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Abstract

We analyze the condition number of a dual domain decomposition method which combines the
original Finite Element Tearing and Interconnecting (FETI) and the dual-primal FETI (FETI-
DP) method. This algorithm has been adopted by the engineering community for solving contact
problems, which involve multiple bodies each of which has many degrees of freedom and therefore
is decomposed into several subdomains. In this paper’, we present a proof that such a method has
a condition number which depends linearly on the number of subdomains across each body and
logarithmically on the number of element across each subdomain. Our numerical results, and those
of others, suggest that this is the best possible bound.

1 Introduction

The original FETIT method, which later became to be known as the one-level FETT method, was first
introduced by Farhat and Roux [15]. In this method, the domain is decomposed into nonoverlapping
subdomains. The discretization of an elliptic partial differential equation, with continuity conditions
across subdomain boundaries, is formulated as a Karush-Kuhn-Tucker (KKT) system with the displace-
ment vectors as primal unknowns and the Lagrange multipliers as dual unknowns. The KKT system
is reduced to an equation in terms of the Lagrange multipliers alone; this reduction process involves
solving a Neumann problem on each subdomain. The resulting equation is solved using the conjugate
gradient method. This original FETI method is scalable, in the sense that the rate of convergence is
independent of the size of subdomains.

Later Farhat, Mandel and Roux introduced a variant of the FETI method [14] with a Dirichlet
preconditioner, in which additionally Dirichlet problem is solved exactly on each subdomain in the pre-
conditioning step. The use of this preconditioner makes the resulting algorithm even less sensitive to
the number of degrees of freedoms in each subdomain. For further results and references, see, e.g.,
(16, 11, 2, 27, 22, 30].

A second generation of the FETT methods, namely the dual-primal FETI (FETI-DP) method, was
introduced for linear elasticity problems in the plane by Farhat, Lesoinne, Le Tallec, Pierson and Rixen
in [13]. In this method, a certain degree of the continuity coupling between subdomains, also known
as primal constraints, is introduced; the continuity of the displacement vectors at some select interface
nodes is built into the problem formulation, as in primal methods, whereas the continuity at other inter-
face nodes is imposed by the use of dual Lagrange multipliers as in the one-level FETT method; thus the
name dual-primal FETI. In FETI-DP methods, sufficiently many primal constraints are introduced so
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that the local problems as well as the resulting stiffness matrix for the entire system become invertible.
In addition, these primal constraints also provide a coarse solver which is needed for the scalability of
the algorithm. Both one-level FETT and FETI-DP methods, equipped with a Dirichlet preconditioner,
have condition number estimates of the form C(1 + log(H/h))?, where H and h are the diameters of a
typical subdomain and a typical element, respectively, and C' > 0 is a constant independent of H and h.
For a review of the history of various FETI-DP methods, see e.g., [17, 30, 23] and the references therein.
The FETI-DP methods are preferred to the original one-level FETT methods for several reasons. Among
them, a major advantage is that the introduction of the primal continuity constraints eliminates the
need to solve singular problems; solving singular subproblems is not a trivial matter, see [12]. Also,
the FETI-DP method allows us great flexibility in choosing the coarse solver, and this can make the
algorithm robust with respect to the PDE coefficients. For further discussion and experimental results,
see [17, 18].

In this paper, we combine the one-level FETI and the FETI-DP methods; we call the resulting
method the FETI-FETI method. We consider bodies each of which has many degrees of freedom and
is decomposed into several subdomains, which in turn are the unions of elements. Conversely, we can
also think of a single body decomposed into many subdomains, which are grouped into subclusters; see
[19], [20]. The continuity between subdomains of the same body (subcluster) is imposed in the manner
of the FETI-DP method (Lagrange multipliers and primal constraints), whereas the continuity between
different bodies is imposed purely by the use of Lagrange multipliers. Such an approach has been used
in the context of contact problems; see [1] and [7, Chapter 8]. The same method was named a hybrid
FETI-1/FETI-DP method in [19], [20].

In this paper, we prove that the condition number of the FETI-FETI method depends linearly on
the number of subdomains across each body and logarithmically on the number of elements across each
subdomain. Such results were previously shown numerically in [19] and [20], without a proof.

This paper is organized as follows; in Section 2, we review the one-level FETI and the FETI-DP
methods. In Section 3, we introduce the FETI-FETI method and analyze its condition number estimate.
Finally, in Section 4, we provide some numerical results which are consistent with the theory of Section
3.

2 Building blocks of the FETI-FETI method

2.1 A model problem and notation

We consider a second-order scalar elliptic problem on a bounded domain Q C R™,n = 2,3. We denote
the boundary of Q by 92, and assume that homogeneous Dirichlet boundary conditions are imposed on
00 p C 09, which is a subset of 9Q with a positive measure. Let 9Qy := 9Q \ 9Qp be its complement.
The corresponding Sobolev space in which the solution will be found is H}(Q,00p) := {v € HY(Q) :
u=0 on 00p}. We find u e H}(Q,00p) such that

a(u,v) = f(v), Vv e Hy(Q,00p), (2.1)

where
a(u,v) :z/ﬂp(m)thVv, f(v):/ﬂfv. (2.2)

Note that (2.1) is equivalent to the following minimization problem:

min 1a(u,u) — f(u). (2.3)
u€H}(2,02p)

We decompose 2 into N nonoverlapping subdomains €;,7 = 1,--- , N, each of which is the union
of shape-regular elements. The diameter of Q; is H;, and we interpret H;/h; as the ratio of H; to the
minimum mesh diameter in 2;. We note that many of the estimates in this paper will be expressed in
terms of the ratio H/h, which is to be interpreted as max; H;/h;. We also note that (H;/h;)™, Q; C R™
gives a measure of the number of degrees of freedom associated with €;.

The finite element nodes on the boundaries of neighboring subdomains match across the interface
I':= U508, N 0. T is the union of



e faces, edges and vertices in three dimensions: faces, regarded as open subsets of I', are shared by
two subdomains. Edges, regarded as open subsets of the boundaries of the faces, are shared by
more than two subdomains. Vertices are endpoints of edges.

e edges and vertices in two dimensions: edges, regarded as open subsets of I', are shared by two
subdomains. Vertices, as in three dimensions, are endpoints of edges.

We note that the nodal values on 0€Q2p will always vanish and those on 9€2x which belong to only one
subdomain will effectively belong to the subdomain interior. They will be eliminated together with
the interior degrees of freedom when the given linear system is reduced to a Schur complement system
associated with the interface I'.

We assume that p(x) = p; > pmin > 0,Vz € Q;,i =1,--- , N. We also introduce the corresponding
set of interface nodes I'y, := U;;0€; 5, N 082 5, where 0€); ;, and 0€; ), are the sets of finite element
nodes on d2; and 0f2;, respectively. We also define local bilinear forms and linear functionals,

a' (u, v) ::/ p(x)Vu - Vo, fO (@) ::/ fv, i=1,--- N. (2.4)
In the rest of this section, we discuss the choice of the space of finite element functions in one-level
FETI and FETI-DP methods.
We denote a standard finite element space of continuous, piecewise linear functions on €; by W,
We will always assume that these functions vanish on 92p. Each W is decomposed into a subdomain

interior part Wj(i) and a subdomain interface part ngi):

W@ =w e w.

We denote the associated product spaces by W := [TL, W@ W, = [T, W and W =11, W,

The functions in W and Wt are in general dlscontmuous across the 1nterface Whereas the ﬁmte
clement solutions are continuous across the interface I'. Therefore we introduce W and Wp, which are
the continuous subspaces of W and Wr, respectively.

