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Abstract

A three-level domain decomposition is considered. Bodies in contact with each other are divided
into subdomains, which in turn are the union of elements. Using an approach based purely on FETI
(finite element tearing and interconnecting) algorithms with only Lagrange multipliers as unknowns,
which has been developed by the engineering community, does not lead to a scalable algorithm with
respect to the number of subdomains in each body. Instead, we consider a new method based on
the saddle point formulation of the FETI methods with both displacement vectors and Lagrange
multipliers as unknowns. The resulting system is solved with a block-diagonal preconditioner which
combines the one-level FETI and the BDDC (balancing domain decomposition by constraints)
methods. We show that this new method is scalable with respect to the number of subdomains. A
model contact problem is solved by a nonlinear algorithm which combines the new method and a
primal-dual active set method.

Keywords domain decomposition, scalable algorithms, FETI, BDDC, contact problems, primal-
dual active set method
AMS Subject Classification 65F10, 65K10, 656N55

1 Introduction

We consider contact problems without friction. In [18, 20], we considered the FETI-FETT method, which
is a domain decomposition method for a linearized contact problem. We showed that the FETI-FETI
method, which has been used in the engineering community [2, 1], has a condition number estimate
which grows linearly with the number of subdomains, or processors.

This paper! is a sequel to [18]; we introduce a scalable alternative to the FETI-FETI method, which
we call a hybrid method. This method combines the one-level FETT and the BDDC methods.

In this paper, we assume the use of an active set method to solve our contact problem. In each step
of an active set method, the active set is updated, and a minimization problem on the current active
set is approximately solved, until a desired accuracy is achieved. Thus, an active set method requires
(nonlinear) outer iterations in which the active set is updated and (linear) inner iterations in which a
minimization problem is solved. We use the primal-dual active set strategy viewed as a semismooth
Newton method, proposed and analyzed in [3, 4, 10, 9], to determine the outer iterations.

This paper is organized as follows. In Section 2, we review the one-level FETI, FETI-DP (dual-
primal FETT), and BDDC methods. We introduce a nonlinear model problem and briefly describe the
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FETI-FETI method in Section 3. We introduce the hybrid method and provide an eigenvalue analysis of
its preconditioned operator in Sections 4 and 5. In Section 6 we present numerical results which confirm
the scalability of the hybrid method. In Section 7, we solve a model problem using a combination of a
primal-dual active set method and our hybrid method.

2 Building blocks of the Hybrid method

In this section, we briefly review some popular domain decomposition methods with nonoverlapping
subdomains.

2.1 A model problem and notation

We consider a second-order scalar elliptic problem on a bounded domain Q C R™, n = 2,3. We denote
the boundary of Q by 912, and assume that homogeneous Dirichlet boundary conditions are imposed on
00 p C 0N, which is a subset of 9Q with a positive measure. Let 0Qy := 92\ 9Qp be its complement.
The corresponding Sobolev space in which the solution will be found is H}(Q,00p) := {v € HY(Q) :
u=0 on 0Qp}. We find u € H}(Q,00p) such that

a(u,v) = f(v), Vv e Hy(Q,00p), (2.1)

where

a(u, ) :=/Qp(:r)Vu~V1}, f(v):/ﬂfv. (2.2)

Note that (2.1) is equivalent to the following minimization problem:

1
min  —a(u,u) — f(u). (2.3)
u€H}(2,02p)
We decompose 2 into N nonoverlapping subdomains €;,7 = 1,--- , N, each of which is the union

of shape-regular elements with the finite element nodes on the boundaries of neighboring subdomains
matching across the interface T' := (UN,09;) \ 9Qp. T is the union of

e faces, edges and vertices in three dimensions: faces, regarded as open subsets of I', are shared by
two subdomains. Edges, regarded as open subsets of the boundaries of the faces, are shared by
more than two subdomains. Vertices are endpoints of edges.

e edges and vertices in two dimensions: edges, regarded as open subsets of I', are shared by two
subdomains. Vertices, as in three dimensions, are endpoints of edges.

We assume that p(z) = p; > pmin > 0,Vz € Q;,4 =1,--- | N. We also introduce the corresponding set
of interface nodes T, := (UN,09; 1) \ 02, where 99, and 99 j, are the sets of finite element nodes on
09 and 09);, respectively. We also define local bilinear forms and linear functionals,

a (u,v) ::/Q p(z)Vu- Vo, fO(v) z/Q'fv. (2.4)

i

In the rest of this section, we discuss the choice of the space of finite element functions in one-
level FETI, FETI-DP, and BDDC methods. We denote a standard finite element space of continuous,
piecewise linear functions on €; by W), We will always assume that these functions vanish on 9p.
Each W® is decomposed into a subdomain interior part Wl(i) and a subdomain interface part ngi):

W@ =w e w.
We denote the associated product spaces by W := vazl WO Wy = vazl I/Vl(i)7 and Wp = Hfil ngi).

The functions in W and Wr are in general discontinuous across the interface, whereas the finite
element solutions are continuous across the interface I'. Therefore we introduce continuous subspaces



of W and Wr by W and Wp, respectively. .

For the FETI-DP and BDDC methods, we will also need a subspace W C W, intermediate between
W and W, which consists of finite element functions which satisfy certain continuity constraints. The
corresponding interface space is denoted by Wr.

We introduce the following decomposition of Wr:

N
Wr = Wa & Wy = (HWE) ® Wi,

i=1

where WH is a subspace of continuous functions and WX Vis a subspace of functions which are allowed

to be discontinuous across the interface. More precisely, Wy is spanned by subdomain vertex nodal
basis functions, i.e., consists of functions which are nonzero only at subdomain vertices, in the two-

dimensional case. Accordingly, WX) € ngi) consist of functions which are zero at the vertices of the

subdomain £2;. In other words, Wp consists of functions that are continuous at subdomain vertices. In
the three-dimensional case, such vertex constraints are not enough to ensure scalability and we need to
enforce the edge averages to be continuous; for instance, see [16]. See Figure 1 for a depiction of W, W,
and W in the two-dimensional case.

For each subdomain €;,7 = 1,--- , N, we assemble local stiffness matrices A® and local load vectors
f obtained by integrating appropriate expressions over individual subdomains.

We also introduce scaling factors (Sj({b) for each node x € I'),N9Q; p,,i =1,--- ,N: for v € [1/2,00),

§
§x)= <P 2€d0,NTh.
(z) S 7 :

Here, N, is the set of indices j of the subdomains such that « € 9, .

