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A strategy of finding an initial active set for inequality
constrained quadratic programming problems
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It is well known that an active set method can often be slow due to a poor guess of the optimal
active set. In this paper, we provide an efficient strategy of finding an initial active set and
an initial guess for a quadratic programming problem with inequality constraints. We use a
combination of this strategy with a primal-dual active set method as a nonsmooth Newton
method [2] to solve a model problem.
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1. Introduction

The idea of an active set method, or a working set method, is to reduce an in-
equality constrained problem to a sequence of equality constrained problems; see
[1, Chapter 5], [5]. It starts with an initial guess as to which face of the bound-
ary of the feasible region the optimal solution lies on, or equivalently, the set of
constraints that are satisfied as equalities at the solution. Such a guess is called
an active set, or a working set. In the rest of this paper we are going to use the
terminology an active set and an active set method.

An active set method has a finite termination property but also has a very
pessimistic upper bound on the number of iterations needed to reach the correct
solution; this is due to the fact that the number of possible active sets is 22!, where
|Z| is the number of inequality constraints. This is a phenomenon known as the
combinatorial difficulty [5, Chapter 15].

On the other hand, it is possible to cast an inequality constrained quadratic pro-
gramming problem as a nonlinear equation so that a semismooth Newton method
can be used; see [2] and the references therein. A semismooth Newton method has a
superlinear convergence property, but such a convergence is guaranteed only when
the initial guess is sufficiently close to the right solution. One can easily see that
finding a good initial guess, again, becomes an issue of critical importance.

In this paper, we propose a strategy for finding an initial active set and an initial
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guess for a quadratic programming problem with inequality constraints. This work
originated in the Ph.D. thesis of the author [3] concerning domain decomposition
methods for contact problems. The rest of the paper is organised as follows. In
Section 2, we provide the primal and the dual formulations of an inequality con-
strained quadratic programming problem that we consider in this paper. We also
outline our strategy of finding an initial active set and an initial guess. In Section
3, we provide the details of the strategy. In Section 4, we describe a primal-dual
active set method as a nonsmooth Newton method [2]. In Section 5, we provide the
numerical results of a model problem using a combination of our strategy of finding
an initial active set and an initial guess and the primal-dual active set method [4].
We provide a few concluding remarks in Section 6.

1.1. Some notation

We adopt the notation similar to the one established in [1, Chapter 1]. In the rest of
the paper, the ith component of a vector v € R™ is denoted by [v];. The relations
between two vectors u,v € R™ are defined component-wise; that is, w = v and
u < v are equivalent to [u]; = [v];,Vi and [u]; < [v];, Vi, respectively. For given
u € R", the vector u™ € R" is defined by [u™]; = max([u];,0), Vi. The zero vector
in R™ is denoted by 0,; when the dimension of the zero vector is clear from the
context, we drop the subscript n.

Analogously, the (4, j)th component of a matrix A € R"™*" is denoted by [A];;.
The zero matrix in R™*" is denoted by O,,,,; when the dimension of the matrix is
clear from the context, we drop the subscript mn.

2. Primal and Dual formulations of a quadratic programming problem with
inequality constraints

We consider a quadratic programming problem of the following form, where A €
R™ ™ b e R", B e R™"™ m <n, and A is symmetric and positive-definite:

1
min—z? Az — bTz, with Bz <o. (1)

x€R™

The dual form of (1) is as follows (see, for instance, [1]):

1
min - ATBAT!BTA —dTA, with A > o, (2)

AER™ 2

where d = BA™'b. The dual form (2) has so-called boz constraints, i.e., constraints
of the form —oo < a < [A]; < b < 0o, whereas the primal form (1) does not.

We propose the following strategy to determine an initial active set for the prob-
lem (1):

Algorithm 1. Our strategy of finding an initial active set.

(1) Solve the unconstrained version of (2) with a preconditioned conjugate
gradient (PCG) method, using a zero initial guess.

(2) Apply a projection-like operator, P, to the resulting unconstrained
solution, A*.

(3) Define the initial active set as the set of constraints satisfied by PA*.
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3. Details of the strategy of finding an initial active set/guess

We first solve the unconstrained version of (2):

PéglATBA’IBT)\ —d' ), (3)
and denote the solution of (3) by A*. In Figure 1, we illustrate the projection of A* in
the original coordinate system with the standard basis {€’}", and the transformed
coordinate system defined by {&' : M~Y/2&’ = e}, where M := BA™'BT, in
two dimensions. The concentric ellipses on the left in Figure 1 indicate the level
sets of f(A) := %)\TBA_lBT)\ — d¥'\, whereas the concentric circles on the right
in Figure 1 indicate the level sets of the transformed function

—_

fA) == %S\TM_l/ZBA_lBTM_l/QX —d™™MV2) = ZATA — dTM /2,

\V)

The feasible region Qp := {\ : A > o} has been transformed into {X : M~/2X >
o}.