For the FETI-DP methods, we will also need a subspace W c W, intermediate between W and W
which consists of finite element functions which satisfy certain continuity constraints. The corres/p/ondlng
interface space is denoted by Wp In the two-dimensional case, we require the functions in W to be
continuous at all subdomain vertices. In the three-dimensional case, enforcing such vertex constraints
alone makes the condition number of the resulting algorithm quite sensitive to the number of degrees of
freedom of each subdomain and we need different continuity constraints to obtain a better algorithm.
However, the description of such continuity constraints is not the main focus of this paper and we refer
the interested reader to [23], [17], and [18] for the three-dimensional case, for the sake of brevity.

We introduce the following decomposition of Wr:

Wr = WA@WH = (H m) @WH,

where WH, a primal subspace, consists of continuous functions, and WX), a dual subspace, consists of
functions which are allowed to be discontinuous across the interface. More precisely, Wn is spanned
by subdomain vertex nodal basis functions, i.e., consists of functions which are nonzero on I' only at
subdomain vertices (primal nodes), in the two-dimensional case. Accordingly, W(Z) € ngi) consist
of functions which are zero at the vertices of the subdomain €2;. The terminologles primal and dual
indicate the fact that the continuity is imposed in the manner of primal methods at the primal nodes,
and in the manner of dual methods (i.e., via Lagrange multipliers) at the dual nodes, respectively. In
the three-dimensional case, we need to be more careful about the design of /V[7n, i.e., the choice of
primal constraints and WX ),z' =1,---, N, for the reasons mentioned above. W is the product space of
WX)J =1,--+-,N and we also define Wy = Hf\il Wl({), where Wl({) is the local subspace of /WH for the

subdomain €;,i =1,--- , N. See Figure 1 for a depiction of W, W7 and W in a two-dimensional case.



We note that we will not distinguish between a finite element function and its vector counterpart of
nodal values.

For each subdomain €;,7 = 1,--- , N, we assemble local stiffness matrices

i 0T
A AR

AW = . /
AR} AR

and local load vectors f(*) by integrating appropriate expressions over individual subdomains.

We also introduce scaling factors 62 (z) for each node x € T, N O, i =1,--- , N: for v € [1/2,00),

o
6:(1;) = 7ly, S aQi,h N Fh'

dlieN, P

Here, N, is the set of indices j of the subdomains such that z € 9Q; .

Figure 1: subdomain couplings for W, W, and W
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2.2 The One-Level FETI method

In this subsection, we review the one-level FETT method, following [30, Section 6.3]. We use the finite
element functions in the space W to discretize the minimization problem (2.3). Since the functions
in W are in general discontinuous across the interface I, we need to enforce the continuity condition
explicitly:
1
minia(u,u) — f(u), subject to Bu=0. (2.5)
ueW

Bu = 0 represents continuity constraints across the interface I', where
B=[BW B® ... B

is a matrix consisting of elements 0, 1, —1 such that Bu = 0 if and only if all the values of u associated
with more than one subdomain boundary coincide. The columns of B(*) which correspond to the interior
nodes of Q; are zero. Thus, B = [ Bl(f) ] when the interior degrees of freedom are ordered first.
We call B a jump operator. We can rewrite the minimization problem (2.5) using the matrix notation:

1
min§uTAu — fTu, subject to Bu =0, (2.6)

ueW



where
A £
A= - =
AWN) f(N)

Introducing a vector of Lagrange multipliers A to enforce the continuity constraint Bu = 0, we obtain
the following Karush-Kuhn-Tucker (KKT) system:
Find (u, ) € W x range(B), such that

Au + BTN = f
Bu _ 0 (2.7)
A is unique only up to an additive element of ker(B”). The space of Lagrange multipliers, U, is therefore
chosen as range(B).
Eliminating the interior unknowns in each subdomain, we obtain the following:

Find (up,\) € Wr x range(Br), such that

Supr  + BII)‘ = g
Brur _ 0 (2.8)
where
S
S = ’ S(l):Al(fll_Al(f}AyI)_lA%‘?T7Z:LaNa
SN)
g | -
g=| 1 |, V=g —AfAR fi=1. N
g™
and Br = [Bl(ﬂl),Bl(ﬂQ), e 731£N)] is obtained by removing the zero columns of B that correspond to
the interior nodes of individual subdomains, resulting in Bu = Brur where B=[ 0 Br | and ul =
[u] uf ).

In all FETI methods, we reduce the KKT system (2.8) to an equation of A alone, by solving the
first equation of (2.8) for ur. The matrices A in (2.7) and S in (2.8), however, are generally singular,
when there are subdomains with boundaries which do not intersect the Dirichlet boundary 9Q2p. We
call such subdomains floating. In such a case the solution of the first equation of (2.8) exists if and
only if g — BEX € range(S); this requirement leads to the introduction of a projection P, which will be
introduced shortly. First, we introduce a matrix R such that range(R) = ker(.S):

R
R = )
RW)

where R(®) consists of the null vectors of S i = 1,--- ,N. Subdomains with nonsingular stiffness
matrices do not contribute to the matrix R, i.e., R is an empty matrix if the subdomain €; intersects
the Dirichlet boundary 0Qp. We now solve the first equation of (2.8) for ur:

ur = ST(g — BEA) + Ra if g — BEX € range(S) = ker(S)* = range(R)™, (2.9)

where ST is a pseudoinverse of S and a has to be determined. Substituting (2.9) into the second equation
of (2.8), we obtain
BrSTBIX = BrSTg + BrRa. (2.10)

We introduce the notation ' := BrSTBEL d := BrS'g,G := BrR,e := RTgand P := I-G(GTG)"'G".
Note that P is a projection operator with its range orthogonal to G. We apply this P to (2.10) to
eliminate the term with a and rewrite the orthogonality condition in (2.9) to obtain the following:



{PF)\ = Pd (2.11)

GTN = e

We define the space
V:={uecU: Blucrange(S)} = ker(G"),

which we call the space of admissible increments, following Chen and Mandel [10]. The one-level FETI
method is a preconditioned conjugate gradient method applied to

PFA=Pd, A€+ V (2.12)

where )\g is chosen such that G¥\y = e. Here, we only consider the Dirichlet preconditioner M 51 =

BprSB} p, where Bpr = [Bg?r . "Bg,r] is a scaled jump operator. Bg?r is obtained as follows:

each nonzero entry of Bl(f) contributes to the Lagrange multiplier enforcing the continuity at a node
x € 0§); N 09 and is multiplied by 6;(30) to produce the corresponding Bg?r.
With this choice of preconditioner, the preconditioned operator of the one-level FETT method has

the following condition number bound:
K < C(1+log(H/R))?, (2.13)

where IC denotes the condition number of the preconditioned operator in the appropriate subspace. For
a proof of (2.13), see [27] or [30, Section 6.3]. Thus the convergence rate of the one-level FETT method
depends only polylogarithmically on the number of degrees of freedom of a subdomain.

2.3 The FETI-DP method

In this subsection, we closely follow the notation of [26]. For more details on various FETT-DP methods,
see, e.g., [26, 23, 17, 18, 30] and the references therein. In the FETI-DP method, we use finite element
functions in W = W; @ Wr to discretize (2.3).