Figure 1: W, W and W
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2.2 The One-Level FETI method

In this subsection, we review the one-level FETT method, following [26, Section 6.3]. We use the finite
element functions in the space W to discretize the minimization problem (2.3). Since the functions
in W are in general discontinuous across the interface I', we need to enforce the continuity condition
explicitly:

1
mjniuTAu — fTu, subject to Bu =0, (2.5)

uweW



where
A £
A= - =
AWN) f(N)

Bu = 0 represents continuity constraints across the interface I', where
B=[BW B® ... B

is a matrix consisting of elements 0,1, —1 such that Bu = 0 if and only if all the values of u associated
with more than one subdomain boundary coincide. The columns of B(®) which correspond to the interior
nodes of Q; are zero. Thus, B®) = [ 0 Bl(f) | when the interior degrees of freedom are ordered first.
We call B a jump operator. Introducing a vector of Lagrange multipliers A to enforce the continuity
constraint Bu = 0, we obtain the following Karush-Kuhn-Tucker (KKT) system:

Find (u, ) € W x range(B), such that

Au + BT f
o A (2.6)

A is unique only up to an additive element of ker(B”). The space of Lagrange multipliers, U, is therefore
chosen as range(B).
Eliminating the interior unknowns in each subdomain, we obtain the following:

Find (ur,A\) € Wr x range(Br), such that

Supr  + BI:C)‘ = g

Brur _ 0 (2.7)
where
S
S = ) S(l):Agll_AgL}AgZI)ilA{jo7Z:]ﬂ7N7
S(N)
g(l) . . N—1 .
g=1 =+ |, gD =AD" D -1 ... N
g™
and Br = [Bl(ﬂl),Bl(ﬂz), e 7B§N)] is obtained by removing the zero columns of B that correspond to
the interior nodes of individual subdomains, resulting in Bu = Brur where B =[ 0 Br ] and u! =
[ui uf .

In all FETI methods, we reduce the KKT system (2.7) to an equation of A alone, by solving the
first equation of (2.7) for up. The matrices A in (2.6) and S in (2.7), however, are generally singular,
when there are subdomains with boundaries which do not intersect the Dirichlet boundary 9Qp. We
call such subdomains floating. In such a case the solution of the first equation of (2.7) exists if and
only if g — BEX € range(S); this requirement leads to the introduction of a projection P, which will be
introduced shortly. First, we introduce a matrix R such that range(R) = ker(.5):

RM
R — '.. )
RW)

where R consists of the null vectors of S®) i = 1,-.. N. Subdomains with nonsingular stiffness
matrices do not contribute to the matrix R, i.e., R®) is an empty matrix if the subdomain §; intersects
the Dirichlet boundary 9Qp. We now solve the first equation of (2.7) for ur:

ur = ST(g — BEA) + Ra if g — BE € range(S) = ker(S)* = range(R)™, (2.8)



where ST is a pseudoinverse of S and « has to be determined. Substituting (2.8) into the second equation
of (2.7), we obtain
BrSTBI'\ = BrSTg + BrRa. (2.9)

We introduce the notation F' := BFS‘LBE, d:=BrS'g,G:= BrR,e:= RTgand P := I-G(GTG)"'G".
Note that P is a projection operator with its range orthogonal to G. We apply this P to (2.9) to eliminate
the term with o and rewrite the orthogonality condition in (2.8) to obtain the following:

Pd
e.

{ PIA (2.10)

GT A

We define the space
V= {p € U: BLuc range(S)} = ker(G7),

which we call the space of admissible increments, following Chen and Mandel [7]. The one-level FETI
method is a preconditioned conjugate gradient method applied to

PFA=Pd, XeX+V (2.11)

where ) is chosen such that GT\g = e. Here, we only consider the Dirichlet preconditioner MBI =
BprSB}p, where Bpr = [BS?F---Bgr] is a scaled jump operator. Bg?
each nonzero entry of Bl(f)

r is obtained as follows:
is related to the Lagrange multiplier enforcing the continuity at a node

x € 08); N 0N and is multiplied by 5T( ) to produce the corresponding entry of B( )
With this choice of preconditioner the preconditioned operator of the one- level FETI method has
the following condition number bound:

K < C(1+log(H/R))?, (2.12)

where K denotes the condition number of the preconditioned operator in the appropriate subspace. For
a proof of (2.12), see [24] or [26, Section 6.3]. Thus the convergence rate of the one-level FETT method
depends only polylogarithmically on the number of degrees of freedom of a subdomain.

2.3 The FETI-DP method

In this subsection, we closely follow the notation of [21]. For more details on various FETT-DP methods,
see, e.g., [21, 16, 11, 12, 26] and the references therein. In the FETI-DP method, we use finite element
functions in W to discretize (2.3).

We first note that the local stiffness matrices A®) and the local load vectors f(*) can be written as
follows:

. T AT .
4 Ay AL Ay A
AD = | 4@ 40 4@ O = | O (2.13)

(@) (@) (@) (i)
A Ana Amnn
Where I A, and IT indicate the index sets corresponding to the interior nodes, dual nodes, i.e., those
of W , and primal nodes, i.e., those of WI(T), respectively. We introduce the matrix A which can be

thought of as the restriction of A, defined for the functions in W, to the subspace W:

r 1 nr (T 7
4 W
1 1 (1
AQ) AR AfiA
A= L (2.14)
N Mt T
Jri
(1 (1 4%\{ A N AEA
LAy am o A A0 A |



Here,
~(i DT G (i )T G .
Al = R AQ A=A, =1,

and
~ N NT . .
Amn =Y R AfRy
i=1
where Rg) : WH — Wl(Ti),i =1,---, N, is a restriction operator which extracts the relevant subdomain

component belonging to W(i from a vector in WH As in the one-level FETI method, we introduce a
vector of Lagrange | multlphers and obtain the following saddle point problem:
Find (u, ) € W x range(B), such that

Au + BTXx = f

~ . 2.15
Bu = 0 ( )

Again, Bisa jump operator such that Bu = 0,ue W if and only if the values of u associated with more
than one subdomain coincide. Eliminating the interior unknowns of each subdomain from the system
(2.15), we obtain:
Find (u,\) € Wr x range(Br), such that
§F’LLF + EIZ:)\ = g

. 2.16
Bpu = 0 ( )

gp can also be regarded as the restriction of S, defined on Wr, to the subspace W]_"Z
Sr = RESRr,
where Rp Wp — Wr is a direct sum of restriction operators that extract the subdomain part belonging

to W( Y from a vector in W]_"

The matrix A, and therefore also gp, are nonsingular, so we can solve the first equation of (2.16) for
ur and substitute the resulting expression into the second equation of (2.16):

BrSpiBEN = —BrSly. (2.17)
The Dirichlet preconditioner used in the FETI-DP algorithms to solve the equation (2.17) is B D’Fgr‘ Eg,r-

§D7p = [E(DI?F, e ,E(DNIZ] is obtained in exactly the same manner as Bp r in Section 2.2.

