥,v{,v{) denote the coordinates in T,.M
respecting the splitting E“(x) @ E°(x) & E°(x). Via the exp,map, this defines a
coordinate system in a neighborhood of x. Our strategy is to divide the manifold
into small sets, select a representative from each set and work with the coordi-
nate systems associated with these points.

By Lusin’s theorem, there exists a compact set A, with mA; > 1 — (¢/3)
such that on A, the four functions E%(x), E9(x), E°(x) and I(x) are continu-
ous. Let L = max{l(x),x € A;}. Choose & > 0 small enough that if
d(x,x’) < 8§, then (i) exp'exp(v) is defined whenever |v|| < 38, and
(ii) exp, 'exp,{ v® = constant} has slope < (1,/4KL) relative to E%(x’) for a = u,
¢ and s. Let 2, be a partition of A, into sets of diameter smaller than § and
choose a point z(q) € q for every g € 2,,. For x € A, write ¥ = x* + x° + x°
where x* = (expz‘(;(x»x)g(q(x)), a =1u,c,s. We may assume that id(x, x’) <
|x — x’| < 2d(x, x’) for x’ € g(x).

SuBLEMMA 12.2.2. Let 8§ be sufficiently small. For x € A ,, define
V(x,n) = {y € q(x): d(fx, fly) < —g—l(fjac)_2 forallj, —nb < j < na}

If y,, y, € V(x,n) satisfy |y7 — ys| < (e”"/12KL), then |y, — y,| < e "

Proof of Sublemma 122.2. First, if max(|y} — u¥l, |y; — y3]) <
4KL|y; — y5|, the conclusion is clearly true.

If not, then |5 — | < (1/4KL)max(|g — 44, |9 — w3]). Writing of =
(exp; 'y)% i = 1,2, we have [0f — 05| < (1/KL)max(|o} — o], |0} — v3]) by
our choice of 8. Set w, = ®_'y,, where ®, is the (¢, [)-local chart at x. We have:

lw] — wj| < max(jw} — wi|, |w] — wj)),
and therefore either |w, — wy| = |w} — w}|, or |w, — w,y| = |w] — wj|.

Suppose |w; — w,| = |w} — wy|. This property is preserved by f: which
expands in the u direction by at least e*” ~2¢ (see Lemma 2.3.1a). Since y,, y, lie
in V(x,n), we can apply this expansion [na] times and thus

U ¥l < 8ere .
w, 2

In the other case, |w, — wy| = |w} — w;| and the same argument applied to
f. ! gives

|lw, — wy| < 8e e ™
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Changing coordinates again we obtain in both cases |y, — y,| <

2L6 max(e*’, e * )e™". The choice of a sufficiently small § gives Sublemma
12.2.2. m]

We now choose the partition & in Lemma 12.2.1. Let £, be the partition
at the end of (12.1). Let &, be the partition into M\ A, and 2, on A;. Using
2.4, we can find a finite entropy partition #; and a function n, such that if
n > ny(x), then (£;)"4, (x) C V(x,n). Wetake Z = £, V #, V #; and choose
N, such that m{n, < N,} > 1 —¢/3.

We now define the partitions 2,, n > N, on A; N {n, < N,}. Since &
refines 2,, the entire set #(x), and hence 2"%,(x), lies in g(x). We shall
subdivide the atoms of #"¢, that meet A; N {n, < N,} one at a time. Fix
x€ A;N {n, <N;}. Let 2,|pn ., be a partition such that if y, and y,
belong in the same element of 2, then |y{ — y5| < e "/12KL. By Sublemma
12.2.2, these elements of 2, have diameter less than 2e¢~". Clearly, we can
arrange to have the cardinality of 2,|gn (., to be less than C,e"’, where
C, = (24KL)*".

Let

e_"sc 8, -n - na
A, =[x mla,(0) 027 (0) < Sg Ferrl = e I m(x)|.

Then, mA, < (¢’/3)e ™ "(1 — e~ ). Setting Ay, =(A; N {n, < N;H\U,A,,
we have mA, > 1 — ¢ and Lemma 12.2.1 is proved with C = (3C,/¢(1 — e™¢)).

(12.3) Proof of Proposition 12.1. Seta = (1/A"— 2¢), b = (1/— A~ — 2¢).
Consider a set A,, mA, > 1 — ¢, an integer N, and a finite entropy partition &
with the property in the statement of Lemma 12.2.1. By (4), (7) and (8) there
exist a set A, C A, with mA, > 1 — 2¢ and an integer N, such thatif x € A
and n > N,, then

(a) mi('@gnb(x)) < e nb(h=2e)
(b) m (Pro(x)) < erath—20),
(C) m(g’fgb(x)) > g n(a+b)(h+2e)
Set Ay =A,NA,, N, =max(Ny, N,). If z€ A and n > N,, then
(d) diamq,(z) < 2¢™" and
(e) mqn(z) > (Clgneg—ndgn(atb)h+2e)

By (6) and (4.1.2), we can choose Ag € A5 with mAg > 1 — 4¢’, and N; > N,
such that if y € A4 and n > Nj, then:

(f) my(AS N Bu(y,e—n)) > %e—n(8*+£)‘
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By (3) and again (4.1.2), we can choose finally A C Ag with mA > 1 — 5¢’ and
N, > N; such that if x € A and n > N,, then:
(g) mi(Ag N B*(x,e7")) = je " *°.