We first note that the local stiffness matrices A®) and the local load vectors f(*) can be written as
follows:

i i)T )T i
e AL
AHI AHA AHH I

where I, A, and IT indicate the index sets corresponding to the interior nodes, dual nodes, i.e., those
of Wé), and primal nodes, i.e., those of WIEI), respectively. We introduce the matrix A which can be
thought of as the restriction of A, defined for the functions in W, to the subspace W

r 1 )T (T 7
AY Al Yy
1 1 (1
ARp ARA AfiA
A= : : (2.15)
N Nt )T
v
N N (N
i W é%v[; 4%1% A2
L An; Ana - Ang Apa Ao
Here,
o~ NT . o~ NT .
A= R AG A=A, =1 N,
and

N
e DT G i
A =Y R AfLRY,

i=1



where Rg) : WH — Wl(f),i =1,---, N, is a restriction operator which extracts the relevant subdomain

component belonging to Wr(f) from a vector in WH. As in the one-level FETI method, we introduce a
vector of Lagrange multipliers and obtain the following saddle point problem:

Find (u, ) € W x range(B), such that

7y nT
duv + BN = (2.16)
Bu = 0

Again, Bisa jump operator such that Bu = 0,u € W if and only if the values of u associated with more
than one subdomain coincide. Eliminating the interior unknowns of each subdomain from the system
(2.16), we obtain:

Find (u, \) € Wr x range(Br), such that

Srur + BfA = g (2.17)
Bpu = 0 ' '

Sp can also be regarded as the restriction of S, defined on Wr, to the subspace W[‘Z
Sr = RESRr,

where RF : Wr‘ — Wr is a direct sum of restriction operators that extract the subdomain part belonging
to ngl) from a vector in Wr.

The matrix g, and therefore also gp, are nonsingular, so we can solve the first equation of (2.17) for
ur without any difficulty and substitute the resulting equation into the second equation of (2.17):

BrSpiBEN = —BrSily. (2.18)

The Dirichlet preconditioner used in the FETI-DP algorithms to solve the equation (2.18) is B D7p§p§g7r.

ED,F = [ES)P . ,EI(DNIZ] is obtained in exactly the same manner as Bp r in Section 2.2.

With this choice of preconditioner, the preconditioned operator for the FETI-DP method also has
the condition number bound (2.13). For a proof of this convergence bound for the two-dimensional case,
see, e.g., [28]. For three-dimensional scalar elliptic problems and linear elasticity problems, see [24] and
[23], respectively.

3 A FETI-FETI Method

3.1 Motivation and Notations

Our ultimate goal is to solve contact problems with N bodies, €2y, ---,Qy. Contact problems are
characterized by an active area of contact, which is unknown a priori, and inequality constraints such as
non-penentration conditions; see [1], [31]. We recall that the subdomain interface continuity constraints
are of the form Bu = 0 in the FETI methods, which are due to the use of a domain decomposition
algorithm and the fact that finite element functions that are used are not continuous across the interface.
The introduction of the subdomains and the ensuing need for continuity constraints such as Bu = 0 are
artificial in a sense. In contact problems, however, inequality constraints arise from the fact that we
have multiple bodies and they are inherent to the problem.

In the rest of this paper, we only consider the case of matching grids between bodies. We also assume
that we use an active set method to deal with the inequality constraints; for other ways of dealing with
inequality constraints, see [1], [31]. An active set method gives rise to a sequence of auxiliary equality
constrained problems, in which some of the inequality constraints are replaced by corresponding equality
constraints and the rest are ignored. An active set method has outer iterations in which the active set
is updated, and a minimization problem on the current active face is solved in each inner iteration. The
FETI-FETI method concerns the inner minimization problem.



In this paper, we concentrate on scalar elliptic problems in two- and three-dimensions with inequality
constraints. We present the following model problem as a motivation; it is taken from [7, Chapter 8]:

2
1 . )
min = Vu'l?dx — / uzdx) 3.1
?_13(2/@-' pa- [ 1 (3.1)

where

u' e HY DY), i=1,2, Q'=(0,1)x(0,1),9% = (1,2) x (0,1)

u' = 0 on T} ={0}x(0,1)

w? — w'>0 on T.={1}x(0,1) (3.2)
and

~3 on (0,1) x (0.75,1)
-1 on (1,2) x (0,0.25) (3.3)
0 on (0,1)x (0,0.75) U (1,2) x (0.25,1)

f

The reason that we consider only scalar elliptic problems is that the inequality constraints in scalar
elliptic problems are much simpler than those in linear elasticity problems and their simplicity allows
us to focus on the analysis of the preconditioned operator. In linear elasticity problems, the non-
penentration conditions depend on the current configuration of the bodies and need to be updated
in each iteration (see [1, Section 4], [31]), whereas in this scalar problem the inequality condition is
expresssed by a single equation such as Bu < 0 throughout.

We consider multiple bodies €;,7 = 1,--- | N, each of which has many degrees of freedom and is
decomposed into subdomains €2; ;,7 =1,--- ,N,j =1,--- , N;. The diameter of the body €; is HY, with
Hy, = maxin. The diameter of the subdomain €Q; ; is Hij, with H, = maXiJHf’j. However, Hf’/HlS
is to be interpreted as the ratio of H? to the diameter of the smallest subdomain of Q;, and we let
Hy,/Hs := maxin /H?. When there is no danger of confusion, we will use the notation H instead of
H as in Section 2.1.

We assume that at least one body is clamped on part of its boundary, and denote the union of such
fixed boundaries for the entire system by 0Qp. We assume that p(z) = p; ; > pmin > 0,Vx € Q; ;,Vi, j,
and also,

Pi = m]axpi»j < Cpi,j’ Vi, J, (34)

where C' > 1 is a constant independent of .

We introduce two types of global interfaces: the first one is I'y; := J, 2; 08 N 08, and can be
viewed as the potential contact area between the bodies: in the model problem, this is I'.. The second
one, the current contact area, is denoted by F’;l, where Fl;l C FT,Z; the superscript k concerns the outer
iteration of the active set method and reminds us that the current active set/area changes. In each outer
iteration of the active set method some of the inequality constraints are adopted as the corresponding
equality constraints and the rest are ignored, and I' ’;lvh, the discrete version of th can be viewed as
the collection of the nodes at which equality constraints are being imposed. We also introduce the local

interfaces Fl(?c = U#k(&‘Qi,j NOQ; k), =1,---,N. We assume there are no traction forces and denote

the union of the free boundaries by 0Qp = (U;08;) \ (0Qp UT ).
We denote the standard finite element space of continuous, piecewise linear functions on €; ; by
i.7)

W) Each W) is decomposed into a subdomain interior part WI( and a subdomain interface

part Wé” ) for functions on o ;N WISU ) is further decomposed into a primal subspace WI(T” ) and
a dual subspace WX ) in the style of the FETI-DP method. In the two-dimensional case, which is the
focus of our analysis in this paper, we can impose the primal continuity at all vertex nodes. We also
note that all functions vanish on the Dirichlet boundary 9Q2p. We define associated product spaces,
Wi = T, Wi oWl = T, WD wl = 1, W W = T Wi, and WYY, which
is the continuous subspace of Wr([i).

We introduce spaces analogous to Wp and Wp of Section 2. Functions in ngi) are in general dis-

continuous across the local interface I\ and we define Wp(l) as the continuous subspace of ngi).

loc?



,Wvlii) = WX) &) Wr(f) is intermediate between ng) and WI@. Also, we let W@ = WI@ @ WI@
In the formulation of the FETI-FETI method in two dimensions, we will use the spaces WC =

Hil\; W® and WF,C = Hf\i1 ﬁ//p(i). See Figure 2.