With this choice of preconditioner, the preconditioned operator for the FETI-DP method also has
the condition number bound (2.12). For a proof of this convergence bound for the two-dimensional case,
see, e.g., [25]. For three-dimensional scalar elliptic problems and linear elasticity problems, see [17] and
[16], respectively.

2.4 The BDDC method

In this subsection, we review the BDDC method, following [27].
The discretized problem on the entire domain (2 is:
Find (ur,ur) € (W, Wp) such that

A AL ur \ _ ( f1
(AFI Ag)(’ur)_(fr)' (2.18)

The equation (2.18) can be rewritten as

1 1 1
AEU) A(H R( ) u?) } )
: : L (2.19)
N MT 3(N N (N)
ST Aféf)zv A R( ) ur NroT @)
RE“) A%I) Rl(“ ) A%‘I) Zz 1 R(l (FZ%R(FZ) ur Zi:l RF T



where ﬁ{f ) Wp — ngi) are restriction operators which extract the subdomain parts. Eliminating the
interior unknowns of each subdomain, i.e., eliminating the upper left block of (2.19), we obtain

§FUF = 4gr, (2-20)
where
o i i) 4@ @D\ DG
Sro= ZR) 9 — AR AR Al HRY
= ZR“ SORY
=
= RESRr, (2.21)
and

N
gr =Y RO (A0 - AQ AR 1),
}A%p /WF — Wr and S are direct sums of R% and S, respectively. From (2.21), we can see that SF
can be regarded as the restriction of S, defined on Wp = Hl 1 ng ), to the continuous subspace Wp
We can also view Sp as the restriction of SF to Wr

Sp = RESr Ry,

where Rp : /WF — Wp. We introduce a few more restriction operators that constitute Rp. Rfj)A :
Wr — WX) extracts the part that belongs to WX ) from a vector in Wr. Rryp : Wr — Wiy is defined
similarly. Thus Rp = [Rg& . R(N) RL;]. We also define RD ra» which are scaled versions of RF A
each row of Rif)A has exactly one nonzero entry corresponding to a node z on the subdomain interface.
Multiplying each such entry with 52 (z) results in the scaled version RS:Z)),F A- In the BDDC method, we
use M~! = R%)Fgl?lRDI as the preconditioner.

With this choice of preconditioner, the BDDC and the FETI-DP algorithms have the same set of
eigenvalues; see [22, 23, 21].

3 A Model Problem

3.1 Motivation and Notations

Our ultimate goal is to solve multi-body contact problems without friction. Contact problems are char-
acterized by an active area of contact, which is unknown a priori, and inequality constraints such as
non-penetration conditions; e.g., see [2, 1].

We consider two slightly different approaches to derive the same saddle point formulation we are
going to solve. In the first approach the method of attack is an active set method from the outset, in
which we solve a sequence of equality constrained minimization problems. We choose to solve a saddle
point formulation of each such equality constrained problem for the reason we will explain below.

In the second approach, described e.g. in [9], a complementarity problem of the original minimization
problem is first considered. This problem can be expressed as a single nonlinear equation, and we can
use a semismooth Newton method to solve this nonlinear problem. It turns out that the linear problems
that are solved in this approach are identical to the saddle point problems of the first approach, and
the two approaches differ only in the solution update process.

In this paper, we develop the theory only for scalar elliptic problems with inequality constraints and
present the following model problem, which is taken from [5, 6], as a motivation:

2

: 1 / 0|2 / i )
min = Vu'|*dzx — fu'dx

=1



where uGH(Q)zfl2 Q' =(0,1) x (0,1),9% = (1,2) x (0,1)
=0 on TIL={0}x(01)
u2—u120 on T.={1}x(0,1) (3.1)

The reason we consider only scalar elliptic problems is that the inequality constraints in scalar elliptic
problems are much simpler than those in linear elasticity problems and this simplicity allows us to focus
on the analysis of the preconditioned operator.

We consider a generalization of (3.1), a minimization problems with multiple bodies ©;,i =1,--- , N,
each of which has many degrees of freedom and is decomposed into subdomains €; ;,2 =1,--- ,N,j =
1,---, N;, constrained by an inequality condition:

N
. L i i
min E (2/Q p| Vil ?dx — /Q fu d:c)

=1
where u' e HY(QY, i=1,---,N

u—O on I"

ZB“W <0 (3.2)
i=1

9 9

We assume that the boundary of at least one body is clamped, i.e., 9Qp = UY T # (). We assume
that there are no traction forces. We assume that p(z) = p; ; > pmm > 0,Vx € §;;,Vi,7. We also
assume the existence of a coefficient C' > 1, independent of 7, such that

pi = maxp; ; < Cpij, Vi, j. (3.3)
j

We introduce two types of global interfaces: the first one is I'y; := J, 2; 08 N 0, and can be
viewed as the potential contact area between the bodies: in the model problem, this is I'.. The second
one, the current contact area, is denoted by F’;l, where F’;l C FT,Z; the superscript k concerns the outer
iteration of the active set method and reminds us that the current active set/area changes. In each outer
iteration of the active set method some of the inequality constraints are adopted as the corresponding
equality constraints and the rest are ignored, and F’;l’h, the discrete version of ng can be viewed as
the collection of the nodes at which equality constraints are being imposed. We also introduce the local
interfaces I‘l(o)c = Uj;ﬁk(an NoQ; ), =1,---,N. We denote the union of the free boundaries by
00p = (U;00;) \ (02p UTy).

