STRONG NOISE SENSITIVITY AND RANDOM GRAPHS

EYAL LUBETZKY AND JEFFREY E. STEIF

ABSTRACT. The noise sensitivity of a Boolean function describes its
likelihood to flip under small perturbations of its input. Introduced in
the seminal work of Benjamini, Kalai and Schramm (1999), it was there
shown to be governed by the first level of Fourier coefficients in the
central case of monotone functions at a constant critical probability pc.
Here we study noise sensitivity and a natural stronger version of it,
addressing the effect of noise given a specific witness in the original input.
Our main context is the Erdés-Rényi random graph, where already the
property of containing a given graph is sufficiently rich to separate these
notions. In particular, our analysis implies (strong) noise sensitivity in
settings where the BKS criterion involving the first Fourier level does not
apply, e.g., when p. — 0 polynomially fast in the number of variables.

1. INTRODUCTION

The concept of noise sensitivity, introduced by Benjamini, Kalai and
Schramm [1], captures the notion that the value of a Boolean function of
many i.i.d. variables would change under small perturbations of its input.
Roughly put, it corresponds to the case where a small perturbation of the
input variables via i.i.d. noise suffices to make the new value of the function
asymptotically independent of its original value.

Formally, consider a sequence of functions f,, : Q, — {0, 1} paired with a
sequence of probabilities p,,, where each domain Q,, = {0,1}** is a product
space of Bernoulli(p,) variables, and the sets A,, are finite and increasing
with n. Further assume that the sequence (p,,) is non-degenerate in the sense
that P(f, = 1) is uniformly bounded away from 0 and 1. Given w € ),
and some ¢ € (0, 1), let w® denote the result of resampling the Bernoulli(p,,)
variable w, independently with probability ¢ for each x € A,,. The sequence
(fn) is said to be noise sensitive (SENS) w.r.t. py, if for any € > 0,

lim P (fu(w) = 1| fulw) =1) = P(fo=1) =0, (1.1)

or equivalently (recall that (f,) is non-degenerate), Cov (f,,(w), fn(w®)) — 0.
When a function (fy,) is SENS it is natural to further discuss quantitative
noise sensitivity, i.e., how fast can ¢ — 0 with n such that (1.1) still holds.
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In the setting where p, = 1/2 and the functions f,, are monotone w.r.t.
the natural partial order on the hypercube €, (as is notably the case for
critical 2D percolation), a beautiful argument of [1] gave a criterion for noise
sensitivity in terms of the first level of Fourier coefficients of f,,. Namely, (f,)
is noise sensitive if and only if limy, 500 Y cp fa(2)? = 0, where f,(z) is the
Fourier coefficient corresponding to the singleton {z}, and is also one half the
probability that x is pivotal, i.e., flipping its value would flip the value of f,,.
For more on noise sensitivity in this case, see [3] and the references therein.
Unfortunately, this criterion becomes invalid when p, — 0 (e.g., formal
definitions postponed, the indicator of a random graph being triangle-free
satisfies the above condition and yet it is not noise sensitive; see [4, §6.4]),
and determining noise sensitivity without it can prove to be a challenging
task already for fairly simple monotone functions enjoying many symmetries.

1.1. Strong noise sensitivity. Going back to (1.1), this is known (see §2.2)
to be equivalent to having the average of |P(fn(w®) =1|w) =P (fn=1)|
over {w: fp(w) =1} tend to 0 as n — oo. That is, if (f,,) is noise sensitive
then most inputs w € €, with f,(w) = 1 are such that conditioning on w
will not give any substantial information on the probability that f,(w®) = 1.
When dealing with monotone functions, however, it is in many cases more
natural and useful to condition on a witness for f,(w) = 1 (for instance, a
particular crossing in 2D percolation) instead of the entire configuration w.

Definition 1.1. A l-witness for a monotone function f : {0,1}* — {0,1}
is a minimal subset W C A such that wy = 1 implies f(w) = 1.

Let Wi = Wi(f) denote the set of 1-witnesses of a monotone Boolean
function f, and let Wy = Wy(f) denote its analogously defined 0-witnesses.

Perhaps surprisingly, it can be the case that (f,,) is noise sensitive and yet
the probability that f,(w®) = 1 substantially increases when we condition
on any particular 1-witness in w. This motivates the following definition.

Definition 1.2. A sequence (f,) of monotone increasing Boolean functions
is said to be I-strongly noise sensitive (STRSENS;) if for any £ > 0,
lim max P(f,(w°) =1|ww =1)—-P(fr,=1)=0. (1.2)

n—oo WeWs
The notion of 0-strong noise sensitivity (STRSENS) is defined analogously.
(Note that a sequence of increasing functions (f,) is STRSENS if and only
if its complement (f,,) is STRSENS;, where f,(w) = f,(@) with T = 1 — x.)

As we will later see (and as suggested by its name), the notion of strong
noise sensitivity, which addresses the subtler effect of conditioning on any
particular witness (cf. (1.1) vs. (1.2)), indeed implies (even when ¢ — 0) the
standard noise sensitivity but not vice versa.
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We now demonstrate this concept through two examples of monotone
noise sensitive functions discussed by Benjamini, Kalai and Schramm in [4],
both of which trace back to Ben-Or and Linial in the related work [5].