Figure 2: W, for FETL-FETI
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We introduce the matrices A®), which are direct sums of the stiffness matrices A7) j=1,--- N;,
for individual subdomains:
A1)
A6 — . i=1,---,N. (3.5)
A(Z7N1)

We also introduce the matrices /Nl(i), which are analogous to the matrix A introduced in (2.15). They
are the restrictions of A® to W®:

r i1 i, 1)T ~(i,1)T

AGD A gy
1,1 7,1 (3,1

ALY ALY A

A0 — :
. . T ~( T
AGNOAGM AN

i, N; i, N; T(,N)T
AR ALY AR

A0 701 A0, Ni) A(,N5) 7 (1)
L Anr” Ama o Ang Ana A

Here,

~ . NT .o ~f e s . NT .o

Ag}J) — Rﬁ’]) A%IJ)7 Agg) — Rﬁd) AEX), i=1,---,Nj
and

A;‘ﬁ'{ _ ZRI('?J) jéli_ﬁ_JI)Rl(_},J)7
j=1

where Rg’j) : ﬁ/\l(f) — r([i’j),j =1,---,N; is a restriction operator similar to Rg) of Section 2.3.

A Schur complement §§1) on ﬁ//F(i) is obtained by eliminating the interior unknowns of each subdomain
from A®. Note that gl(f) can also be regarded as the restriction of S to Wr(l)7 ie.,

glgi) _ ﬁé“%“ﬁ?é“,



where
S 1)
S(i) _ , S(i,j) _ Agfj) _ A%}}]

)" )"

AGDT QG 1N,

and ﬁl(f) : Wlﬁ’) — T/Vp(i)7 similar to Ep of Section 2.3.
Recalling that we are using an active set method to deal with the inequality conditions, we formulate
the minimization problem on the current active set:

1 o~ - ~
min —y T Ay — fTu, with Z¥B.ou =0, (3.6)
weWwe 2
where _ N
AWM e f(l)
A= cu=| |, fe=| ],
A w) 7
u(i)GW(i), 1=1 , N,
and "
Bloc 0
o Bloc :| 0 0
B(‘ = |: - )
By 0 Bfﬁz)
1 N
B B
i i, i,N; s
R el R R

I 0
Z’“—{ ]
0 zk
(i)

Z¥Bou =0 in (3.6) indicates the continuity constraint across the local subdomain interface I'),,
1,---, N, as well as the continuity constraint across the global area of contact r’;r 7 gl is a square matrix
obtained by replacing some of the diagonal entries of the identity matrix with zeros; only the entries
corresponding to the nodes at which an equality is imposed are retained. We use the superscript &k to
remind us that Z}; and Z* change in each iteration of the active set method. We have B u®) = 0,u ¢

’[::

W(i), exactly when the values associated with more than one subdomain on the body €2; coincide. Note

that Bl(;)c has nonzero columns only for the components of WX’).

We also introduce a scaled jump operator, Bp .:

(1)
Bloc,D 0
~ BlocD :| 0 0
B — { o |
Bgi.p 8) Bl(%’)fj
Bgl,D Bgl,D
and ' ‘ ‘
Bilp=| BU BUY | i=1 N

Bl(gl p and Bg?D are obtained in the same manner as Bp r of the one-level FETI method; see Sec-

tion 2.2. The nonzero entry of Bl(é’cj )

the node = € 99Q;,; N Q; is multiplied by ij(:z:) = PZk(I)/ZseN;f;OCPZs(z)v where N is the

z,loc

associated with the Lagrange multipliers for the continuity at

10



set of indices of the subdomains of §; with x on their boundary. The nonzero entry of B(? asso-
ciated with the Lagrange multiplier for the continuity at the node x € 0€); N 0€2; is multiplied by
5;(x) = ZSEN.T(,TZ)OC '02/73(x)/zkeNz,gz,teNif?mvat(x)’ where N ¢ is the set of indices of the subdomains
of any body which share the node = on their boundary.

Eliminating the interior unknowns in all subdomains of each body, we obtain the following reduced
minimization problem,

N e » ~
min —y LG yp — gl up,  with Z’lprych =0, (3.7)
up €Wp ¢
where ~0 W
- Sp up -
S.= cour=| [ w e =1, N
51(_‘N) UE—«N)

ZF is obtained by removing the rows and the columns of Z* that correspond to the subdomain interior
nodes. This minimization problem is equivalent to the following KKT system:

Z’ﬁ%p,c (ZFZ?)RC)T ] { N } = { 5 } : (3.8)

It is natural to reduce this system to an equation for A as in the one-level FETIT method and solve it
with the PCG method in a proper subspace, using the following preconditioner:

Mp' = ZEBpr.SBh v ZE.

The resulting method, which we name the FETI-FETT method, turns out not to be scalable with respect
to the number of subdomains. We will present a partial explanation for this phenomenon in Section 3.4,
using the framework of [30, Section 6.3].

Let Pp := Bg,rBI‘» where Br and Bp r are the jump operator and the scaled jump operator for the
one-level FETT method, respectively, defined in Section 2.2. At the core of the eigenvalue analysis for
the one-level FETI method is the following result:

Lemma 3.1. For any w € range(S), we have
[Powl§ < C(1+ log(H/h))?|wl§,
where C' is independent of H, h.

For a proof, see [30, Section 6.2.3]. This lemma is used for bounding \a.(Mp'F) from above. Tt
is easy to show that A\, (Mp 1F) > 1, and therefore that the condition number of the preconditioned
operator for the one-level FETT method grows like C(1+log(H/h))?. We analyze the condition number
estimate of the FETI-FETI method with a similar technique, by bounding |ﬁ1’§w|§c from above by |w|§c,

for w € range(S,). Here, Pf := BY, . ZEBr_ . We will show that we do not obtain as benign a bound
as in Lemma 3.1 for the FETI-FETI method. This result is supported by the numerical experiments of
Section 4. We first need some technical tools.

3.2 Technical Tools, part I

In this subsection, we collect technical tools that are mostly from [30, Chapter 4], [6], and [21]. We
note that our own lemmas in Section 3.3 and the analysis in Section 3.4 are currently only for Lipschitz
subdomains, although some of the lemmas we introduce in this section, namely those taken from [6] and
[21], are for more general subdomains. This is to inform the reader of the recent extension of the well
known results in the theory of domain decomposition methods to less regular subdomains.

We first give the definition of John domains and uniform domains, the latter of which are also known
as Jones domains. For a more detailed discussion, see [6], [21] and the references therein.

11



Definition 1 (John Domains). A domain Q@ C R™ - an open, bounded, and connected set - is a John
domain if there exist a constant Cj and a distinguished central point o €  such that each x € )
can be joined to it by a rectifiable curve v : [0,1] — Q with v(0) = x0,7(1) = x and |z — (t)] <
Cy - distance(y(t),0Q) for all t € [0,1].

Definition 2 (Uniform Domains). 4 domain Q@ C R™ is a uniform domain if there exists a constant
Cu such that any pair of points x1 € Q and x4 € 2 can be joined by a rectifiable curve y(t) : [0,1] —
with v(0) = x1,7(1) = z2 and the Euclidean arc length of v < Cylx1 — z2| and min,=1 o|x; — v(t)| <
Cy - distance(y(t),09Q) for all t € [0,1].

The following is [21, Lemma 4.5].