We denote the standard finite element space of continuous, piecewise linear functions on €; ; by
i,5)

W) Each W) is decomposed into a subdomain interior part WI( and a subdomain interface part

Wr (9) for functions on 082 ﬂl"Tﬂ We also recall that all functions vanish on the Dirichlet boundary 0Q2p.
We define associated product spaces, W( g HN’ W 9 and W( 2 HN’ W i), We introduce

spaces analogous to Wr‘ and Wp of Section 2. Functions in ng) are in general discontinuous across
the local interface T'”. and we define W( ") as the continuous subspace of Wr(l). ngz) = WX ) & WI(IZ) is

loc?
an intermediate space between WIS) and ngi). In the two-dimensional case, which is the focus of our
analysis in this paper, Wlﬁl) consists of functions that are continuous at subdomain vertices. Also, we
let WO =W ¢ W,
We introduce the matrices A%, which are the direct sums of the stiffness matrices A7) j =
1,---, N; for the individual subdomains:

A1)
AW — i=1,---,N. (3.4)



Figure 2: W, for FETLFETI, W, for Hybrid
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We also introduce the Schur complements

g(i1)
S(z) — , S(’Lj) — Ai"ll’j) _A

S(i,N:)

@) 4G 4 GDT
v A OARY i=1,--- N

The finite element formulation of the problem (3.1) in the space W, = Hfil W@ and Wp’c = Hf\il WI@
has been considered in the FETI-FETI method [20, 18]. In the hybrid method, we formulate the problem
in the space Wr . := Hi\; Wlﬁz). We will briefly describe the FETI-FETI method here. The problem
(3.1) can be expressed as
S ~ ~
min —y T Ay — fTu,  with B.u <0. (3.5)
ueEWe

Recalling that we are using an active set method to deal with the inequality conditions, we formulate
the minimization problem on the current active set:

N ~ ~
min o7 Ay — fTu, with Z*B.u =0, (3.6)
uEWCQ B
where
A u® f(l)
Avc: y U = 7}:;: 7u(i)€ﬁ7(i)ai:17"'7N7
A u) Fv)
and
(1)
Bloc 0
> Bioe } 0o . 0 (%) [ (i,1) @GN ] s
B, = = , B, =| B" B S }7121,...71\],
|: Bgl 0 o Bl(i\cf) l loc loc
(1) (N)
Bgl Bgl
I 0
k _
Z [ 0 2k ]



Z¥Bou =0 in (3.6) indicates the continuity constraint across the local subdomain interface I‘l(é)c,i =
1,---, N, as well as the continuity constraint across the global area of contact I";l. Zz;l is a square
matrix obtained by replacing some of the diagonal entries of the identity matrix with zeros; only the
entries corresponding to the nodes at which an equality is being imposed are retained. We use the

superscript k as an indication that Zgl and Z* change in each iteration of the active set method. We

have Bl((qu(i) =0,u € W(i), exactly when the values associated with more than one subdomain on the

body €2; coincide. Note that Bl(él has nonzero columns only for the components of WX).

We also introduce a scaled jump operator, §D7C:

(1
e O
D BlocD :| 0 0
BD7‘ = |: ’ =
¢ Bgi.p 0 Bl(;Z?D
1 N
Byo - By

and . . ‘
BY =] BEY, -BEN) |i=1, N

Bl(;)c p and B!(]? p are obtained in the same manner as the Bp r of the one-level FETT method (see section
2.2); the nonzero entry of Bl(;’cj ) associated with the Lagrange multipliers for the continuity at the node
z € 99Q; ;NQ; i, multiplied by 5fk(z) = PZk(x)/ZseNy;MPZs(I)’ where M) s the set of indices of the

x,loc

subdomains of €2; with = on their boundary, is the corresponding entry of Bl(g)c p- Similarly, the nonzero

entry of Bé? associated with the Lagrange multiplier for the continuity at the node x € 9€; N 9%,
multiplied by (5;- (z) = ESGNSI)M p;’y,s(x)/zkej\/z,gz,tex\ﬁfl)ucpz’t(x)’ where N 4 is the set of indices of the
subdomains of any body which share the node x on their boundary, is the corresponding entry of B;? D

Eliminating the interior unknowns in all subdomains of each body, we obtain the following reduced
minimization problem,

R -
min —oL'g yr — gl up,  with ZkBp’cup =0, (3.7)
upEWl—"C
where B
51(11) ug)
S, = up = : C D e W =1, N
o] L

This minimization problem has the following KKT system:

Zk%p,c (Zk%F,C)T ] { ur ] _ { g ] . (3.8)

It is natural to reduce this system to an equation for A as in the one-level FETI method and solve it
with the PCG method in a proper subspace, using the following preconditioner:

Ml;l = ZkED,rcgcég,rCZk~

The resulting method, i.e., the FETI-FETI method, turns out not to be scalable with respect to the
number of subdomains; see [18, 20]. We now present a scalable alternative, which we name a hybrid
method.

10



4 A Hybrid Method

The hybrid method introduced in this section is a scalable alternative to the FETI-FETI method. We
use finite element functions in the space Wr . := vazl WIEZ) to discretize the contact problem. W1£2L

denotes a finite element space on 9); N I‘T,l. Here, OL stands for one-level; this is because we will use
one-level FETT type preconditioners, which is obtained by regarding each body as a single subdomain
without further decomposition.

We introduce the Schur complement §1£7) on WI@, which can be obtained by restricting S @) to /ngi):
§§i) _ E(Fi)TS(i)E(pi)J =1,---,N,

where }A%(Fl ) WF@ — Wr(i). We also introduce restriction operators Rl(f ) ﬁ/\r(’) — /Wp(i),

i1
N
RY = ; 7
i,N;
R(% |
RFH

where R(Fi’Aj) extracts from a vector in /ngz) the part that belongs to WX 9) and Rfﬂ% : /ngl) — Wr(f) is

defined similarly. We also define the scaled versions R(Di),rz

(4,1)
R ra
(1) :
Rpr = ;
’ (’L,Ni)
RD(,};A
Rrq

Here, Rg’]f) A s obtained as follows: a nonzero entry of R?’Aj), which corresponds to a node x € 08 5 \

0%; 1, is multiplied by 5% (z), where
_ pi(@)
2orenty,, Pin(®

T .
6; ()

The restriction of the minimization problem (3.7) in Wpyc to the subspace Wpyc is as follows:

N R . PN
min fugsch—gZup, with Zkprchzo, (4.1)
up €W .
where R
S
§c = )
3

and where Ep’c only retains rows and columns of Ep,c which correspond to Wp’m and Z* is obtained
by removing irrelevant columns and rows of Z k.
In addition to Br., we define another jump operator Br,, which acts on vectors of the space

H(\il wD

Tor*
on vectors of the space Wr . and only has rows corresponding to the Lagrange multipliers enforcing the

