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AUTHOR SUMMARY

Particles interacting with a pair-
wise potential at !nite tempera-
ture are amodel for a wide variety
of phenomena, from atomic
clusters to colloidal particles to
protein folding (1). The dynamics
of such a system can be thought
of as a trajectory on a high-di-
mensional hilly surface given by
the potential (or free) energy of
the con!guration. However, for
systems of even modest com-
plexity, it is generally not possible
to compute the entire landscape.
We demonstrate in our paper
that when the range of the po-
tential is very short compared
with the particle size and the
bond strength is relatively large,
we can introduce a mathe-
matical limit that allows us to
describe the landscape of an
interacting particle system by
a set of geometrical manifolds
(shapes of different dimensions)
that are completely enumerable. This short-ranged situation
arises in experiments of interacting colloidal particles (2, 3)
but also provides insight into the behavior of systems with
longer-ranged potentials.
The free-energy landscape of an interacting particle system

has particular features such as the lowest energy minima and
saddle points (transition states) that characterize the thermo-
dynamics and dynamics. If all of the local minima and transi-
tions between them were known, then the past and future
dynamics on the landscape could be approximated as being in-
dependent with the transition states between different minima
de!ning dynamical trajectories. Many creative ideas have been
developed to numerically compute the energy landscapes and
this has led to insight into complex systems such as nucleation,
phase transitions, and the structure of proteins, but work has
mainly been of an empirical nature owing to the computational
dif!culties.
With the mathematical limit that we introduce, the dynamics of

the system are entirely given by geometry, with a single added
control parameter ! that measures the temperature and the
strength and range of the potential. The equilibrium probability
becomes concentrated on geometrical manifolds (shapes) of
different dimensions that are mathematically equivalent to poly-
gons glued together at their boundaries. The dimension of each
manifold depends on the number of contacts (bonds) of the
con!guration: Rigid con!gurations, with the most bonds, are
zero-dimensional manifolds (points), con!gurations with one
bond broken are one-dimensional manifolds (lines), those with
two bonds broken are two-dimensional manifolds (surfaces),
and so on. These manifolds are a fundamental property of the
energy landscape in that they are !xed functions of the particles’

geometries, independent of the
temperature and the original
interaction potential from which
the limit was taken. Therefore,
once computed for a given set of
particles, the manifolds can be
used to compute equilibrium
probabilities for any potential
whose range is short enough.
The dynamics on the land-

scape are also vastly simpli!ed
in this limit and are obtained
from the Fokker–Planck (FP)
equation, a partial differential
equation describing the evolu-
tion of the probability density
on the energy landscape. These
equations are generally ex-
tremely dif!cult to solve for
short-ranged potentials, not
only because of the high di-
mensionality but also because the
equations are “stiff”; that is, they
change very rapidly near places
where bonds are formed. How-

ever, we show that in the short-ranged limit the FP equation
becomes restricted to the geometrical manifolds, and the stiff
modes are reduced to a set of boundary conditions. Furthermore,
we show that if the probability for two particles to be bonded
is large, then only the set of low-dimensional manifolds contrib-
utes signi!cantly to the dynamics; therefore, computing kinetic
or nonequilibrium quantities becomes not only possible but
also very ef!cient.
To illustrate the theory, we computed the set of manifolds with

dimensions !2 for up to n = 8 spherical particles (Fig. P1). This
solution to a nontrivial problem in statistical mechanics can be
used to compute equilibrium or nonequilibrium quantities for
any potential whose range is short enough, such as for colloidal
particles. To compute the manifolds, we began with the complete
set of rigid structures (4) and broke each single bond and pair
of bonds in turn. Although the procedure requires some ingenuity
to implement on a computer, it is conceptually straightforward
and ensures we have every single manifold up to a certain di-
mension, under certain reasonable assumptions about the geom-
etry that are outlined in the text. The dif!culty lies in solving
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Fig. P1. The free-energy landscape for n = 6 spherical particles.
The two rigid clusters (zero-dimensional manifolds) are the polytet-
rahedron (Upper Left) and the octahedron (Upper Right), repre-
sented by red circles. Clusters obtained from these by breaking a
single bond (one-dimensional manifolds) are represented by blue
circles and those by breaking two bonds (two-dimensional manifolds)
are yellow circles. Each circle is identi"ed by a number, and arrows
indicate which structures can be reached by breaking or forming
bonds. The area of each circle is proportional to the entropy of that
structure, whereas the equilibrium probability is proportional to the
area times !# of bonds, where ! is a parameter containing information
about the temperature and potential. Inset shows the free energy in
units of kBT along a particular one-dimensional cluster where the
polytetrahedron breaks a bond and transitions to the octahedron.
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for the initial set of rigid structures, which is a problem in discrete
and computational geometry (4).
Our theory shows that instead of the local minima and

transition states, the central feature that characterizes the
landscapes of systems with short-ranged potentials is a set of
geometrical manifolds. Much insight could be gained by solving
the initial problem in computational geometry to obtain the
points, lines, faces, etc., that are the fundamental parts of these
landscapes. Not only is such a description of the landscape
exact for in!nitesimally short-ranged potentials, but our hope is
that it can also be extended to !nite-range potentials such as
Lennard–Jones clusters: one can imagine starting with the
fundamental manifolds and following them as the range of the

potential is increased, to ensure that every important part of
the landscape has been found. Such an approach would be an
exciting opportunity for geometry, computation, statistical
mechanics, and experimental sciences to interact synergistically
to solve for free-energy landscapes that are relevant to funda-
mental as well as applied research.
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