Lemma 3.2 (Extension Lemma). Let §; and Q; be subsets of R" and two subdomains with a common
(n — 1)—dimensional interface Y. Furthermore, let Q; be a uniform domain, let V* = {v, € W"(Q;) :
vn(z) =0 at all nodes of 9\ €9}, and let V' = {vy, € W"(Q;) : vp(z) = 0 at all nodes of 9 \
EWY, where W(Q;) is the standard finite element space of continuous, piecewise linear functions on ;.
Then, there exists an extension operator

h . yh h
E V=V (3.9)
with the following properties:
1. (E]hiuh”flj =up, VYup € th
2. ||E§L1;Uh”Hl(Qi) SCHuhHHl(QJ), Yuy, EVJ-h,

where the constant C' > 0 depends only on the uniformity parameter Cy(CSY;) of the complement of €;
and the shape reqularity of the finite elements and is otherwise independent of the finite element mesh
sizes hy and h; and the diameters H; and H;.

We note that the inequalities of the following lemma are well known in the theory of iterative
substructuring methods. Proofs for domains satisfying an interior cone condition are given in [3] and [4,
Section 4.9] and a different proof is given in [30, Lemma 4.15]. For a proof that this inequality is sharp,
see [5]. For a proof of the following lemma, which is for John domains, see [6].

Lemma 3.3 (Discrete Sobolev Inequality). Let Q C R? be a John domain with diameter H and g
denote the average of u over Q. Then,

C’(1+log(H/h))|u\§11(Q) and
C(1+log(H/M)|[ullFr1 (),  Yu € WH(Q).

lu = agl[fx@) <
lullFe @y <
The constant C' depends only on the John parameter C;(§2) of Q and the shape regularity of elements.
Corollary 3.4. Let Q C R? be a John domain with diameter H. Then,
[lu — u(x0)||2L2(Q) < CH?*(1+ log(H/h))\uﬁIl(Q), Vg € Q. (3.10)
Proof. We note that
[lu = u(2o)l[720y < 2l|lu — TallF2q) + 2llda — w(xo)|[72(q) (3.11)

The first term on the right hand side of (3.11) can be estimated by an elementary Poincaré inequality,
which holds for John domains [6, LEMMA 2.2]:

||u_ﬂﬂ||%2(sz) < CH2|U‘%11(Q)7 (3.12)
where C' is a constant independent of the size of 2. As for the second term on the right hand side,

g — U(%)H%%Q)
|2 |u — ﬂﬂ”%w(ﬂ)

<
< ClQI(1 + log(H/h))ulip g (3.13)

where the second inequality follows from the discrete Sobolev inequality in Lemma 3.3. Combining
(3.11),(3.12) and (3.13), we obtain (3.10). O
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We need another tool to estimate energies of edge contributions in the two-dimensional case. For a
proof of the following lemma for John domains, see [21, Lemma 4.4]. See [8] for the first proof of the
same lemma for regular subdomains in two dimensions.

Lemma 3.5 (Edge Lemma). Let ©; C R? be a John domain, £ C 0$; be an edge, and Og:; € W ()
be a finite element function which equals 1 at all nodes of £, vanishes at the other nodes on 0);, and
is discrete harmonic in ;. Then,

[H(Oi5u) 31 0,y < C(1+ log(H/R)?||ul[F1 (o), Yu € WH(Q), (3.14)
0gi3 131,y < C(1 4 log(H/h)) (3.15)

and
10gis(122(0,) < CH?(1 + log(H/h)). (3.16)

Here, C' depends only on the John parameter C;(Q;) of Q; and the shape regularity of the finite elements.
The logarithmic factor of (3.16) can be removed for Py elements if all angles of the triangulation are
acute.

We also note that the bound of Lemma 3.5 is independent of the length of the edge £%.

We would need similar face and edge lemmas to advance the theory for the three-dimensional case.
Theory for irregular subdomains in three dimensions is not complete at this point. However, such
bounds have been established for regular subdomains; see [30, Chapter 4].

3.3 Technical Tools - part II

In this subsection, we present lemmas that are specific to the study of the FETI-FETI method.

We need a Poincaré-type inequality to treat the energy terms coming from the global interface between
different bodies. We present such a lemma for the two-dimensional case. In the following lemma, which
is an adaptation of [4, Lemma 10.6.6], we assume that we have Lipschitz subdomains.

Lemma 3.6. Let v € W(i). Then

2

1
j b 7
and
2
HUH%Q(Q” < C | HE(1 +log(H,/h))? Z |v|§11(9w_) + /852 - vds (3.18)
3 D

J
Proof. We follow the idea of [4, Lemma 10.6.6]. Let ¢ be piecewise constant in each subdomain of €2;,
ie, c(x) = ¢ ;,Vo € Q;;,5 = 1,--- ,N;. We define a function Ec € H*(Q;) as follows. On the local
interface of €2;, Ec is defined as the average of ¢, i.e.,

> jEN cij(z) i
EC(.’I;) = ”T, xr € Fl(o)c,h7

where N, is the set of indices of the subdomains of €; with z on their boundaries. Also, we set
Ecd|oq, = cloq,

With Ec|aQw. ,j=1,--- N, given as above, Ec is defined to be discrete harmonic in each subdomain
of Q;, i.e.,
2 . 2 .
|Ecliq, ) = min i,y Yi=1-,N;
“laﬂi,j:Ec‘aﬂi,j
We have

||C||%2(Qi)
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IN

2l|c = Bell1zq, + 2|l Eclli2q,)

1
2> |le— Ed|32q,,) +C <H§EC|§11(Qi) t 02
; b
J

IN

/Q Beds 2) , (3.19)

where the second inequality follows from a standard Poincaré inequality with scaling. We estimate the
first term of (3.19):

D lle—Eellaq

J

< CY (He— Belin, ) + Hille = Ecllizn, ) (3.20)

J
where the inequality is a Friedrichs inequality with scaling. We note that ¢— Fc is constant on each edge
of ;;,7=1,---,N;, and its values will often differ between different edges and vertices. Therefore we
can write
(c— Ec)(x) = Z Og(c— Ec) + Z Ov(c—Ec) | (x), Vre€dQ;h-
£CON Vo,

We note that the characteristic function f¢ has already been defined in Lemma 3.5. 6y, is defined
analogously; it equals 1 at V), vanishes at all other nodes on 0f2; ; and is discrete harmonic in €, ;.
Noting that ¢ — Ec is discrete harmonic in €2; ;, we have

le = Eclin o, )

< Z Os(c — Ec) + Z 0y (c — Ec)
£COQ; ; VCoQ ; HIQL )
i,
< O D> elc— B+ D 10vlc— B, |- (3.21)
ECON VCoQ, ;

We define [[c]]., the jump of the function c across the edge e; if e is shared by 9€; ; and 0Q; , cla, ; =

¢j,Cla, , = ¢k, then [[c]]c := |¢; — cx|. Letting £°(€2;) denote the set of the interior edges of Q;, we have
Yo > lbele— Eo)in,,
j ECO,
< D> Y lle= Eelfiee)Oelin,,)
j ECO,
< CL+logH/M)Y . > e = Eellf e
j ECO,
< C(+log(Hy/h) Y [l
e€l(Qy)
1
< C(L+log(Hy/h)) @H[[CHeH%Z(C), (3.22)
ecfi(Q;)

where the second inequality follows from Lemma 3.5. Using the fact that |9V‘?—11(Qi D= O(1), we have

> Y Ivle—Edlinq,,

J VCoQ;;

< Oy Y lle—Eo)yf
7 VC652”

< Cc > (3.23)
eeglﬂ)
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We note that (3.23) can be absorbed into (3.22). Combining (3.21), (3.22), and (3.23), we obtain

Z |EC|§{1(QLJ‘) - Z e~ EC|2Hl(Qi,j)
J J
1
C(1+log(Hy/h)) Y @||[[c]]€||%2(e)7 (3.24)

ecEi(2;)