This operator is needed in the preconditioner for the hybrid method. Recall that Ep’c acts

continuity between different bodies, i.e., continuity across I'y;. Thus Br,, and Er,c differ only in that
Br . has a number of zero columns which correspond to the nodes on I'j,. . We note that Br,, can
be regarded as the jump operator for the one-level FETI method resulting from viewing each body as
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a subdomain. We can define the scaled jump operator Br,, p in the usual way.
Introducing a vector of Lagrange multipliers A, we arrive at the following saddle point formulation of
(4.1):

Find (ur, A) € WF’C X range(ﬁp’c)

§c (Z\kél‘ C)T ur §('
~ o~ ’ = g . 4.2
ZkprC 0 A 0 ( )

We can solve (4.2) by reducing the system to an equation of A alone in a proper subspace, but that
requires inverting §c, which is expensive. Instead, we keep the saddle point problem (4.2) as is and solve
it by a Krylov subspace method which can deal with indefinite systems, such as the preconditioned
conjugate residual (PCR) method. Due to the singularity of the matrix S., the solution of the upper

part of the system (4.2) exists if and only if g, — (Ekép@)T)\ € range(S.). Most of the discussion here
concerning this issue will be very similar to that of section 2.2 on one-level FETI methods. As in the

~

one-level FETI method, we introduce a matrix R, such that range(R.) = ker(S,):
RO
RC = T . s
7))

where R consists of the null vectors of §1£i),i =1,---,N. In the PCR iterations, we will use an initial
vector of Lagrange multipliers Ay which satisfies g. — (ZkBF,C)T)\O € range(S.), and an increment u
with Z¥ B[l i € range(S.). Therefore the space of admissible increments is defined as follows:

Vk.={pne range(épﬁc) : (Zkénc)T,u € Tange(gc)} = ker(GkT),

where GF = Ekép,cRc.
We introduce a projection operator P* for the Lagrange multipliers which is an orthogonal projection
from U to V¥ = ker(G*"):
pk._ T _ Gk(GkTGk)—leT
We also introduce a subspace /WF,R := range(S,) of Wr‘,c. We rewrite (4.2) in terms of vectors in the

subspace Wp, r X V. First, noting that any admissible A has a decomposition of the form A = Ao+ p, u €
V', we rewrite the leading equation of (4.2) as

Seur 4 (ZEBr )" 1w = Ge — (ZEBr )" Xo. (4.3)

Using (4.3) and that PkTu = P*p = p, we can rewrite (4.2):

&R ] [ ][ B »
ZkBr., 0 1 0
The solution of (4.4) satisfies
§c (szkénc)T ur _ /g\c — E{C)\O (4 5)
P*ZFBr . 0 A 0 ' '

We use the system (4.5) in order to make sure that our iterates are in the subspace Wp, r x V. Note
that the displacement part of the solution of (4.5), ur, does not necessarily satisfy the continuity
condition Zkﬁr"cup = 0; we can recover a solution which satisfies all constraints via the operation
ur — RC(GkTGk)_leTEF,CuF, see [15, 20, 18].

We now consider a second approach to solve (3.5), following [9]; (3.5) can be rewritten as

. 1 ~ R . D
m/l‘/\jn 7”11‘150’“1—‘ - gZUI_W with BF’C’U’F S 07 (46)
v €W ¢

12



which is equivalent to the following problem

Scur + Bf A =3, (4.7)
BF,CUF S 0, A Z 0, )\TBF)CUF =0. '
The complementarity condition given in the second line is equivalent to
C(ur, ) :== A — max(0, A + CEF,CUF) =0, (4.8)

for each ¢ > 0. The system (4.7) can thus be expressed as the following nonlinear system of equations:

§CUF + E? A= /g\c
. 4.9
{ C('LLF, )\) = 0. ( )
It follows that a Newton step for the nonlinear system (4.9) is
S, BE, { Juf } _ { ge — (Seuf + BEAF) (4.10)
¢Broar —Ip SAF C(uk, \F) ‘
and
uptt = uf 4 dug, AT =2 46k (4.11)
where R R
T ={i: (\"+cBreup); <0}, Ap={i: (A" + cBrup); > 0}, (4.12)

and §F7C7Ak results from replacing row i of Br‘,c with zeros, for all i € A*. I7. is defined similarly.
We can rewrite the second equation of (4.10) as follows:

(¢Br0uk); = —(cBroul);, Vie A, and —(6AF); =\, ieTy, (4.13)
and the first equation as
Seduf + B, an(ON) ax + BE 7 (M) 70 = G — (Seuf + BE . 4o (V) + B . (V) 7e),  (4.14)
which is equivalent to
Seouf + B, s (0N) a1 = Ge — (Seuf + BE e (AF).a0), (4.15)

due to (4.13).
Consequently, we can rewrite the Newton step defined by (4.10) and (4.11) as

S Brew [ i ] | e (St 4 B W) (4.16)

CBF,C,A’“ 0 6)‘k 7CBF,C,.AI€ ulli

and

upt™ = uf 4 oul, AT =0 1A% where  — (5AF); = \F, i€ T, (4.17)

Note that with a given pair of (uf, A\¥), (4.16) and (4.17) are equivalent to

e F R

e T,c,A* I _ c | 4.18
CBch,,Ak 0 ] |: )\k+1 0 ( )

Notice the similarity between (4.2) and (4.18); in fact, EF@AIC = Ekénc and with ¢ = 1, (4.2) and
(4.18) are the same. In the following we will solve (4.9), with ¢ = 1, via Newton’s method as defined by
(4.16) and (4.17).