(i) Tribes: partition A, = {z1,...,x,} into blocks of logy n — logy logy n

variables, let p, = 1/2 and set f, to be 1 if there is an all-1 block.
It is known [, §6.1] that this function is non-degenerate and SENS.
A 1-witness W in w is a full block, which the noise will destroy with
probability approaching 1, and the probability of encountering another
in w® should be asymptotically P(f, = 1). Indeed, tribes is STRSENS;.
(i) Recursive 3-Magority: Index n = 3* variables by the leaves of a ternary
tree, and iteratively set the value of each node to be the majority of
its children. Take p,, = 1/2 and define f,, to be the value at the root.
Clearly non-degenerate, this function is known [1, §6.2] to be SENS,
ie, P(fp(w®)=1| fo(w)=1) = 1/2 as n — co. A 1-witness W is a
set of 2% leaves (positioned in the obvious way to force the majority).
It is then easy to verify that P (fp(w®) =1|wwy =1) =1 —¢/2, and
therefore this function is not STRSENS; (nor STRSENS( by symmetry).
It is important to emphasize the potentially different behaviors of 0-witnesses
and 1-witnesses w.r.t. strong noise sensitivity, vs. standard noise sensitivity
which is closed under taking complements. Indeed, by a general principle,
the tribes function, mentioned above as being STRSENS;, is not STRSENSg
(conditioning on a particular O-witness in w does affect f,,(w®) in the limit).
The above examples all featured p, = 1/2. Indeed, as noted in [1, §6.4],
“When p tends to zero with n, new phenomena occur. Consider, for
example, random graphs on n vertices with edge probability p = n=%...7
Many key features of the Erdés-Rényi random graph are non-degenerate at
such p and yet the BKS criterion for SENS is then no longer applicable.

1.2. Properties of random graphs. The Erdés-Rényi random graph,
G(n,p), is a probability distribution over graphs on n labeled vertices, where
each undirected edge appears independently with probability p = p(n). A
monotone increasing graph property is a collection of graphs closed under
isomorphism and the addition of edges, and we will often identify it with its
indicator function (a monotone Boolean function on the (g) edge variables).

As a first example, consider G(n, p) at its famous critical window centered
at p = 1/n, where the longest cycle is typically of order n'/? (see, e.g., [9]).

Theorem 1.3. Fiz 0 < a < b and let f,, be the property that the critical
random graph G(n,1/n) contains a cycle of length € € (an'/®,bn'/3). Then
(fn) is non-degenerate and noise sensitive, and furthermore, it is STRSENS] .

Moreover, the analogue of this conclusion for quantitative noise sensitivity
holds if and only if the noise parameter e = (n) satisfies € > n~1/3,
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Theorem 1.3 in fact holds throughout the critical window p = % with
&= O(nfl/ 3), around which the longest cycle grows from constant to linear
(e.g., taking £3n — oo still with € = o(1), the maximum length of a cycle is
Op(1/¢) at p = % and O (£2n) at p = %; see [9, Theorems 5.17, 5.18]).

Revisiting the quantitative conclusion of Theorem 1.3 now highlights an
interesting phenomenon, where the € > n~/3 threshold for noise sensitivity
coincides with the boundary of the critical window (p = % for £ > n=1/3).
This phenomenon is best explained through the following equivalent process:

e Let w be a uniform set of N ~ Bin((5),p) edges.

e Obtain w by deleting a uniform set of Bin(N,e(1 — p)) edges from w.

e Add a uniform set of Bin((;‘) — N, ep) edges missing from w to get w®.
As the edge probability in @ is p(1 — &) + ep?, on a heuristic level we have:
(a) If ¢ < n~/3 then @ remains in the critical window, where (f,,) is non-

degenerate, so fn(w), fn(@w) (thus f,(w), fn(w®)) should be correlated.
(b) If £ > n~1/3 then @ is subcritical whence f,, (@) is degenerate, effectively

decorrelating fp,(w) from f,(w) (thus also f,(w), fn(w®)) yielding SENS.
Although plausible, it is unclear that in general the degeneracy of f,, (w) will
indeed result in the decorrelation of f,(w) and f,(w®).

Intuitively, we expect a random graph property to be noise sensitive when
it has no bounded-size witnesses (thus none will survive the noise in tact)
and distinct witnesses are essentially independent (so surviving fragments of
a witness will have negligible impact), as is the case in the theorem above.

However, for various important graph properties the witnesses happen

to be highly correlated, foiling this intuition. For instance, containing a
logn
n
of witnesses becomes exponentially large in n already at p = O(1/n), and
similarly for perfect matchings. Nevertheless, both are in fact noise sensitive:

Hamilton cycle is non-degenerate at p ~ yet the expected number

Theorem 1.4. Let f, be the property that the minimum degree of G(n,p)
is at least k for some fixred k > 1, and suppose p = p(n) is such that (f) is
non-degenerate. Then (fy,) is noise sensitive, and moreover, it is STRSENSy.
Consequently, the following properties of G(n,p) are noise sensitive:

(i) containing a Hamilton cycle,

(ii) containing a perfect matching (in general, an r-factor' for r fized),
(iii) connectivity (in general, k-vertex and k-edge connectivity for k fized),
(iv) having an isoperimetric constant’ of at least v for some fived v > 0.

Furthermore, each of these is quantitatively noise sensitive iff € > loén'

LAn r-factor of a graph is a spanning r-regular subgraph

% over all subsets S of

the vertices, where e(S, S€) is the number of edges between S and its complement.

2The isoperimetric constant of a graph is the minimum of
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It is worthwhile noting that not even the (non-strong) noise sensitivity in
Theorems 1.3 or 1.4 can be obtained from the best known generalizations of
the BKS criterion for varying p (see [11]), as these all require 1/p = n°(1).

We turn our attention to the well-studied family of properties of the form
“G(n,p) contains a copy of a given graph H,”. Obviously, if the size of H,
is uniformly bounded then this property is not noise sensitive, since a copy
of H,, will survive the noise with positive probability (as noted in [4, §6.4],
it is noise stable, a notion basically the opposite of being noise sensitive).
Note that having the number of edges in H,, grow with n is a necessary but
not sufficient condition for noise sensitivity (e.g., take logn disjoint edges).

The case where H,, is a clique concerns the maximum clique size in G(n, p).
It is well-known (see, e.g., [1]) that at p = 1/2 this concentrates on a single
point k, ~ 2logsn for most values of n, while for exceptional values of
n it is either k, or k, + 1 with high probability. In the latter case, one
can ask whether the property that k, is the maximum clique size is noise
sensitive. Indeed it is, as implied by the BKS criterion (see §2.5). However,
one would expect there to be a direct proof of this fact that does not employ
the machinery of Fourier analysis and hyper-contractive estimates.