IN

where the equality follows from the fact that c is a constant in €; ;,Vj. The second term of (3.20) is
handled similarly:

lle = Ecl|2(00,

2
= Z Og(c— Ec) + Z Oy (c — Ec)
ECON VCoQ 1269 ;)
< O Y Nbsle—Eo)lleon,,)+ Y. 0v(c—E)Zza,,) | - (3.25)
£COQ; Vo, ;
Then
> Y lbele— Eo)llizoa,,)
j ECON;
< >0 Y e Edlieg)lfelliz 00, )
j ECON;
< CHY Y le—Edliee
j ECON,;
< CH, )
e€E1 ()
1
< CH, > gl\[[d]elﬁz(e)- (3.26)
e€E1 ()
Also,

Z Z 16v(c = Bo)l[72(00, )

Jj VCoQ,,;
< Chz Z l(c — Ec)|y|?
J VCoQu,;
< Ch Z [[el)?, (3.27)
e€Ei(Qy)

which can be absorbed into (3.26) as before. Combining (3.19) - (3.27), we have

HCH%P(Qi)
2 1 2 1 :
< b s It elli2(e 72
< CH(1+log(H/h) > ‘6|||[[c]] 1) + C 5 Ecdx
e€EI(Q) b Q;
1 2
< CHIH;'(1+log(H,/R) 3 H[[CHEH%Q(E)—i—Cﬁ/ﬂEcdx (3.28)
e€E () b i

The rest of the proof of (3.17) is similar to the proof of [4, Lemma 10.6.7]; let v € W@ and v be
defined by
1

€2,

s

(x) = / vde, VreQ,;, j=1,---,N,.
Q

7
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Then,

[[v] ‘%Q(Qi)

INIA

2o = 9lli2q,) + 20l0]72 )

QZ |lv— 17||%2(Qi,j)+
J

C(HEH (1 + tog(HL /) > oNellZ2e) + 7
e€l ()

< (ZH|U|H1 F HEH U tog (/1) 3 Mol + 772

2

1b /Q.T)dx )

i

2

) (3.29)

/ vdx

e€fi(Q;)

where the second inequality follows from (3.28). We now estimate the second to the last term. We first

note that

e€l ()

> ElelFaey <2 D |

and estimate these two terms separately.

Y lv-o

e€f ()
<

e€&i(Q; )

HL2 )+2 Z ||L2 (e)?

€L (Qy )

NellZ2 (o)

v —17H%2(am,j)

J
< O (Holo =g, + B 0 = 0llaq, )

J
< CHS Z |U - @lfql(gw), (330)

J

where the second inequality follows from a trace theorem and the third from a Poincaré inequality with

scaling.

Assuming e is shared by ; ; and €;  and V is a vertex of e, we have

[ollellZe)

|[vi,j — Ui7k||2L2(e)

INIA

IN

2 (11 = s WD sy + llvik = ik )3
C (Hllvig = vis V) B,y + Holloik = vk V) B, ))
CH, (1 +log(Ho/h)) (0310, ) + [0, ) (3.31)

where the last inequality follows from [30, Lemma 4.15]. Combining (3.29), (3.30), and (3.31), we obtain

(3.17).

Similarly, we have

VAN VAN

11720,
2o = 0llZ2(a,) + 210l72 (0,

2> " |jv = 0|[F2q, ) + CHZH,
J

/ vds )
092;,NON p

QZHU v||L2(Q )+CHb
j

2
+

S tog(H /M) (DD el ey

ecfi(Q;)

(1-|—log(H /h))( Z ||[[T)H€||%2(Qi)+

e€fi(Q;)
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2
+

2

). (3.32)

/ vds / (v—1)ds
0Q;NON p 9Q2;NONp

Letting £°(2;) denote the set of exterior subdomain edges of §2;, we have

/ (v—0)dx
0Q2;NONp

2

< 109, N 90| (v —v)*ds
0Q;NONp

< 0uNnapl > v =0l
e€&l(Q;)

< 1090 0p] Y v = 0|2 00, )

J
< CloQ,;No2p| > Halvlin g
J
< CHH. Y v, (3.33)

J

i)

where the fourth inequality follows from a trace theorem and a Poincaré’s inequality with scaling.
Combining (3.32), (3.33), (3.30), and (3.31), we obtain (3.18). O
Remark 1. We note that \fm vdz|? and |fBQmBQD vds|? of (3.17) and (5.18), respectively, can be

replaced by Zle |fr(v)|* (with a proper scaling factor), where fr,k = 1,--- ,L,L > 1 are functionals
(not necessarily linear) in H*(Q;), such that, if v is constant in €,

L
D@ =0sv=0;
k=1
see [29, Lemma 2.7.1], [30, Appendiz A.4]. Indeed, this fact will be used in the proof of Lemma 3.9.

We now provide a trace theorem for functions in W(i), for €; € R? with Lipschitz subdomains,
Qi,jaj = 1a U 7Ni-

Lemma 3.7. Let u € W(i). We then have
lull7200,) < C | Ho(1+log(Hs/h)* > |ul3a, ) + EHUII%zmi) : (3.34)
=1

Proof. We adopt the framework of the proof of Lemma 3.6. Let ¢ be piecewise constant in each sub-

domain of €, ie., c(z) = ¢;;,Vo € Q; ;,7 = 1,--- ,N;. We define the function Ec as before, i.e., Ec
(4)

is defined to be the average of ¢ on I'}_,

Qi,jvj = 1, 7]\/vi. Then,

Ecloq, = claq,;, and discrete harmonic in each subdomain

HCH%%aQi)
= [|Edl32050,)
1
< C(HblBelina, + 4 1B, )
2 1 2 1 2

< C HbZ‘EdHl(QM)J'_EHC”L?(SL-)+EHC_EC||L2(SL)

J

—1 2 1 2
< C | HH;'(1+1log(Hy/h) > HHCH(iHLQ(e)+E‘|C‘|L2(Qi) ; (3.35)

ecEi(2;)

17



where the first and the third inequalities follow from a trace theorem with scaling and (3.20) - (3.27),
respectively. Now let v satisfy the assumption of the lemma and v be a piecewise constant function
which is the average of v in each subdomain of £2;. Then,

HUHiz(aQi)
< 2| = 9l[7200,) + 211017200,
_ _ 1
< C(HbHs Y1+ log(Ho/R) Y [l[0lellF2(e) + F||U||%2(Q7;)+
e€Ei () b
o = 3113200, )- (3.36)

Using a trace theorem and a Poincaré’s inequality with scaling at the subdomain level, we obtain

|[v _EH%%@QQ

< Z v — 17||%2(aszi,j)
J
_ 1 _
< Y (o= ofpia + gl - ol )
J s
< O Hioling,,) (3.37)
J
Bounding }_.cci(q \[[17]]6”%2(6) as in (3.30) and (3.31), we have
||UH2L2(8Q¢)
< C Hb(1+10g 5/}7, Z|’U‘H1(ij) + b||UH%2(Q@) . (338)

O

Before we complete this section, we comment on the analysis of linear elasticity problems in two
dimensions. Korn inequality is essential in any such analysis and here we present a version for Jones
(i.e., uniform) domains. For a proof, see Durdn and Muschietti [9].

Lemma 3.8 (Korn inequality for uniform domains). Let  C R™ be a bounded uniform domain. Then,
there exists C, which depends only on the Jones parameter Cy () and the dimension n, such that

[l (o) < CZ [le(u)ijl17 20
]

for allue {ueHY(Q): [,(4 3"7 ‘3’;1 Yz = 0,i,j =1, ,n}.