We now discuss our choice of preconditioner. Let Ag)L denote the stiffness matrix for the entire body

13



Q;: this needs to be distinguished from A, which is a direct sum of stiffness matrices for individual

subdomains (see (3.4)). We have

)

where Agfll corresponds to the nodes on 9€Q; N m and Agll) to those interior of €);, etc. We define the
. . . N—1 NT

corresponding Schur complement Sg)L = Ag% — Ag}Ay} Ag} and also a block-diagonal matrix for

the entire system as the direct sum of the Schur complements for the individual bodies:

O]
SoL
SOL =
(N)
SoL
Since inverting Ay} can be expensive in practice, we need to solve A(Ill)x = b approximately; we propose

a way of doing this in Section 7.
We now introduce the following block-diagonal preconditioner for the system:

_ PrMgp P 0
1_ RMpBDDCTR
where Pr := I — R.(R'R.)"'RT is an orthogonal projection operator onto
range(S.) and
(DT 3 51
Rpr 5 Ry
Mgppe = ’
S(N)T (T 5V
RS0 R
Mpt = ZEBr,, pSorBL,, pZE .
We rewrite the KKT system (4.5) as
Av=F, (4.20)
where R o
— Se (P*ZEBr )" | wr | %
A= Pkilﬁér,c 0 Y and F := E (4.21)

In our hybrid method, we use a preconditioned conjugate residual (PCR) method with B as the precon-
ditioner. For a description of the preconditioned conjugate residual method, see [26, 8].
5 Convergence Estimates
Suppose the following system is solved with the PCR method with the preconditioner M:
Au =b. (5.1)

We define

_ Pmaz ~ max{|A|: X € o(M~TA)}
K(M™A) = =
( ) Lmin min{|\ : A € o(M~1A)}’
where o(M~1A) is the spectrum of M ~'A. We have the following result, see [26, C.6.2]; a proof can be
found in [8, Section 9.5].

(5.2)

14



Lemma 5.1. Let A be reqular and symmetric and M symmetric and positive definite. Then, after k
steps of the PCR algorithm, the norm of the residual is bounded by

2oM
H]\471/2,’,k||2 < 4

=1+ p2n (M2,

where p = E—j& and p € Z, such that k/2 —1 < p < k/2.

According to Lemma 5.1, we need to study the spectrum of the preconditioned operator B~'A,
which has the same spectrum as B~1/2AB~1/2.

General Case We first study a general case, where

A BT . Al 0
e S R
assuming that R R
apul Au < ul' Au < aqu® Au, Y. (5.3)

We assume A, Ae R7>m C € R™™ are real symmetric and positive definite. Then,

121\_1/21411_1/2 A\—I/QBTG

—1/2 -1/2 _
B AB - 671/231@71/2 0

In the following, we use the notation A= A"Y2AA-Y2 and B := C~Y/2BA~1/2. Note that
apulu < ul Ay < oulu, Vu. (5.4)

We study the cases where A=Aand A # A separately. When A= A, A is simply the identity
matrix and

I BT
BY2ABTV2 = | % 5.5
5 0 (5.5)
Lemma 5.2. Let B-Y2AB~'/2 be defined as in (5.5). We then have
1/2 4+ /1/4 + Mnas
IC(BHIA) :K(Bfl/2ABfl/2) — / + / + Am ’
=1/24 \/1/44+ Ain
where Amar and Apin are the largest and smallest eigenvalues of ETE, respectively.
Proof. We consider the following eigenvalue problem:
I BT u | ' U
B 0 AL A
which is equivalent to
e
u B~)\ = tu (5.6)

Bu = tA

Notice that ¢ # 0 due to the nonsingularity of A and B. Substituting the second equation of (5.6) into
the first, we obtain o
u+t"'BTBu = tu.

Denoting the eigenvalues of BTB by \; > 0,2=1,--- ,n, we obtain

1+N/t—thu=0, i=1,--- ,n.
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Since u = 0 leads to A = 0, we need to solve 1 + \;/t —t =0,i = 1,--- ,n, which are equivalent to the
quadratic equations t? —t — \; = 0. Their solutions are 1/2 + 1/1/4 + \; and thus

o(BA) = {1/24 T T A = Lo o).
Clearly,

max{|)\| A€ O'(B_lA)} 1/2 + V 1/4- + )\maa: and
min{[A| : A€ o(B'A)} = —1/24 /1/4 + Ain,

where Mgz i= max}_; A\; and Ay, i= minf_ A,

O
We now consider the case A # A. Then the eigenvalue analysis of Ay := B~1/2AB~1/2 = ;1; EOT
is not as easy, and we left- and right- multiply this symmetrized preconditioned operator with C —1/2 =
[ A701/2 ? ] to obtain
Ay =C712A 7V = gg{l/z g_l(/)QET (5.7)

Eigenvalues of A, can be analyzed in the same manner as in Lemma 5.2. To relate the spectrum of
Aj to the spectrum of As, we use the Courant-Fischer Minimax Theorem.

Theorem 5.3 (Courant-Fischer). Let A € R™ "™ be a symmetric matriz with real eigenvalues \;,i =

1,---,n, which are ordered so that \y > Ao > -+ > X,,. Then
T
. xt Ax
A\, = max min :
k dim(V)=k zeV aij (5 8)
x#0
T
. xt Az
/\k — min max (5'9)
aim)=n—kt1 wey gTy

Let A1 > Ao > -+ > ), denote the eigenvalues of A5, and A > Ay > >\, the eigenvalues of A;.
Suppose A\ > 0 and A1+ < 0, where Ay is the smallest positive eigenvalue of Ay and Ap41 the largest
negative eigenvalue of As. Also, let ¢;,i = 1,--- ,n denote the eigenvectors of Ay such that Asq; = \;q;
and ¢'q; = 6;;,4,7 =1,--- ,n. Using (5.8) and the fact that A; = C'/2 A5C"/? we have

N 2T Az (C22)T Ay (CH22) (CV22)T (CY/ %)

A = max min = max min
k= gim(V=k sev olx aim(Vimk zev  (C1/22)T(C1/2g) T
z£0 20

For V := C~'/?span{q"), ¢, ---  ¢®}, we have

min (€20 Ao (CH )
S @PaTCT) S
Noting that
aorle < 2TCx < anzTz, Va (5.10)

due to the definition of C and (5.4), we have

min (Cl/Qx)TAl(Cl/Z.%‘) (Cl/zx)T(Cl/Zx)
S CRTC ) T

> )\kao.
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Taking the maximum over all k-dimensional subspaces on the left hand side of the previous equation,
we obtain

S\k Z )\kOéo.
Similarly, using (5.9), we have
~ T 1/2,\T 1/2 1/2,7\T (01/2
Agir1 =  min max " Arz = min max(c z) Ay (C7x) (C/Pz) (C7x)
dim(V)=n—k zeV Jij dim(V)=n—k zeV (Cl/QI)T(Cl/zz) ;L'Tq;
xz#0 xz#0
For V := C~1/2{qk+1) ... ¢™} we have
s (€/22) Aa(C Vo)
S ORI

and
axc (Cl/2z)TA2(C1/2x) (C1/2I)T(C1/2x)

< @PT(C%) ala

Taking the minimum on the left hand side of the previous equation, we obtain

< Agg101.