Here we provide a direct proof of strong noise sensitivity for this property.

Theorem 1.5. Let f,, be the property that G(n,p) has a clique of size k,, for
kp = n°M) such that k, — oo with n, and suppose p = p(n) is such that (f,)
is non-degenerate. Then (f,) is noise sensitive. Moreover, it is STRSENS].

Consider the above theorem for 1 < k, < logn. When H, is a clique
of size k,, containing H, in G(n,p) is SENS. However, if H,, consists of
ky, disjoint edges for the same sequence k, then the property is noise stable
(essentially as a majority function). In light of these two opposite behaviors,
one wishes to understand which features of the given graph H,, dictate SENS.

While determining noise sensitivity for graphs H,, whose size grows rapidly
with n can be delicate, the picture is fairly well-understood when the graph
sizes are at most a certain poly-log of n. In that case, it turns out that a
single feature of H,, — being strictly balanced — governs noise sensitivity.
A graph is balanced if its average degree is at least that of any of its proper
subgraphs, and it is strictly balanced if these inequalities are all strict (e.g., a
clique is strictly balanced whereas a collection of disjoint edges is balanced).

Theorem 1.6. Let H,, be a sequence of graphs and let f, be the property
that the random graph G(n,p) contains a copy of Hy. The following holds:

1. If Hy, 1s strictly balanced with 1 < £, < (log)ign)lﬂ edges then (fy,) is
noise sensitive, and furthermore, it is STRSENS7.
2. There exists a sequence of strictly balanced graphs H, with £, < logn

edges for which (fy) is not noise sensitive.
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We stress that the assumption that H,, is strictly balanced is necessary
in the sense that, without it, one could take H,, to be £, disjoint copies of
any fixed strictly balanced graph (e.g., a clique or a tree) for any ¢, < /n,
whence containing H,, is not SENS (in fact it is noise stable). However, it is
not that having H,, be strictly balanced is a necessary condition for SENS,
e.g., we will see that containing a disjoint union of two cliques is STRSENS; .

The last two theorems will be obtained as a consequence of a general tool
(Proposition 4.1) which deduces STRSENS; from an appropriate Poisson
approximation of the number of copies of H, in G.

It should be noted that each of the properties shown in Theorems 1.3-1.6
to be STRSENS; is not STRSENSy, and vice versa. Indeed, a general principle
(Lemma 5.1) will yield that, if we let X,, denote the number of 1-witnesses
W for which wy = 1, then having E[X,,] = O(1) precludes STRSENS( (and
similarly for O-witnesses). At the same time, there can be monotone Boolean
functions that are both STRSENSy and STRSENS7, as we demonstrate in §5.

1.3. Organization. The rest of the paper is outlined as follows. In §2 we
provide prerequisites on noise sensitivity. Section 3 demonstrates the use
of strong noise sensitivity towards establishing noise sensitivity, including
the proof of Theorems 1.3 and 1.4. Section 4 looks into the dependencies
between witnesses for a sufficient condition for strong noise sensitivity. This
condition is then applied in the context of containing a given graph in G(n, p)
and in particular towards the proofs of Theorems 1.5 and 1.6. Finally, §5
compares the 0-strong and 1-strong noise sensitivity of a function, as well
as the validity of these properties under varying levels of noise.

2. PRELIMINARIES

This section includes background on noise sensitivity, both for constant
p and when the probabilities p are allowed to vary with n (see, e.g., [1 1] for
additional information on this topic). We first set some standard notation.

2.1. Notation. Throughout the paper, a sequence of events A, is said to
hold with high probability (w.h.p.) if P(4,) — 1 as n — co. We use the
notation f = Op(g) to denote that the ratio f/g is bounded in probability,
and the analogous f = ©p(g) to denote that f = Op(g) and g = Op(f). At
times we use f < g and f < g to abbreviate f = o(g) and f = O(g), resp.,
as well as the converse form of these. We will often omit the subscript n
from the probabilities p,, under consideration in this paper (though these
will typically tend to 0 as n — oo) for simplicity.

2.2. Influences and the pivotal set. The notion of influence, defined
next, is fundamental in the study of noise sensitivity of functions.
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Definition 2.1. Given a Boolean function f from Q = {0,1}* into {0,1},
p € (0,1) and i € A, the influence of i at level p is defined to be

L(f) =P(f(w) # () (2.1)

where w' is w flipped in the i-th coordinate.

(As usual, the above definition implicitly depends on p through P.) The
following theorem of [1] is one of the central results on noise sensitivity.

Theorem 2.2 ([1]). Let p, = p for some fized 0 < p < 1. If
. . 2 _
nh_{I;oZIz(fn) =0 (2.2)

for a sequence of Boolean functions (fy), then (fy) is SENS.

As we will see below, for monotone functions and constant p the converse
is also true, while what occurs when p,, — 0 is more subtle.
Consider the random set of pivotal variables defined as

P(w) :=Pp(w) :={i € A: f(w) # f(w')}
(Notice P(i € P) = I;.) The following easy lemma will be used in this paper.

Lemma 2.3. Fvery monotone Boolean function f satisfies

EIIPI| £ =1] = 57 = BIP

Proof. Note that {f(w) # f(w%)} and {w; = 1} are independent and so the
left-hand-side of the desired equality is easily seen to be equal to

STR(f(w) 2 £ = 1) = 3 I E IS E P e

where the first equality uses monotonicity and the second equality uses the

% %

earlier stated independence. |
Remark. The above also holds for non-monotone functions when p = 1/2.

We now indicate that the equivalence holding for monotone functions and
constant p between Y, I;(f,)? = o(1) and SENS in fact fails for varying p
in either direction. Let f, be the indicator function of a random graph
containing a copy of Ky with p = n=2/3. Clearly E[|P| | f = 1] < 6
which by Lemma 2.3 implies that E|P| = O(n?/3). By symmetry, this yields
I; = O(n=*3) for each 4, which easily yields (2.2), and yet this sequence
is clearly stable. On the other hand, if f, is the indicator function of a
random graph with p = lo% having minimal degree 1, then {f,} is SENS
(see Theorem 1.4). However, it is easy to verify that E[|P| | f = 0] = n,
which by Lemma 2.3 yields E[P| 2 n and so Y, Li(f,)? 2 1.
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We will see in the next subsection that asking about the equivalence of
> Li(fn)? = o(1) and SENS is not really in fact the right question.