The set of points for which the inequality in Proposition 12.1 holds will be
this final set A. Fix x in A and set § = limsup, — 1/nlog mB(x,4e™"). There
exist infinitely many n such that

(h) mB(x,4e") < e "?9,
Fix such an n, assuming that n > N, and 4C < e"*. Consider the number
N = # {atoms of Q, intersecting A5 N B(x,2¢ ™ ")}.

The minimum measure of these atoms imposes an immediate upper bound on N.
More precisely, from (d), (e) and (h), we get

(*) N < Ceneenscen(a+b)(h+2s)e—n(s—s).

The estimates leading to a lower bound are slightly more involved. Basically,
we use our upper estimate of the appropriate conditional measures of #{'* and
PO ,-atoms. To begin, since x € A, we have (g). Then for every y in
£(x) N Ag N B(x,e "), we have by (a):

m(20,,(y)) = ms(2°,,(y)) < e nbh-20),
Thus:

# {atoms of #°,, intersecting Ag N B(x,e™")} > je "¢ *)nrbh=20),

Let us fix one of these atoms p, and choose y € p, N Ag N B(x,e™"). We
have (f), and for any z in n(y) N A5 N B(y,e™ "), by (b):

m (25°(2)) = m.(#57(z) < &1,
Thus if n(X) denotes the number of atoms of £J]® intersecting the set
XN AgN B(y,e™ "), then:
n(n(y)) = 3e7"® *denahm20,
Furthermore, since 1(y) € #° _(y) C p,, we have
n(p,) = n(n(y)).

Let p, be one of these atoms, p, N p, is now an atom of 2., intersecting
AN B(y,e™ ") for some y with d(y, x) < e ". Therefore

(**) Nz Xz n(p,)

{pu:punAenB(x’e—")* Q}

> %e—n(s‘ +8t +2e)en(a+b)(h—2£).

This content downloaded from 128.122.114.35 on Tue, 16 Sep 2014 00:31:34 AM
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

572 F. LEDRAPPIER AND L.-S. YOUNG

Comparing (*) with (**), we complete the proof of Proposition 12.1 and hence
that of Theorem F, provided we justify (5) and (6) in Section 12.1.

(12.4) Two lemmas from measure theory. In this section, we prove two
general lemmas on conditional measures, leading to (5) and (6) in Section 12.1.

Suppose ¢ is a measurable partition in a Lebesgue space (X, p), 2 is a finite
entropy partition and p, is a system of conditional measures associated with £.
We denote

I(2/¢) = — log p, P(x).
The following lemma tells us that (1) implies (5):
Lemma 124.1. Let f: (X,p) < be an ergodic automorphism of the Le-
besgue space (X, p), with finite entropy h(f). Let § be an increasing measur-

able partition such that H(¢/f ') = h(f) and let P be a finite entropy
partition. Then, at p-a.e.x:

lim 1125 /(6V#°.,.)) = h(2, £).

Proof. (Compare with 9.3.1). First:

i@/ (eV20.))(x) = %"le(ﬂ’/(ﬂ’i’wVf-‘e))(f"x),

i=0
and the second term converges m-a.e. and in L' toward H(Z/A (2°_V f '§)),
which is clearly < h (£, f). The limit, being constant, is also the limit of

Lu(zp/(evee,)) = Lu(gvay/(evee,)) - Lag/ever,)).

We have
lim %H(.g;'vg’g)/(ngw) = lim %H(si’V%’/S) > H(¢/f7'¢) and

tim L H(g/(6V27,)) = H(g/(£ ¢V #°2)).
Let 2 be a finite entropy partition such that £ = f ¢V 2. Then:
H(8/(f 6V Pg)) < H(2/2° N 2'3)
= h(2VP, f) - h(2, f)
< h(f) = h(2, f).

Therefore the limit in question has to be larger than H(¢/f ') — h(f) +
h (2, f), and this completes the proof.
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The following lemma tells us that (2) implies (6):

LemMma 12.1.2. Let p be a probability measure on #91), ¢ a measurable
partition and p, a system of conditional measures associated with the partition
&. Suppose A is such that

log B9
lim sup 125 £ (s, ¢)

<A forma.e.s.

DS log ¢
Then
log p.,B9(s, €)
lim sup ———— < A m-a.e.
e log €

Proof. Fix ¢ > 0 and call
B,(0) = {tt uBI(t,e ™) > e—n(A+a)}.
Our hypothesis is lim inf ,uB, (o) = 1 for all ¢. Call
A, (o) = {s: p,BYs,2e7") < e "A+20},
We have:

p(A,(0) N B(t,e™) = [(A,(0) N BY(t, e™"))u(ds).
If (A, (0) N BIt,e ™)) > 0, then there exists s” € £&(s) N A (o) N B(t,e ™)
and thus:
p(A.(0) "B t,e ™)) < u,(B(s,2e™ ™)) < e "(A+20),
Therefore, if t € B (o), then
p(A (o) NBI(t,e ™)) < e "uBt, e ™).

Using the Besicovitch covering lemma (see 4.1) we conclude that p(A (o) N

B,(0)) < e "°%(q). Therefore, p-a.e. point s belongs to a finite numbers of sets
A, and this completes the proof. O
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