Homework II Solution

First-Half

1. The tangent vector is 7/(25) =< —sint,3,4cos2t >, so the tangent

vector at t = 0 is ?’(O) =< 0,3,4 >, and the unit tangent vector is
7O 3 4
|7/ (0)] 7575

2. The tangent vector is ?’(t) =< —2sint,2cost, e’ >. it’s parallel to

the plane v/3z + y = 1 if and only if it is perpendicular to the normal
vector of the plane, which is < v/3,1,0 >. So we solve for

< —2sint,2cost, e’ > - < \/3,1,0 >= —2v/3sint + 2cost =0

which implies tant = 1t — \/3, and 0 <t <7 ,sot=

cost

m x
(=) =<2 —2 Z 66 >= <\/_’1, s
7"(6) cos & smﬁe e

3. Let @(t) =< f(t), g(t), h(t) > and 7(t) =< (1), (1), C(t) >, then
a(t)xv(t) =< g(t)C(t)—h()v (1), h(t)o(t)—F (1)), f()Y()—g(t)o(t) >

(a@(t) x (1)) =<g'(t)C(t) + g()C'(8) = W' (1) (8) — h(E)P' (1),
W(£)e(t) + h(t)d'(t) — f1(£)C() — f()C(2),
F @)+ f(O)'(t) — g'(D)e(t) — g(t)¢'(t) >

g
@ (t)xT(t) =< g (E)CO—H O (1), K ()o(t)—f (OC(E), [ () () g (D)o(t) >
() x V' (t) =< g(t)¢ () =h(t)' (1), (D) ()= F()S (1), FO)Y (1) —g(t)¢'(t) >



W (t) x B(t) + () x T'(t) =<g' (t)C() + g ()¢ (1) — W (t)
W(t)o(t) + h(t)e'(t) — f'(t

fOw) + fOw' ) —g'(t

So we see (@(t) x O(t)) = W'(t) x T(t) +@(t) x V(1)

. 7'(t) =< 1,-3sint,3cost >, 50 |7'(t)] = /12 + (—3sint)? + (3cost)? =

V10.

5

/7r V10dt = V107
. Let f(t) = |F(t)]> = 7(t) - #(t). Then since 7(t) L 7(t),

F)=7'(t)- 5(t)+9(t) - T'(t) =0

So f(t) = C for some C' € R, i.e. |F(t)]* = C for all t, we conclude 7(t)
lies on the sphere of radius v/C' centered at origin.

. Weneed4d—2%>—9y*>>0and 1 —y >0, ie 22 +y*><4andy < 1. So
the domain is

{(z,y) e R*|z* +y* <4and y < 1}




. If f(x,y) approaches (0,0) along positive  direction:
4

f(l',O):%:ZL‘Q

So f(x,0) > 0asx— 0"

If f(x,y) approaches (0,0) along positive y direction:

—4y2 -
242 a

f(z,0) = -2

So f(0,y) = —2asy — 07,
We conclude the limit doesn’t exist

. If f(x,y) approaches (0,0) along positive  direction:

_Yy_

So f(0,y) > 1lasy — 07



If f(x,y) approaches (0,0) along positive y direction:

a

fla,0) == =a""!

Soasx — 0", f(x,0) = 0ifa > 1and f(x,0) = +oo if a < 1.
We conclude the limit doesn’t exist.
10. For any € > 0, we can take 0 = ¢, then:

For any 0 < /22 +y? < 0 =€,

f(@,y) = 0] = |[——teg|

So lim _ 0
(2,)=(0,0) /22 4 12



Second-Half
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0z _9:0r  9:0y

ot Odxdt Oy dt
— (42)(2t) + 6y
= 8(t* — s)t + 6(t + 25°)
= 8t% — 8st + 6t + 125°

0z 82@ 82@

95 0rds | 0yos
— (42)(—1) + (64)(65%)
= —4(t* — 5) + 36(t + 25°)s”
= —4t? + 45 + 36ts% + 725°

Jz __ 1 Jz __ 1 z oz _ 1 0z _ 1
4. %—5\/3 anda—y—§\/§, SO %(1,1)—58&1(1 @(1,1)—5

So the equation of the tangent plane at (1,1,1) is
1 1
1= -1+ =(y—1
z 5@ -1 +5(-1)

5. dz = %dm + a—zdy = (32% Iny)dz + %de

P
6.
0z _ _%:5 _ 6xy + 52>
ox %—f 4y? 4+ 10zx
0z _ 5y __3at+ 8y
y %—f 4y? + 10zx
7. Method I:

0~ dC = §2(1,1)dz + 55 (1,1)dy = 6(1.1 — 1) + 10(y — 1)
So y ~ 0.94

Method II:
dy _ Gy 3eytsy?
dr — % o z3+9zxy? °



10.