2.3. Fourier analysis. Fourier analysis is usually a crucial tool in studying
noise sensitivity. We give a quick presentation of this. From it, one readily
sees some of the basic properties of noise sensitivity.

For a set A, w € {0,1}* and i € A, we define

(1-p)/p fw =1,

Xl(w)_{ p/(1—=p) ifw; =0.
Furthermore, for S C A, let xs(w) := [[;cq xi(w). (In particular, xy is the
constant function 1.) The set {xs}sca forms an orthonormal basis for the
set of functions f : {0, 1}A — R when the latter is equipped with the inner
product (f,g) := E[fg] (recall there is always an implicit p when we write
P or E). We can therefore expand such functions f(w) =3 ¢cp F(S)xs(w),

where f(S) := E[fxs] is the Fourier-Walsh coefficient of f. Note that f(f)
is the average Ef and by Parseval’s formula E[f%] = Y -\ f(S)2. This
orthogonal basis turns out to be an extremely useful one for studying noise
sensitivity, as the following easily verified formula demonstrates:

E[f( Z f(s el (2.3)

This yields
Cov (fn(w), fu(w?)) =D f(9)*(1—e)5.
S#0
The following theorem now follows immediately; note importantly how it
shows that if the appropriate covariance goes to 0 for one value of ¢, then it
does so for all . Note that there is no condition on the sequence (py,).

Theorem 2.4. Let (fy,) be a sequence of Boolean functions. Then (fy) is
SENS if and only if any one of the following conditions holds:

(1) For some 0 < e <1 we have limy,0 Y g Fu(S)2(1 —e)l8l = 0.

(2) For every 0 < e < 1 we have lim;,_, 257&@ fn(S)2(1 — )8l =o.

(3) For every k we have limy,_, ZO<|S|<k fu(8)2 =0.

A very useful mnemonic device is the so-called spectral sample & = Sy of
a Boolean function f, defined distributionally by

P(S=5):=f(5)2 (SCA).

The total weight of this distribution is less than 1 (unless f = 1). Note that
the terms in Items (1) and (3) in Theorem 2.4 respectively become

E [(1 - 5)‘5”|IL{S¢@}] and P(0 < |S,| < k).
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It turns out that SENS is equivalent to another condition — appearing
perhaps stronger at first glance — according to which for most w with
fn(w) = 1, the conditional probability that f,(w®) = 1 given w is close
to the unconditional probability.

Proposition 2.5. Let (f,) be a sequence of Boolean functions. Then (fy)
is SENS if and only if any one of the following conditions holds:

(1) [P(fa(wf) = 1] w) = P(fa(w) = 1)] 2 0.

(2) [P(fo(w®) =1 |w) = P(fa(w) = D] Lz, @w)=1} = 0.

Proof. Tt is immediate that (1) implies (2). To see that (2) implies SENS as
per (1.1), simply write the expression appearing in the latter equation as

P(w
S B(fa) = 1] w) ~B(fa =] g
w: fn (w)=1 P(fn=1)
It remains to show that SENS implies (1). It is easy to verify that
Var(P(fn( _1 ‘w an 2|S|

520
Therefore, by Theorem 2.4, if (f,,) is SENS we can infer that

nlLH;oVar(IP) (fan(w)=1|w))=0.
Since E[P (fn(w®) =1 | w)] = P(f(w) = 1), this immediately gives (1). N

While Theorem 2.4 is quite easy, Theorem 2.2 is much deeper. It turns
out that the converse of Theorem 2.2 with constant p is true for monotone
functions as we now explain. First, for a monotone Boolean function f
mapping into {0, 1}, one can easily check that

f{i}) = vp(1 = p)L(f). (2.4)
This formula together with Theorem 2.4 immediately yields the converse of
Theorem 2.2 for fixed p. This formula also allows us to restate Theorem 2.2
as saying that, for constant p, if the “sum of the squares of the level 1 Fourier
coefficients” Z‘ S|=1 fn(S )2 approaches 0, then the sequence in SENS.
We now consider Theorem 2.2 in the context of varying p, in particular
for p tending to 0 with n. As above, for monotone functions, (2.4) and
Theorem 2.4 yield the fact that, for arbitrary (p,), SENS implies

lim p(1—p ZI f)?=0. (2.5)

From this discussion, it follows that the version of Theorem 2.2 that one
might hope for, for arbitrary (p,), is that (2.5) implies SENS; equivalently,
for monotone functions, convergence of the level 1 Fourier coefficients implies
SENS. Unfortunately, this is not true as we saw in the previous subsection
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for the event “containing a K,”. Alternatively, if we let p, = 1/n and
consider the indicator function of containing a triangle, then it is easy to see
that this sequence is not SENS (and in fact noise stable, see this definition
below) although (2.5) is of order 1/n. The stability of the indicator function
fn for containing a triangle implies that limy_, ., sup,, Z| S|>k fn(S )2=0. In
addition, in [7] it is shown that for any k£ # 0 (mod 3) this f,, satisfies
Tim Y fu(8)?=0,
|S|=k

i.e., the Fourier weights are concentrated on levels 0, 3,6, ... but stay near
0. (Such a thing cannot occur for monotone functions with constant p.)

We end this subsection by defining the closely related (but opposite) con-
cept to SENS, namely noise stability.

Definition 2.6. The sequence of functions f, : {0,1}* — {0, 1} is noise
stable (STAB) if for any § > 0 there exists an € > 0 such that

sup P(fn(w) # fu(w®)) <9.

If ¢, — 0 with n, one can talk about STAB with respect to {e,} in the
obvious way. Note that while STRSENS; and SENS with respect to a sequence
{en} going to 0 is stronger than ordinary STRSENS; and SENS, STAB with
respect to such a sequence is weaker than ordinary STAB.