Using this Korn inequality, the analysis for a two-dimensional compressible linear elasticity problem
with Lipschitz domains can be carried out without much difficulty. We would also need to consider
different primal constraints on each body, especially for the case of three-dimensional problem; see [23]
for details.

3.4 Convergence bound for the FETI-FETI method

In this section, we assume that our two-dimensional subdomains have Lipschitz boundaries. Recall that
Pk .= BT r, ZEBr ., and thus the operator Pp, changes in each step of an active set method. We prove

Lemma 3.9. For any w € range(S,), we have
Bl < O+ log T /1)l

where C' > 0 is a constant independent of Hy, HS, and h.
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Remark 2. We note that w € range(S,) is equivalent to l;(w;) := 17w; = 0, where i indicates the

index of any body which does not intersect OQp and 1; € ng) denotes a constant vector of ones. As
mentioned in Remark 1, we can use l;(v) in place of | [, vdzx|* or| faﬂmaﬂD vds|?, with a proper scaling
factor, in Lemma 3.6.

We first make some observations. We obtain the following formulae by modifying [30, (6.42)]:

(Phw(@)ig = > ol (@) (wij(@) —wis(z), if xe€dQ;NTH, (3.39)
seNizl,L

(Phw(x))i= > ol(x)(wi(x) —we(x)), if x€0QNTh. (3.40)
kEN, gl

Also, recalling that Pf := BY, . ZEBr,
(Phw(z)); =0, if xe€dnTy\Tk. (3.41)

The equation (3.41) is due to the fact that the entries of the square matrix Z{f that correspond to the
nodes not belonging to the current active area I";l are zero. In (3.40) and (3.41), we do not specify
subdomain indices since we are considering nodes belonging to only one subdomain. However, in the
following discussion, we sometimes do specify the relevant subdomain indices when necessary.

We follow the proof of [30, Lemma 6.3] very closely. However, one of the main differences between
the proof there and the proof we present here is that we mainly work with H'- seminorms instead of
H'/2- seminorms.

We will denote the discrete harmonic extension operator by H; H(v) is the minimal energy extension
of the finite element function v, defined on the subdomain interface, into the interior of the subdomain.

Proof. Recalling the definition of Sp from subsection 3.1, we have

N

N
Phulg, = 1Pl wlf =3l
~

=1

Therefore suffices to show that
(Ppw); I% < c (1—|—log(H /)P lwil%, i=1,2 N
I

Furthermore,
N;

|PDw)| (1)_Z|PDw i,j

Jj=1

SIJ?

where (PEw);; is the restriction of (Phw); € WF(Z) to Wr(i’j). Thus it suffices to examine each
|(PEw); j| g separately. For notational simplicity, let v; j(x) := (PRw); ;. We can see that the

coefficients in (3.39) and (3.40) are constant on each individual edge while their values will differ be-

tween different edges. Also, (]Bl’gw(x))l j = 0 for a vertex node = € I‘l(o)c7 since we are imposing continuity

at all vertices of the same body. Therefore it makes sense to write v; ; as a sum of functions each of which
vanishes at all interface nodes outside a certain edge or a vertex. We can accomplish this by using char-
acteristic finite element functions for individual edges and vertices; such characteristic functions for an
edge and a vertex, f¢ and 6y, have already been introduced in Lemma 3.5 and Lemma 3.6, respectively.
Construction of these finite element functions and the proof of their characteristics for three-dimensional
problems can be found in [30, Chapter 4]. Construction of ¢ and 6y, for two-dimensional problems is
analogous and here we just present their characteristics without any proofs.

Two-dimensional Case

Using the partition of unity,

vij@) = Y T"Bevij@)+ D, IMBevij@)+ > IMOyvii(a), Vo€ 0Qjn,

SCBQi,]'ﬂFSl gC@Qi)]ﬁF< 1) VC@Qi,jﬁF’;l

loc
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where I" is the standard nodal interpolation operator. We first consider the terms for the edges on the
global interface I"g“l.

Edge Terms - Global Interface

Suppose £ is shared by 0€2; ; and 9y, ;, where ¢ # k. Then,

I"(Ogvi5) = " (0 51(E) (wi; — wi1)),
where 5,1(5 ) is the constant value of 5,1(3@) on the edge £. We have
11" (0vi) 5.0 = pigH(Ovi ) i q, ) (3.42)

using the equivalence of norms of discrete harmonic extensions and traces on the subdomain boundaries;
see [30, Section 4.4]. We then have,

P23|H(95”U)|%1
pi,i| H(0e (0 (5)(wm wkl)))ﬁ{l(ﬂi_j)

20; ;0L(E)(|H (¢ (wz,y))|H1(Q”)+ H (s (wi0)) | (a,))
2min(p; 5, pre1) (I1H(8e (wi )7 0, ) + [HOs (wi) [ (o, ,))-

IAIA

Here, the second inequality follows from [23, Lemma 8.4]; see also [30, (6.19)]. We treat the first term
using Lemma 3.5:

2min(p; 5, pre) [H(0e (wi )i o, )
< 2p; (1 + log(Hy/))?||H(wi )l F a, )

For the second term, we also need the extension lemma:

2min(p; 5, pie1) [H(0e (we.0) 7 0, )

20 pr 1| By i3 (M0 (wr))) |31 o, )

2C pra|[H (O (wie))| 711 (00

2C i1 (1 + log(Hs /h))?||[H(wi) | Fr1.(a, -

ININIA

We sum (3.42) over j, k and [, which indicate the indices of all subdomains of ; intersecting the global
interface Fglk, the indices of all bodies sharing their boundaries with €2; and the collection of the indices
of the subdomains of €, sharing their boundaries with those of €;, respectively:

Zjllh(esv)@u,ﬂ

< C(1+log(Hs/h))? (ijzuﬂ|H(wi,j)||§11(m,j) + Zk lﬂk,l||H(wk,l)||§11(9k,l))
= C(1+log(H,/h))? (Z pij | H(wi ) q, ) + Zk lpkle(wkl)h?m Q) )
+ C(1+log(H,/h)*H (Z pil MWl a2, prilH@ed)l e, ) (3:43)

We control the L2 terms of (3.43) using a similar argument as in [30, Lemma 3.10]. Using a Friedrichs
inequality for each subdomain of €2; which intersects 0€);, we get

pij|H(wi ;)| [72q, ) <C (Hszpz',j|H(wi,j)|§11(9i,j) + Hspm'||wi,j||%2(an,;,jmani)) - (3.44)

Summing over 9€2;, we get

iji)j||H(wi7j)||%2(ﬂi,j)
< C (Hfszi,j\H(wi,j)ﬁil(mj) + Hspi||H(wi)||%2(aﬂi)>
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N;

< C(H2Y puslttwi )i o, ) + HuHo(1 -+ log(HL/h)pi Y [H(wi) o, )+
s=1
N,.

H, - 9

R UCCRIA
< CHyH,(1+log(Hy/h)?pi ) [H(wi;)lin g, )+

Hy
cH pi - HZ (1 +log(H,/h)) Z H(wi )3 0 )

< CHyH,(1+ log(H,/h)) pizjﬂ‘[ wi ) (o)

where the second inequality follows from Lemma 3.7 and the third from Lemma 3.6 and Remark 2. We
also note that we repeatedly use (3.4). The last term of (3.43) can be handled similarly.