A1 < Aggrar.
By a similar argument, ~ R
)\1 S )\10[1 and >\n Z )\nOl(].

Letting X/, and X . denote the maximum and the minimum eigenvalues of A~1/2BT BA~1/2  respec-

tively, we obtain

max{ i, | An|} Lo max{A1, |[An|}
min{ A, [App1]} ~ o min{Ag, [Apia]}
aq aq 1/2+ 1/4+>‘;nar
= —K(A) = — : 5.11
o ( 2)_a0—1/2+\/m (5.11)

where the second inequality follows from the definition of Ay in (5.7) and Lemma 5.2. Noticing that
Amaz(ATV2BTBA™Y?) < Mnaw(BTB)Amas (A1)

Amin(gil/QéTéz{il/z) g )\min(BTB)Amzn(Ail)v

K(Ay) =

and

1 ~ 1
Ty <uTA < —uTu, Vu,
a5} Qo

we rewrite (5.11) in terms of A qp and Apip, the maximum and the minimum eigenvalues of BT B and

obtain:
1/2+\/1/4 4+ Mias
KAy < 12 H VAT Anas/@0 (5.12)
040—1/2+\/1/4+)\mm/a1

Special Case We now use these results to study the convergence bound of our preconditioned
system B~1A, where B! and A are defined in (4.19) and (4.21), respectively. We have

A=Sr, B=P*ZEBr, A'=PgMgh,oPr, C~'=PFM; Pk

Notice that A,g, and C are now singular. However, this does not pose any problem, since in the
application of the PCR method our iterates will be in a proper subspace in which those matrices
will be nonsingular. From (5.12), we can see that the extreme eigenvalues of BTB and Qp, 1 in
(5.3) are important parameters, where BTB = 121\’1/QBT@*IB/T*1/27 which has the same spectrum as
BA-1BTC-!. In our case,

BA\A—1§T6—1 .
= P'Z{Br .PrMg}poPrBE ZE PY - PPML PR (5.13)

The following lemma indicates the spectral equivalence between the matrices A and A; for a proof, see
[21].
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Lemma 5.4. )
2T Az <z2TAz < C (1 + log (%)) ZL'TA\ZL', (5.14)
for all x € range(gp).

Thus, we can study the spectrum of

BAigTct
= P*ZEBr PRSIPRBE ZE P* - P My P
o~ A~ o~ ~, T ~ ~, T
= P*Z{Br SLBE Zf PF-P*ZEBr,, ,SoLBL,, 2t P* (5.15)

instead of that of the matrix (5.13), where

g

Lemma 5.5. . .

Br . SLBL .z} P* = Br,, S5, BL,, Z P*.
Proof. Let §F7C = [El(ﬂl), e ,EIQN)},BFOL = [BIEI(D)L,'~~ ,BIQJZ)L} Note that the solution of §§i)u§f) =
ﬁl(j)Tv, where El(f)Tv € range(glgi)), can be obtained from the following equation:

r i i) 5 T i
Al AL R )
7,2 i,2 i,2 i,2
A AR i
i, N; ',N,-T. i, N; zN
T T A AR g
i1 i1 i,2 i,2 i,N; i,N; N; ij i.7) (i,] ~(
RVTAGY RETAG e RGN s R R | L
0
0
= : ; (5.16)
0
~(\T
Bl(f) v

P o~ P ~(\T
where Rl(f ) WI@ — WIEZ’] ) is a restriction operator. Noting that all entries of Bl(f)v, corresponding to
the nodes on I'{

AT
. . . . . 7
loes are zero and eliminating those entries results in BI(‘())LU, we can rearrange the system

(5.16):
) i i)T (1)
A6 60 Aﬁ} A(rf uroo| 0. (5.17)
oL FIORNG ul) BY '
I NN r FoL

where ug) is the displacement on I';;N92;. The equivalence of (5.16) and (5.17) shows that El(j)gl(f)f B\lgi)T ZK pk =

i i) @) ST
B s BY ZE'P*.
O
Due to Lemma 5.5, the operator (5.15) can be written as
~ ~ T -~ ~1.T
P*Z{Br,, S BL,, Zt P* - P*ZBr,, ,SoLBL,, , 2 P (5.18)

The proof of the following lemma proceeds, line by line, as the proof of [26, Theorem 6.15].
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Lemma 5.6. For V) € range(P"),

(A A)
< (P*ZkBr,, S, BE,, Z} P* - P*ZkBr,, ,SoLBL,, ,ZE P*AN)
< O+ log(Hy/h)* (N N).
We now can derive a concrete bound for (5.12), using Lemmas 5.4 and 5.6. In our case, Aoz =

C(1 + log(Hy/h))?(1 + log(Hs/h))?, Apin = 1,1 = C(1 + log(H,/h))?, and ap = 1. Assuming that
Hy/h and H,/h are large enough, we have

1 1 )\max )\maw
- e Ty 5.19
2 + \/2 + (7)) \/ (7)) ’ ( )

1 1 )\mzn 1 1 >\min 1 1 /\min )\mzn ?
—Z 44/ S Ny LA ——— i ) L ! : 5.20
STyt o 5T lt o RE A Gk o (5.20)

Combining (5.12), (5.19), and (5.20), we have

and

K(A1) < C(1+log(Hy/h))(1 + log(Hy/h))". (5.21)
We obtain

Theorem 5.7. Let B, A, and K(B~1A) be defined as in (4.19), (4.21), and (5.2), respectively. Then
we have the following bound:

K(B™'A) < C(1 + log(Hy/h))(1 + log(Hy/h))®.

6 Numerical Experiments

Recall that an active set method consists of outer iterations, in which the active set is updated, and
inner iterations, in which auxiliary equality constrained problems are solved on the current active set.
In this section, we solve the latter by using the hybrid method. We note that such problems were solved
using the FETI-FETT method in [20, 18].

We solve the following minimization problem:

NhXN},

1 ) .
min ; <2 o |Vu'|2de — /Q fuzdgc)7 (6.1)

where ; C R%,i = 1,---, N, x Ny, are square bodies with side length H}, := 1/N;, which form the
NbXNb

system 2 = U Q; = [0,1] x [0,1]. We require u’ € H (%), u'|sq,no0 = 0. Each Q; is decomposed
i=1

into Ng x Ny square subdomains, each of which is discretized by square bilinear elements of side length

h. Also, I := U;;00Q; N 0€; denotes the interface between the bodies.