2.4. Relation to coarse and sharp thresholds. It is natural to wonder
where the important results in [7] concerning sharp thresholds fall into the
context of this paper. In short, they occur in a very different regime. To
explain this, consider for the moment p = 1/2. There are three common
scenarios that can occur (as well as various combinations).

(1) EIS,| = O(1).

(2) E|S,| = oo and yet |S,| is bounded in probability.

(3) For every fixed k we have P(0 < |S,| < k) — 0, i.e., (fn) is SENS.

The first scenario occurs for example if f,, only depends on a fixed finite
number of variables independent of n. An example where the second sce-
nario occurs is the sequence of majority functions. Similar to (2.5), there is
another relationship between influences and the Fourier picture which does
not require monotonicity. This states that ) ¢ F(9)2S| = p(1—p) > L(f),
or equivalently,

E|S| = p(1 - p)E[P]| (2.6)
(as was established for p = 1/2 in [10]; the case of general p follows similarly).
In [7], results of the form that, if you are in the first scenario, then for

graph properties, the function can be well approximated by functions which
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depend on a fixed number of graphs. Since the context of [7] was p = o(1),
in view of (2.6), the assumptions in [7] are of the form p) . Ii(f) < C.

2.5. Maximum cliques in random graphs. As mentioned above, the
maximum clique of G(n,p) for p = 1/2 concentrates on 1 point for most
values of n, yet for infinitely many values of n it is concentrated on 2 points.
It is for the latter values of n that we have a non-degenerate indicator
function corresponding to the event that we contain a clique of size about
kp ~ 2loggn. We describe here how Theorem 2.2 yields SENS, as was
indicated by Jeff Kahn. Consider the expected size of P, (the set of pivotal
edges). Since p = 1/2, Lemma 2.3 gives

E|Pn’ = 2]P>(fn = 1)E[|Pn’ | fn = 1] .

Hence, for the non-degenerate n we focus on, E|P,| and E[|P,]| | f, = 1] are
of the same order. Clearly whenever f,, = 1 necessarily |P,| = O(log®n)
since if there is at least one clique, one can choose such a clique arbitrarily
and then observe that any pivotal edge must belong to it. This shows that
E|P,| = O(log?n) and hence the influence of each edge is of order at most
(lo%)? Squaring this and multiplying by the number of edges, one obtains
that >, Li(f,)? < (logn)*/n?. Since this approaches 0 with n, Theorem 2.2

yields noise sensitivity.

3. FROM WITNESSES TO NOISE SENSITIVITY
In this section we relate noise sensitivity to strong noise sensitivity. Via

this connection we prove quantitative versions of Theorems 1.3 and 1.4.

3.1. Strong noise sensitivity. We begin with a straightforward lemma
showing that strong noise sensitivity indeed implies the standard one.

Lemma 3.1. Let (f,) be a non-degenerate sequence of monotone Boolean
functions. If (fn,) is STRSENS; then it is noise sensitive. Furthermore,
STRSENS; w.r.t. € = £(n) — 0 implies quantitative SENS w.r.t. the same €.

Proof. By the definition of noise sensitivity in (1.1), we aim to show that
P(fo(w?) =1]falw) =1) =P(fn=1) =0

as n — oo, where € = ¢(n) is allowed to tend to 0 with n. By the FKG
inequality we have P (f,(w®) = 1| fn(w) =1) > P(f, = 1) and it remains to
provide the corresponding upper bound. Let Wy = {Wy,..., W, } be the
1-witnesses for f, (arbitrarily ordered), and define the variable J to be

J=min{l <j<m, : wwjzl}
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or oo in case fp(w) = 0. With this notation,
P(f(w) =1 falw) =1) =D P(falw) =1 J=H)P(J = | falw) =1)

j=1

and again by FKG we see that

P(fa(w) =1|J=j) <P(fu(w)=1|ww, =1)
since we can condition on {J = j} by first conditioning on {ww, = 1}
(obtaining a positively associated measure which enjoys the FKG inequality)
and then further conditioning on the decreasing event [ i< {wwj, # 1}. The

latter can only decrease the probability of the increasing event { f,, (w®) = 1},
thus the last display is established, and altogether we obtain that

P(fy(wf) =1 fulw) =1) < P(f(wf) =1 =1). 3.2
(fo(@) =1]fa(w) =1) < max P(fn(w’) =1]ww =1) (3.2)
Subtracting P(f, = 1) and taking n — oo now completes the proof by the
definition of STRSENS; in (1.2). [ |

Remark 3.2. The proof that strong noise sensitivity implies the standard
one in fact required a slightly weaker condition than the one stated in (1.2).
Instead of having maxy [P (fn(w®) =1 | ww =1) —P(f, =1)] — 0, we only
need an expectation over this quantity w.r.t. a certain distribution over the
witnesses (the first W to appear according to some ordering) to vanish.

In particular, Lemma 3.1 remains valid under the analogue of (1.2) for all
witnesses W except some subset Wi C Wy with P(Uwew: {ww =1}) — 0.

Example (Tribes). Recalling the definition of the tribes function from the
introduction, a 1-witness W € Wj is a full block. Writing

P(fn(WE):wazng]P’( U {wf/v/=1}‘wW=1)

WIAW
+P(wy=1|lww=1),

the last term is equal to (1 — /2)WI — 0 as we have |W| ~ logyn — oo
with n, while the first term on the right hand side is equal to

]P’( U {ww = 1}> <P(fp,=1)
W/#EW

since any two distinct witnesses W, W' are disjoint and thus {wy = 1} and
{ww = 1} are independent. This establishes that

limsup max[P (fp(w®) =1|ww =1) - P(f, =1)] <0,

n—oo W
and since it is always nonnegative (by a monotonicity argument) we conclude
that the tribes function is STRSENS;.