Edge Terms - Local Interface

Suppose & is shared by 9€2; ; and 9€2; ;. Then,

I"(Ogvi ;) = I"(0£0] () (wij — ;)

where 6T s(&) is the constant value of 6T <(x) on the edge E.
With W, 5 = fQ w”dx/ fQ 1dz and Wi s 1= fQ w; sdx/ fQ 1dx, we have

‘I (agvzg)‘s(tﬁ

pz’j|H(95Ul,J)‘H1(Q 5

piiIH(0£6] (E)(wij — wi ) a, )

pi s H(Be8] (€) (wi; — ) (wie = @i0) + (@i = 03)lin )
i.j)
is)

< 3Pi,j|H(‘955T (E)(w;,; — |H1(Q77)
+ 3pi [ H(0£0] J(€)(wi e — H )
+ 3pi,j|956i, (&) (w;,; — w; 3)| (i) (3.45)

We can estimate the first term using Lemma 3.5, a Poincaré inequality and [23, Lemma 8.4]:

pi I H(0e6] () (wi ; — @i ;)3 (. )
Cpi 01 (E)*(1+ log(H./h) [ H(wi ;) — @i 5l13m q, )

<
< Cpig(1+log(Hy/h))? [ H(wij) i, ,)- (3.46)

For the second term, we need to use Lemma 3.2 in addition to the other lemmas:

mﬁHWﬁL@st ®i,s) |1 (@)

Pi,s0; ( ) | is zg( (eg(wi,s_wi,s))ﬁ{l(gi’j)

szs SEPIH B (wis — w3 6)|[7r ()

Cprs(1+ log(H/h))? [H(wi,s) | Fq, - (3.47)

IN N IA

For the last term,

10 (@35 — Wi,s) [Gr1 (0, ) = 0[5, | (@i — @i 6)]2.
The energy of f¢ can be estimated using Lemma 3.5. Adding and subtracting the common value
w; j (V) = w; s(V), where V is an end point of the edge &, we find that

(@35 — Wi,s)|* < 20(@i5 — wi (V) +2|(wi,; — wis(V))I*.
We can estimate the first term on the right hand side using Lemma 3.3:

(@i — wi (W) < Nlwij — DillZzq, ) + C(L+ log(Ha/h)|wi;ilE q, -

21



The second term can be estimated in the same manner.
Vertex Terms
We note that

16y V) G0 = i H(Ov0i; V)i, ) = Piil0v0i; (V)| En ) (3.48)

where the second equality follows from the fact that v; ;()) is a constant and 6y is a discrete harmonic
function. Denoting an auxiliary function which vanishes at every node in €); ;; except at V where it
assumes the value 1 by t,, we have

pi,jl0vvi ; (V) ﬁ{l(ﬂw)

pijlvij (V) 1?16y ‘%{1(91»’])

pijlvij (V) |2 |y ‘?{l(gi‘j)

Cpijloi (V)% (3.49)

IAIA

where the first inequality follows from the minimality of the energy of the discrete harmonic functions
and the second inequality from the fact that a nodal basis function in two dimensions has O(1) energy.
Using the formula (3.40) and Lemma 3.3,

pijlvi (V)2

2
= pijlwiV)= > SLOV)wp(V)
keNy g \{i}
< pigVoal [losP+ Y SO eV
kEN\;,gl\{i}
< piiNoal [ H@ )G+ Do SO M)l gy
keENy g \{i}
< Cpag W1+ log( 102 (P03l
> 0PI, ) (3.50)
keENy g1 \{i}
And we proceed as before. O

We now present a condition number estimate for the FETI-FETI method. We denote the subspace
of Lagrange multipliers in which the preconditioned conjugate gradient method is performed by V*:

Vk={\e range(Z{fépC : Z{fépc)\ € range(gc)}.

Recall that MBl = Z’lfép)pcgcég’cm{E. Also, let F := Z’ﬁépcggERZﬁ. We then have the following
result:

Theorem 3.10. For any A € V¥, we have
Hy 9

where C' > 0 is a constant independent of Hy, Hg, h.
Proof. With Lemma 3.9, the proof proceeds exactly the same as the proof of [30, Theorem 6.15]. O

In Section 4, we will present numerical results which show that the the algebraic factor Hy,/H; in
Theorem 3.10 cannot be removed.
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Table 1: Results for the FETI-FETI method. cond and iter denote condition number estimates and the
iteration counts, respectively. Columns (I) and (IT) indicate the areas on which continuity is imposed
between the bodies. In Column (I), T, i.e., the entire interface, is considered. In Column (II), Ty, a
proper subset of I, is considered.

@ | (I1)

1/Hy, Hy/Hs Hs/h | cond iter | cond iter
2 2 2 2.5536 7 1.9940 7
4 3.6188 12 2.8136 10
6 3.9929 13 2.8718 10
8 3.9004 13 2.7254 10
10 3.7063 13 2.6951 10
12 4.0142 13 2.7227 10
2 1 2 7.1076 10 4.9790 9
6 12.07490 12 7.1625 10
8 17.1343 13 7.7988 10
10 22.2380 15 8.6543 11
12 27.3672 14 12.2114 12
14 32.5125 17 12.0330 12
16 37.6688 19 15.4197 12
18 42.8328 20 16.4836 12
2 2 1 4.5201 9 4.2654 9
8 6.9059 10 6.3238 10
16 9.8320 12 9.1107 12
32 13.2897 13 12.1263 13
64 17.2765 16 15.6644 14
128 21.7917 18 23.3692 17

4 Numerical Experiments

Recall that an active set method consists of outer iterations, in which the active set is updated, and

inner iterations, in which auxiliary equality constrained problems are solved on the current active set.

In this section, we solve such auxiliary equality constrained problems using the FETI-FETI method.
We solve the following minimization problem:

Np X Ny 1
min = Vu' 2dm—/ fuidgc)7 4.1
> (5[ k- [ (1)

where Q; C R2,i = 1,--- , N, x N}, are square bodies with side length Hj, := 1/N;, which form the system
NbXNb
Q= U Q; = [0,1] x [0,1]. We require u* € H (), u’|sq,no0 = 0. Each ; is decomposed into
i=1

Ny X Ny square subdomains, each of which is discretized by square bilinear elements of side length h.
Also, T' := U;+;08; N 0€); denotes the interface between the bodies.

We consider two linearized problems, with a different contact area between the bodies. In the first
problem, the entire I" is considered as the contact area, i.e., we require the continuity of the displacement
vector across the entire I'. In the second problem, continuity is imposed only on the middle third of
the faces between the bodies. The Krylov subspace method of choice is the preconditioned conjugate
gradient method for the FETI-FETI method. All our experiments have been performed in MATLAB,
and the stopping criterion is ||r,||2/||r0||2 < 107¢, where 7, and ro are the n th and initial residuals,
respectively.

In Table 1, the results obtained with the FETI-FETI method are presented. We have three pa-
rameters: the number of bodies across Q (N, = 1/H}p), the number of subdomains across each body
(Ns = Hy/H,), and the number of elements across each subdomain (Hg/h). We vary one parameter
while keeping the other two fixed. The results for the first set of experiments, with the entire I' as the
contact surface, are shown in Column (I); those for the second set of experiments with a reduced contact
area shown in Column (II). We observe that the condition number estimates and the iteration count are
independent of 1/Hj, depend linearly on H,/Hy, and depend logarithmically on Hg/h. The condition
numbers from Table 1 are also plotted in Figure 3.

Similar results have been obtained independently by Klawonn and Rheinbach; see [19] and [20].
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Figure 3: Condition number estimates for the FETI-FETI method. Area on which continuity is imposed
between bodies: T, i.e., the entire interface for (I), and only a proper subset of T, Ty for (IT)
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