We make the following key observation: whereas the projection of A* onto
Qp in the original coordinate system does not necessarily coincide with A, the
minimiser of the inequality constrained problem (2), the projection of A* onto
X M2\ > o} in the transformed coordinate system coincides with A In
practice the preconditioner will not be equal to the system matrix BA™'B” and
thus we cannot expect this to happen, but we can still expect the projection of A*
in the transformed coordinate system to be a better approximation of A than the
projection in the original coordinate system.

We now explain what we mean by a projection-like operator P. Note that Qp =
{X:{\ e’ >0,Vi} and the orthogonal projection of a vector v =), vze' onto p

can be written as >, max((v, e'), O)e Motivated by this, letting M~"/2el_ = e,
we define Pw where w = Y, wi€l,, as
i el
Pw — Zmax ( €new >’ 0> new
"l €hewll [l €hew !l
Let uglq = A* and let upew be defined by the relation
M_l/Quncw = Uold- (4)

Recalling the assumption that A* was obtained by a PCG method with a zero
initial guess (Algorithm 1), there exists a vector w such that

Uold = A = M. (5)

This w can be obtained by adding just a few lines to the original PCG algorithm
and without any additional computational cost. .

Our operator P is defined as follows: given uqq, we apply P to the corresponding
Unew. We then express the resulting vector in terms of the standard basis by left-
multiplying it with M—1/2;

1/2 maX uHeW’ new>? O) 7
§ , i new
new’ enew>
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(M 2ugq, M'/2€! 1), 0) :
— M2 max( old) €o1d/> M1/261101
Z <Ml/2 M1/26 d> o

_ Z maX((M[’IKZlﬁ; ela)s 0) ¢,

_ Z max((u, eold> O) el (©)

Noting that the entries of M ™! are easily available while those of M are not, we
replace 1/[M];; of (6) by [M~1];;:

max({u, e 0) . _ - .
> °1d> )egld ~ (M Ygiag, u™) =1 X =1 PA*, (7)
=1
where M. dz ag € R™ is a vector consisting of the diagonal elements of M ™!,

We recall the KKT conditions for (1), which are satisfied by an optimal pair
(x, A):

Bzx < o,
A> o,
A(Bx) =0, (8)
Az -b+B'A=o.

The second and the third equations of (8) indicate that [A]; > 0 implies [Bx|; = 0.
This motivates us to set

To={i:[Ali >0}, A°=A (9)

, proj (0

Figure 1. The projection of A* onto the feasible region in original and transformed coordinates, respec-
tively. When the preconditioner is equal to the inverse of the system matrix (as shown in right), the
projection of the solution of the unconstrained problem, A*, onto the feasible region coincides with the
solution of the constrained problem, A. Therefore we can expect proj(A*) = A with a good preconditioner.

4. A primal-dual active set method as a semismooth Newton method

In this section, we briefly describe a primal-dual active set method; for details, see
[2] and the references therein.
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Again, we consider the quadratic programming problem with inequality con-
straints (1), which is equivalent to the following problem

Az +BTX =b, (10)
Bz <o, A>o0, A'Bz=0.
The complementarity condition given in the second line is equivalent to
C(xz, A, ¢) := A —max(o,\ + cBzx) = o, (11)

for each ¢ > 0. Here, the max function is to be understood component-wise. In the
following, we will suppress the dependence on ¢ and use the notation C(x, \), for
the sake of brevity; we will also use ¢ = 1 and choose not to investigate different
choices of ¢. The system (10) can thus be expressed as the following nonlinear
system of equations:

Ty _
{ Ag(;,]?\))\ . (12)
It follows that a (semismooth) Newton step for the nonlinear system (12) is
A BT | [éx* f— (AzF + BTAF)
{BA,C —IIJ {w] B [ C(a", b (13)
and
e Ny U VS RS VY SV (14)
where
T = {i: AN+ Ba*; <0}, A, ={i: A"+ Bz"); >0}, (15)

and B 4, results from replacing the rows of B for which the index does not belong
to Ay, with zero row vectors. The matrix Iz, is defined similarly.
We can rewrite the second equation of (13) as follows:

Bz, = —[Bx");, Viec A, and —[6A*];=[N\);, i€Zp.  (16)
We also rewrite the first equation:
Az" + B, (0A) 4, + BL, (0A)7, = b — (Az® + BJ, (A).4, + B, (A)z,), (17)

where (6AF)4, results from replacing the components of A* for which the index
does not belong to Ay, with zeros; (6A*)z,, etc., are defined similarly. This equation
is equivalent to

AzF + BY (0A%) 4, = b~ (Az" + BY (A 4,), (18)

due to (16).
Consequently, we can rewrite the Newton step defined by (13) and (14) as

A BY ] [6a"] _ [b—(Azb + BT (A")4,)
-]
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and
xh =2k L oak, AL = AR L 6AF where  — [6AF]; =AY, i€ Ty (20)

The following algorithm is simply the primal-dual active set strategy [2] combined
with our strategy of finding an initial active set.

Algorithm 2. Primal-Dual active set method combined with our strategy of finding an initial active set.

(1) Choose A° as described in Section 3. Set ° = 0. Set k = 0.
(2) Set Ij, = {i : [A\* + BzF); <0}, Ay = {i: A"+ Bz*]; > 0}.

(3) Solve
[Bik Bg] [il’:i] - [3] (21)

and set A¥T! = 0 on Zj,.
(4) Stop if Axy1 = Ay and Z11 = Zj. Otherwise return to 2.

5. Numerical examples

In this section, we provide the numerical results of Algorithm 2 applied to the
following model problem, taken from [1, Chapter 8]:

2
- 1/ 012 / i >
min E = Vu'|*dx — fu'dz
= (2 Qi| | Qi

where v € HY(Q),i=1,2, Q' =(0,1) x (0,1),9% = (1,2) x (0,1),
u' =0 on T. =1{0}x(0,1),
uw* —u'>0 on T.={1}x(0,1). (22)

The results we provide here are taken from [4]. As mentioned in [1, Chapter 8], we
can view the solution of this problem as the displacement of two membranes, §2;
and €9, under a body force. The left edge of the right membrane 25 is not allowed
to go below the right edge of the left membrane €21, and the left edge of the left
membrane is fixed. This problem is coercive and thus has a unique solution; see [1,
Chapter 8] and the references therein.

We use a domain decomposition approach to solve this problem, in particular, a
hybrid algorithm described in [4]. The membranes ©; and 9 are decomposed into
N x N subdomains, which in turn are divided into n x n bilinear elements. The
side lengths of a subdomain and of an element are H := 1/N and h := 1/(Nn),
respectively.

The finite element discretisation of the problem (22) with a hybrid domain de-
composition method [4] is a quadratic programming problem with inequality con-
straints of the form (1), and we solve it by combining our strategy of finding an
initial active set and an initial guess and a primal-dual active set strategy. The
results are summarised in Table 5. It is shown that for the combinations of H and
h we tried, the number of outer iterations of the primal-dual active set method is
at most 2 when combined with our strategy of finding an initial active set and an
initial guess.
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Table 1. Results: primal-dual active set method + hybrid method. outer it. denotes the number of outer itera-
tions of the primal-dual active set method; inner it. denotes the number of iterations needed to solve the inner
minimisation problems by the PCR (preconditioned conjugate residual) method, until the norm of the residual
has been reduced by 107°, on the active faces identified in the outer iterations. total it. denotes the total number
of inner iterations.

Now(1/H) H/h Ngor(A) Ngos(total) outer it. inner it. total it.

16(4) 1 17 561 2 16 16 32
16(4) 8 33 2145 2 20 19 39
16(4) 12 49 4753 2 22 20 42
16(4) 16 65 8385 2 26 24 50
64(3) 1 33 2145 2 18 17 35
64(8) 8 65 8385 1 23 23
64(8) 12 97 18721 1 27 27
64(8) 16 129 33153 1 29 29
144(12) 4 49 4753 1 19 19
144(12) 8 97 18721 2 24 22 46
144(12) 12 145 41905 2 28 24 52
144(12) 16 193 74305 2 30 27 57
256(16) 1 65 8385 1 19 19
256(16) 8 129 33153 1 26 26
256(16) 12 193 74305 1 28 28
256(16) 16 257 131841 1 32 32

6. Concluding remarks

In this paper, we have considered an efficient strategy of finding an initial active
set and an initial guess for a quadratic programming problem with inequality con-
straints. Numerical results from the application of this strategy to a simple model
problem were presented, which show that our strategy finds the optimal active set
quite accurately for the cases that were considered. The effectiveness of this strat-
egy in more complicated problems, such as contact problems in linear elasticity,
remains to be shown.
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