STRONG NOISE SENSITIVITY AND RANDOM GRAPHS 13

Example (Recursive majority). Consider first the canonical 1-witness W
for the recursive 3-majority of n = 3* variables (i.e., W repeatedly reveals
the first 2 of the 3 children of a vertex). Recalling that p = 1/2, the quantity

G =P(fu(w) =1]ww =1) (3.3)

is easily seen (by the nature of this recursive definition) to satisfy

G= (G )’ +2G (1= G )p=Cias

thus (f = (5 =1 — ¢/2 for any k. In particular, recursive 3-majority is not
STRSENS; despite the fact that it is noise sensitive (indeed, it is easy to see
that the influence of a variable is 27% and so the sum of squared influences
is (3/4)F which vanishes as k — 0o, satisfying the BKS criterion for SENS).

We emphasize that for this function not only is P(f,(w®) =1 | ww = 1)
bounded away from P(f, = 1) = 1/2 (enough in itself to preclude STRSENS; )
but rather it is 1 — d(g) where §(¢) — 0 with . This resembles the notion
of noise stability (where P(f,(w®) =1 fn(w) = 1) approaches 1 as ¢ — 0).

Interestingly, further increasing the size of the majority yields an even
stronger witness dependency. As before P(f,(w®) =1 |ww =1)>1—4(¢),
but instead of §(g) = ¢/2 (the case for 3-majority) we now have §(¢) = o(1).

Claim 3.3. Let f, be the recursive 5-majority function on n = 5% levels.
Then for every 0 < e < 1,

li inf P )=1 =1)=1.

A inf P(fn (%) = 1] ww = 1)
Proof. As before, consider the canonical 1-witness W which repeatedly spec-
ifies 3 of 5 children of a vertex, and define ¢} as in (3.3). In this way, condi-
tioned on W the root has 3 children each of which is a Bernoulli({;_1) and
2 other children which are Bernoulli(1/2). It is then easy to check that

1 3 3
G = _5(@?71)3 + 1((271)2 + Z(}ifl )

and as before ¢(§ = 1 — §. Letting

1 3 3

we thus have (f = h(¢;_,), and the proof follows from the easily verifiable
facts that h maps [0, 1] to itself with fixed points at {0,1/2,1}, out of which
1/2 is a repelling fixed point since h'(1/2) = 9/8 > 1. Hence, (f — 1 as long
as ¢j > 1/2, which is indeed the case by the hypothesis 0 < e < 1. |

We note in passing that the analogue of Claim 3.3 for noise sensitivity
(rather than strong noise sensitivity) is not possible for any non-degenerate
sequence (fy,), since Cov(fp(w), fn(w®)) <1 —g(e) for g(e) 2 €.
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3.2. Quantitative noise sensitivity for cycles at criticality. In this
section we prove the following stronger form of Theorem 1.3, offering a more
detailed examination of the phase transition for noise sensitivity around the
point where the noise parameter ¢ is of order n=/3.

Theorem 3.4. Fiz 0 < a < b and let f,, be the property that G(n,p) with

p = (14+0n"Y3))/n contains a cycle of length £ € (an'/?,bn'/3). Then

(fn) is non-degenerate and according to the noise parameter £(n) we have:
(i) If e > n=/3 then (f,) is SENS and furthermore STRSENS; w.r-t. €.
(ii) If € < n~Y3 then (f,) is STAB w.r.t. €.

(iii) If e < n~'/3 then (f,) is neither SENS w.r.t. € nor STAB w.r.t. €.

Proof. Let G ~ G(n,p) and let w denote its edge configuration (i.e., wy, is
set to 1 if the edge wv is present in G and it is 0 otherwise). Let Aj, Ao > 0
be such that 1 — A\yn~1/3 < np <1+ Aon~1/3 for all n and let Xy count the
number of cycles of length £ in G. Put Z = (an'/?,bn'/?) and define

XZZX@Z#{WEWlinEl}.
leT

As the number of potential cycles notwithstanding automorphisms in G
(that is, the cardinality of Wy) is 3 (7) (¢ — 1)! we see that EX; ~ (np)*/(2¢)
uniformly over £ € 7 and so

EX
(1—o(1)e ™M < < (140(1))e*°. (3.5)
3 log(b/a)
At this point, the FKG inequality immediately implies that
P(X =0) > H (1- pf)%(@(ffl)! > e~ (1mo()EX (3.6)

lel

(where the second inequality used the fact that 1 —z = e~ o)z 49 4 0)
which is bounded away from 0 thanks to (3.5).

Next, we examine Var(X). For any two cycles W # W', let x(W, W)
count the number of nontrivial connected components in the intersection of
the edges of W and W’ (each of which is a simple path), and define

Cm = Z Plow =1, wyr =1)
W,W'ew,
(W, W) =m

for each m > 1. With this notation,
Var(X) <EX + > (m,
m>1

prompting the task of estimating the (,,’s. In what follows, let ¢, ¢ run over
the potential lengths of W, W, resp., while s will run over the total number
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of edges in the intersection of W and W’. We then have
0 —(s+m) ¢

s , npen pt s
I N S R e

LeL Vel m<s</

where the first term accounts for the partitioning of the s total edges into
the m intersection paths (with room to spare), the second one accounts for
selecting the paths within W (starting point and direction per path) as well
as their position within W', and the final two terms correspond to selecting
W and W’ with this intersection pattern. The fact that np < 1 + \gn~1/3
translates into having (np)“t?—* < C for C' = 2, thus

(200's/n)™ 2p3)m—t
25 DT T R £ S0y

and

In particular we get that E[X?] = O(1).

An immediate consequence of Cauchy-Schwarz is that any non-negative
random variable X satisfies P(X > 0) > (EX)?/E[X?], thus in particular
P(X > 0) is bounded away from 0. Combining this with (3.6), it now follows
that (f,,) is non-degenerate.