We consider two linearized problems, each with a different contact area between the bodies. In
the first problem, the entire I' is considered as the contact area, i.e., we require the continuity of the
displacement vector across the entire I'. In the second problem, continuity is imposed only on the mid-
dle third of the faces between the bodies. We use the preconditioned conjugate residual method. All
our experiments have been performed in MATLAB, and the stopping criterion is ||r,,|]2/||ro|l2 < 1075,
where r,, and g are the n th and initial residuals, respectively.

In Table 1, the results obtained with the hybrid method are presented. We have three parameters;
the number of bodies across Q2 (N, = 1/Hjp), the number of subdomains across each body (Ns = Hp/Hy),
and the number of elements across each subdomain (H;/h). We vary one parameter while keeping the
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Table 1: Results for the hybrid method. iter denotes the iteration counts. Area on which continuity is
imposed between bodies: T, i.e., the entire interface for (I), and only a proper subset of I, I'y for (II)

I | 1D
1/H, Hy,/H; Hy/h | iter | iter
2 2 2 10 10
4 12 11
6 12 11
8 11 11
10 11 11
12 11 11
2 4 2 10 10
6 8 10

8 8 10

10 8 10

12 8 9

14 8 8

16 7 8

18 7 7

2 2 4 11 13
8 13 | 15

16 14 16

32 15 | 17

64 16 | 19

128 17 20

other two fixed. The results for the first set of experiments, with the entire I as the contact surface,
are shown in Column (I); those for the second set of experiments with a reduced contact area shown in
Column (II). We observe that the iteration counts are independent of 1/H}, and logarithmically depen-
dent on Hg/h. The iteration counts from Table 1 are also plotted in Figure 3.

Very similar numerical results have been obtained independently by Klawonn and Rheinbach; see
[13] and [14].

7 Active set method combined with the hybrid method

It is well known that an active set method can often be slow due to a poor initial guess. However, it
has been shown in [9] that a certain primal-dual active set strategy, viewed as a Newton method, has a
superlinear convergence provided that the initial point is close to the solution. A very efficient strategy
of finding a good initial active set and \° was discussed briefly in [20, Chapter 5] and in full detail in
[19]. In our experiments this turns out to be a good estimate of the optimal active set. We set u® = 0.
The following is the complete algorithm:

1. Set ul = 0 and choose A" as described in [20, Chapter 5], [19]. Set k = 0.
2. Set Zp, = {i : (\F + Brouk); <0},  Ap = {i: (\* + Brcub); > 0}.
3. Solve

5. B . { ubt! } { e }
- sCy = 7.1
BF,C,_A’»' 0 )\k+1 0 ( )

and set A*1 =0 on 7.
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Figure 3: Iteration counts for the hybrid method for two different contact areas between the bodies,
namely T, i.e., the entire interface for (I), and only a proper subset of T, Ty for (II)
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4. Stop if Agy1 = Ay and Zy 1 = Zj. Otherwise return to 2.

We have solved the nonlinear model problem (3.1) with the method described above; the results are
reported in Table 2. Recall that the application of our preconditioner requires the solution of linear
systems with the matrices Ay},z’ =1,---,N, i.e., solving Dirichlet problems for the bodies; this could
potentially be expensive and in such a case these Dirichlet problems need to be solved inexactly, e.g.,
by an iteration. We describe efficient preconditioners /ngt}, for A%), for the preconditioned conjugate
gradient method.

Let Wl%) and ngzoj ) denote the space of continuous finite element functions on FZ(Z)C and 0€2; ; N Ffé)c,

which are similar to /Wlﬁl) and WIEZ] ), respectively. Also, we define a restriction operator R(Flg : I//V\lg? —

WI%J ). After a symmetric permutation, we can obtain

Af7Y ALY g
1,2 i,2)7 (4,2

| AP ALY R
A : . (7.2)
i,N; i.Ni)T 5(i,N;

o DT (1 i,2)T L (i,2 i N)T 4 (i,N; i) (i, i,j
RS RETA o R A SR AR |

The solution of Ag’l)x = b can be found by a block factorization. More precisely, with

N;
o~ ’L’,'T i i ,,,71 ,,,T i
0= 3R (A - A A A
Jj=1

we have () (1.5) " () (1.5)" p(id)
xlj = AIlIJ (bI] - Al“l(;l RFZC;J CUFO), J=1-- N (7-3>
where
QG N )T () 4G
SWar, =br, — > REALD AT b (7.4)
j=1
Solving (7.4) can be expensive; the solution of 11521)5: = b can be defined as
. Lo —1 . . NT .o
jgj) = Agllﬂ) (b(I]) - A{“TI) RE‘Z(;])‘%FO)’ J=1-, N (7'5)
where
- OO0 X )T 4(00) 45 ()
Tr, = Rpr,Sr, Bpr, | bro — ZRF(; Apgr A br | (7.6)
j=1
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Table 2: Results: primal-dual active set method + hybrid method. outer it. denotes the number of
outer iterations of the active set method; inner it. denotes the number of iterations needed to solve the
inner minimization problems by the PCR method, until the norm of the residual has been reduced by
1072, on the active faces identified in the outer iterations. total it. denotes the total number of inner
iterations.

New(1/H) H/h  Naof(X) Naos(total) outer it. inner it. total it.

16(4) 4 17 561 2 16 16 32
16(4) 8 33 2145 2 20 19 39
16(4) 12 49 4753 2 22 20 42
16(4) 16 65 8385 2 26 24 50
64(3) 1 33 2145 2 1817 35
64(8) 8 65 8385 1 23 23
64(8) 12 97 18721 1 27 27
64(8) 16 129 33153 1 29 29
144(12) 1 49 4753 1 19 19
144(12) 8 97 18721 2 24 22 46
144(12) 12 145 41905 2 28 24 52
144(12) 16 193 74305 2 30 27 57
256(16) 4 65 8385 1 19 19
256(16) 8 129 33153 1 26 26
256(16) 12 193 74305 1 28 28
256(16) 16 257 131841 1 32 32

with Eg),l—‘o and gl(fo) defined similarly as ﬁg),r and §1(f), respectively.

In Table 2, notice that the iteration counts for the inner minimizations does not increase rapidly as
we increase the number of elements per subdomain or the number of subdomains per body, which is
an indication of the scalability of the hybrid algorithm. Also, notice that it takes at most two outer
iterations to reach the optimal solution, which is an indication of the effectiveness of the strategy to find
an initial active set [19].

Figure 4: Solution of the model problem, from different angles. N, = 16, H/h = 8.
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