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In this talk
¶Mixing time of random walkand specifically cutoff

as a gauge for delicate properties of the geometry.

¶Compare its behavior between 

and the effect of the initial state on mixing.

꞉ὲȟὴ
ErdŜs-Rényi

random graph

꞉ὲȟσ
random regular graph 

(and other degree distributions)

relatives
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The 9ǊŘǃǎ-Rényi random graph
¶꞉ ὲȟὴ: indicators of the ὲ

ς
edges are IID "ÅÒÎÏÕÌÌÉὴ.

ά¢Ƙƛǎ ŘƻǳōƭŜ άƧǳƳǇέ ƻŦ ǘƘŜ ǎƛȊŜ ƻŦ ǘƘŜ ƭŀǊƎŜǎǘ ŎƻƳǇƻƴŜƴǘΧ ƛǎ ƻƴŜ ƻŦ ǘƘŜ Ƴƻǎǘ ǎǘǊƛƪƛƴƎ ŦŀŎǘǎ ŎƻƴŎŜǊƴƛƴƎ ǊŀƴŘƻƳ ƎǊŀǇƘǎΦέ
(9ǊŘǃǎand Rényi, 1960)
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The 9ǊŘǃǎ-Rényi random graph

¶Setting: ꞉ ὲȟὴ around the critical point ὴ ρȾὲ.

¶ά5ƻǳōƭŜ ƧǳƳǇέ ǇƘŜƴƻƳŜƴƻƴ ŦƻǊ ƻǊŘŜǊ ƻŦ ꜟ :
[9ǊŘǃǎ-RényiόмфслΩǎύϐΣ ώ.ƻƭƭƻōłǎ Ωупϐ Σ ώ_ǳŎȊŀƪΩфлϐ

¶ for ὴ ‗Ⱦὲwith  ‗ ρfixed.

¶ at and throughout critical window: 
ὴ ρ ‐Ⱦὲ for‐ ὕὲ Ⱦ .

¶ for ὴ ‗Ⱦὲwith  ‗ ρfixed.

¶Emerging from the critical window:
¶ :

ꜟ Ḑς‐ὲ(giant component gradually forms)

ὴ ρ ‐ȾὲÆÏÒὲ Ⱦ Ḻ‐Ḻρ
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Measuring convergence to equilibrium
¶Total-variation mixing time :
üthe mixing time of a Markov Chain on ɱwith transition kernel ὖto within 

distance ‐from its stationary distribution “is defined as

ὸ ‐ ÉÎÆὸḊÍÁØὖ ὼȟẗ “ ‐

( where ‘ ’ ÓÕÐ
Ṓ
‘ὃ ’ὃ )

üAnalogous definition of ὸ ‐ for a prescribed starting state ὼ.

¶Dependence on ‐: (cutoff phenomenon [DS81], [A83],[AD86])
We say there is cutoff ὸ ‐Ḑὸ ‐ ÆᶅÉØÅÄ‐ȟ‐
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Cutoff History (RWs on graphs/groups)

¶Discovered:
ÁRandom transpositions on Ὓ [Diaconis, ShahshahaniΨум]

ÁRW on the hypercube, Riffle-ǎƘǳŦŦƭŜ ώ!ƭŘƻǳǎ Ψуо]

ÁNamed ά/ǳǘƻŦŦ tƘŜƴƻƳŜƴƻƴέ ƛƴ ǘƻǇ-in-at-ǊŀƴŘƻƳ ǎƘǳŦŦƭŜ ŀƴŀƭȅǎƛǎ ώ5ƛŀŎƻƴƛǎΣ !ƭŘƻǳǎ Ψусϐ

¶Nearly 3 decades after its discovery: only exampleof cutoff for RW on a 
bounded-degree graph was the lamplighter on ᴚ [Peres & RevelleΩлп].
ÁIs this a phenomenon of (mainly) large degree graphs?
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Basic examples: RWs on graphs
Lazy discrete-time simple random walk

hypercube πȟρ :
X cutoff at ὲÌÏÇὲ ὕὲ

ώ!ƭŘƻǳǎ Ωуоϐ

ὲ-cycle: 
W No cutoff.

¶What about mixing onꜟ of꞉ὲȟὴ?