We note in passing that already ¢; is uniformly bounded away from 0 (as
it is apparent from the above that ¢; > (3 —o(1))(b— a)?a for instance) and
consequently the limiting distribution of X is not Poisson.

o Noise sensitivity iff € > n~/3:

The strong noise sensitivity of (f,) when £ > n
calculation akin to the second moment analysis given above, yet this time it
will incorporate the noise in the following prominent way. For any W € W,
of some length ¢, define

¢, = Z Plwpg =1|lww=1) .
W/€W1
k(W,W')=m

—1/3 will be derived from a

By the same line of arguments presented above for (,, we have

S nt'—(stm) s
XS (m _ 1) (240)" i — (1~ (1 - p))’
/S n m 1
ZZ e

again using the fact that (np)’ = < C for C' = e*b. Thanks to the crucial
last term, accounting for the probability of retaining the s edges in the
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intersection paths, it follows that

—a 3\ym—1
G 20 ff; ) 5 (<= p)

Cb(b—a) (2v%)m1
~ nlBe(l—p) (m—1)"

and so ,
, _ Cb(b—a)e? 1
<——F——=0(—= - 3.7
nglgm ~ nl/3¢(1-p) enlt/3 (3.7)

In particular, when & > n~!/3 (Part (i)) we can infer that 3", -, ¢/, = o(1).
To deduce that (f,) is STRSENS; in this case, argue as follows. Partitioning
Wi = {W}UW;uW; where Wy := {W' : x(W,W') > 0} (and Wy contains
cycles that are edge-disjoint from W, thus independent) gives

P(fn(wf):ﬂwWEl)S]P’( U {wf,v,zl}‘wwzl>

W’ewj
—1—]P’< U {wa,,,zl}‘wwzl)—HP’(inEl]wwzl).
W ewy
By the definition of ¢/, and Eq. (3.7) in the case of £ > n~1/3,
IP’( U {w%vlzl}‘u;wzl) < Zgn:o(l),
W/ ew; m>1
while clearly
P( U {wf/vuzl}‘wwzl> :P( U {(,L)W//El}> SP(fnzl)
W ewy Wrewy
and
Pwiy =1 wy =1) = (1—e(l —p))f <e=0pan'? — 1)
again thanks to the assumption that ¢ > n~1/3. Altogether, this yields
P(fa(w) =1]ww =1) <P(fn =1) +o(1),

thus establishing that (f,,) is STRSENS; when ¢ > n~1/3,

We will now show that (f,) is not SENS w.r.t. ¢ whenever ¢ = O(n~1/3),
to which end we will appeal to the Fourier representation described in §2.
The first observation, using Lemma 2.3, is that the set of pivotals P,, satisfies

E[Pol = p 'P(fo = DE[Pu| | fo=1] <p~'tn'/?,

where the last inequality relied on the fact that given that there exists some
cycle Cp with £ € 7 in G, every pivotal edge must in particular belong to
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1/3

Cy and so there can be at most £ < bn'/° such edges. By (2.6), the spectral

sample S,, satisfies
E[Sn| =p(1 = p)E[P,| < bn1/37

which will rule out noise sensitivity for (f,,) w.r.t. € by a standard argument.
As we have established above that (f,,) is non-degenerate, let < 1 be some
constant such that P(f,, = 1) < 6 for any sufficiently large n, and set

M = 2b/(1 - 9).

Since P(S,, = 0) = P(f, = 1) < 0 while P(|S,,| > Mn'/3) < (1 —6)/2 by
Markov’s inequality, we deduce that
1— 1-0
IP’<O< S, <Mn1/3) >1—9—J:7,
2 2
and in particular this probability is bounded away from 0. Due to the
hypothesis ¢ = O(n~/?), we further have

(1= s, jcarmsy > e~ (1m0 5

for some fixed ¢ > 0, and altogether we obtain that

.. e .. Sn
lgr_l}})réfCov (frn(w), fo(w®)) = hnrr_1>£fE [(1 —¢)! ‘Il{gn?é@} >0,
i.e., (fn) is not SENS w.r.t. € in this regime.
e Noise stability iff € = o(n=/3):

Let w be any configuration corresponding to a graph for which f, = 1, where
by definition there exists some cycle W of length ¢ € (an1/3, bn1/3) such that
wi = 1. Under the assumption ¢ < n~'/3 we have that P(wf, =1 | w) >
1 —ebn'/3 =1 — 0(1). In other words, for any w such that f,(w) = 1 we
have P (fp(w®) =1 |w) =1—o(1), implying that (f,,) is STAB w.r.t. €.

1/3

To see that (f,,) is not STAB w.r.t. € whenever ¢ 2 n~ "/  observe first

that if W corresponds to a cycle of length ¢ € 7 then
Py 1 |ww=1)=1-(1-¢e(1-p))>co

for some fixed ¢ > 0 which depends on a as well as the implicit constant
in the assumption ¢ > n~1/3
above,

. At the same time, with the same notation as

]P’( N {wf,[,,,gél}‘wwzl)Z]P’(fn:())>cl

w"ewy
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for some fixed ¢; > 0 thanks to the above established fact that (f,) is
non-degenerate, whereas by FKG

IP’( ﬂ {w%,;‘él}’wwzg > H P(wf,v,gél‘wwzl>
W’ew! Wrew;

> 67(170(1))2@1 G > o

for some fixed ¢y > 0 which depends on a,b and the constant in the hypoth-

-1/3

esise 2 n as specified in (3.7). Combining the last three inequalities,

again by virtue of FKG, we deduce that
P(fa(w®) =1]ww =1) <1—cperen,

which by Eq. (3.2) implies that P (f,(w®) = 1| fo(w) = 1) is bounded away
from 1, precluding noise stability.
This completes the proof. |

Remark 3.5. One can construct a function which exhibits a phase transi-
tion at the critical window of G(n, p), and yet not only is a noise of £ > n~1/3
(effectively moving w® to the subcritical degenerate regime and then back
into the critical window) insufficient for decorrelating f,,(w), f,(w®), neither
does any fixed € > 0. The following example demonstrates this.

For some constants 0 < a < b to be determined below, let f,, the property
that the largest component of G, denoted by Cy, either satisfies |C;| > bn?/3,
or alternatively an®/3 < |C;| < bn?/3 while G further contains a triangle.