When (z,y) = (1,1), dm(l):—g.
Soy~1—32(z—1)=1-211-1)=0.94

aD 0D dx oD dy __ T
“dt _WE"‘aydz_\/m(%)"' xiryz
Whent =2, 2 =22=4and y = 23+ 2 = 10, so

(3t* + 1)

__ dD _ 2 _ 146 __ 73 __
V2 = %2 = e X D+ B X 2 ) = g = U =
3./29
29

The profit function is
m(L) =pf(L) —wL
When profit is maximized at L = L*, 7/(L*) = 0, i.e.
pF(L%) —w =0

(And f”(L) < 0 implies 7”(L) = pf"(L) < 0, so 7 is a concave function,
hence obtains maximum at critical point)

Let F(p,w, L*) = pf'(L*) — w, then by implicit differentiation:

aL* _ ey _ _ _f1(LY)

o T 2T pf(Lr) >0
OF

oL* _ _ fw_ —

b =~ = oz <0

We can conclude that if price increases, the optimal labor input goes
up; if labor cost increases, the optimal labor input goes down.

8f —2x+ycosxy, —xcosa:y, SO %(1,0):2, %(1,0):1
If the unit vector & =< a,b >, then

Together with a® +* =1, we get a = 0,b =1ora =%,y = —2. So
=<0, 1>o0rd=<z,—2>



11.

12.

13.

The fastest increase of f at (x,y) is along V f(z,y) direction.

_of o

Vi(r,y) = <9 oy

>=<2x —2,2y—4>
We need that < 2x — 2,2y — 4 > is in the same direction as < 1,1 >,
so there exists positive A € R such that

<2r—=22y—4>= A< 1L, 1>=< A\ )\>

We get
A A
=—4+1lLy=—+2,A2>0
r=5thy=g5+2

ie. Therayz —y+1=0,z2>1

So f increases fastest along < 1,1 > direction on the set of points
{(3+1,442)|A >0}, which is theray z —y + 1 =0, z > 1

The gradient vector is Vz =< %,g—z >=< —0.0lz,—-0.02y >, at

(60, 40, 966) it is Vz =< —0.6, —0.8 >

(a). The south direction has unit directional vector @ =< 0,—1 >, so
Dgzz=<-06,-08>-<0,—-1>=0.8

So you will start to ascend at rate of 0.8

(b). The northwest direction has unit directional vector @ =< —@,

SO
Dyz =< —0.6,—0.8 > - <—£\/7_ :_{_05

e[S

So you will start to ascend at rate of 0.8

(c). The slope is largest in the direction of the gradient Vz =<
—0.6,—0.8 >. The rate of ascend is | < —0.6,—-0.8 > | = 1. If we
assume the angle is ¢, then tanf =1, we get 0 = 7

Let f(z,y,2) = x? — y* — 22, then this surface is the lever surface
f(z,y,2) = 1. So at each point on the surface, the gradient vector
Vf =<2x,—2y,—2z > is normal to the tangent plane. If the tangent
plane is parallel to z = x + y, then the corresponding normal vectors
are parallel, i.e. < 2x,—2y,—2z > // < 1,1,—1 >. So there exists
A € R such that < 2x, -2y, —2z>=A<1,1,—1 >

8



So we get
2 = A\

—2y=A

—2z=-=A

22—y =1

, 2= ’5\, putting into the

The first three equations tell us z = %, y=—

last equation, we see
Alg —Aa A
22 (V2 (22 g
GrP-(51-65)

which implies
Ao
—( — frd 1
)

We see this equation has no solution. So there is no tangent plane

parallel to z = x + y.