Clearly, P(f, = 1) = o(1) when G ~ G(n,p) for p = (1 — §)/n with
¢ > n~Y3 asin that case |C;| = o(n?/?), whereas P(f,, = 1) = 1 —o0(1) when
p = (1+&)/n for the same ¢ since |C;| then concentrates around 2¢n > n?/3
(see, e.g., [0, Chapter 6] and [9, Chapter 5]).

At p= (14&)/n for € = O(n~/3) the sequence (f,) is non-degenerate.
An immediate way to ensure this would be to select a sufficiently small
and b sufficiently large. Indeed, it is well-known that |Cy|/n?/3
in probability to a nontrivial distribution with full support on R, and

converges

in particular for any small § > 0 we can select a sufficiently small and b
sufficiently large so that P(a < |[Ci|n"%/3 < b) > 1 — 4. On this event, f,
identifies with the property g, of containing a triangle, which is known to
be noise stable. In particular,

P (fo(w®) = fo(w)) > P (gn(w®) = gn(w)) =20 > 1 = ¢

for some ¢’(¢, a,b) which can be made arbitrarily small for suitable ¢, a, b.
This precludes the noise sensitivity of f,, for any fixed e > 0, as claimed.

We note in passing that f,, satisfies 3, fu(2)? = O(n=%/3) = o(1), i.e.,
the BKS criterion for SENS is met, and nevertheless (f,) is not SENS.
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3.3. Quantitative noise sensitivity for minimum degree. Analogously
to the previous section, here we prove a stronger version of Theorem 1.4,
which addresses the noise stability vs. sensitivity at the critical noise level.

Theorem 3.6. Let f,, be the property that the minimum degree of G(n,p)
is at least k for some fixred k > 1, and suppose p = p(n) is such that (f,) is
non-degenerate. The following holds depending on the noise parameter e(n):

(i) If e > L then (f,) is SENS and furthermore STRSENSy w.r.t. €.

logn

(ii) If e < loén then (fy) is STAB w.r.t. €.

(i17) If e < loén then (fn) is neither SENS w.r.t. € nor STAB w.r.t. €.
Moreover, the classification into SENS w.r.t. € in (i), STAB w.r.t. € in (ii)

or neither in (iii) holds for all graph properties listed in Theorem 1./.

Proof. Let G ~ G(n,p) and let w denote its edge configuration. Fix k& > 1
and let D,, be the graphs (or corresponding configurations w) with minimum
degree at least k, so that f,(w) = ly.ep,}- The assumption that (f,) is
non-degenerate is well-known (see, e.g., [6,9]) to correspond to
logn + (k — 1) loglogn 4+ O(1)
p =
n

. (3.8)

Consider first the range loé — < & < 1. In this regime, we wish to compare

P(w® € DS | ww = 0) to P(w € Df) for any 0-witness W for D,,. Clearly,
such a O-witness W is precisely a set of n — k edges incident to a vertex.

Denoting the vertices by wvi,v9,...,v,, assume without loss of generality
that this W consists of the edges {viv; : i = 2,...,n — k + 1}. By the
symmetry of witnesses, it is enough to show that for each € > 0,

lirgianP’(wEEDn]wWEO)—IP’(weDn)zO. (3.9)

Let A, be the event that the induced subgraph on the vertices {va, ..., v, }
has minimum degree at least k. We claim that
liminf P(w € 4,,) —P(w € D,,) > 0. (3.10)
n—oo
(The limit is in fact 0 but that will not be needed.) It suffices to show that
lim P(w e A, N D,)=0.
n—oo
Any graph in A ND,, has some vertex v; with 2 < ¢ < n such that the degree

of v; is precisely k and viv; is an edge. By a union bound, the probability
that w satisfies the latter is at most

g L O
— n

having plugged in the expression for p from (3.8). This establishes (3.10).
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Next, let B,, be the set of graphs where the degree of vy is at least k. We
claim that
lim P(w® € B, |ww =0) =1. (3.11)
n—o0o

Indeed, if C), is the set of graphs where v; is isolated then P(w € - | wy = 0)
stochastically dominates P(w € - | w € C},). Thus, as B, is increasing, by
FKG we have

P(w® € B, |ww =0)>P(w* € B, |weC,) =P(Bin(n —1,ep) > k) .
(3.12)

Since p ~ 10% and € > @, the above binomial variable concentrates on

(n—1)ep > k, hence the last expression is 1—o(1). This demonstrates (3.11).
To put it all together, observe that

P(w* e Dy |lww =0)>P(w® €A, NB, |ww =0)
=P(w €A, |ww=0)P(w° €B,|wy=0),

since the events A, and B, are (conditionally) independent. Plugging
in (3.11) and using the independence of {w® € A,} and {ww = 0} we
conclude that

P(w® €D, |ww =0)>P((w € A,)—0(1),

and the required inequality (3.9) now follows from (3.10) and completes the
proof of Part (i).

For Part (ii) consider any w € D¢, whereby the corresponding graph
G contains some vertex v; of degree less than k. Since ¢ = o(1/logn),
the probability that the degree of v; increases due to the noise is at most
(n—1)ep = o(1), and so P (w® € Df, | w) = 1—o0(1). Translating this in terms
of fy, for any w such that f,(w) =0 we have P (f,(w®) =0|w)=1-o0(1),
which establishes noise stability w.r.t. .

We next proceed to Part (iii), addressing the critical regime of & < @.
To show (fy,) is not STAB w.r.t. €, note first that the binomial variable in the
right-hand-side of (3.12) is now approximately Poisson with mean bounded
away from 0 and oo, implying (by the same line of arguments as above) that

P(w® € Dy, |ww =0) > 0P(w € D,,)
for some fixed § > 0 and all n, or equivalently,
Pw*e D |ww=0)<1—-06P(weD5).

Appealing to Eq. (3.2) from the proof of Lemma 3.1, and using the symmetry
of 0-witnesses, we now deduce that

P(fn(w®) =0 fa(w) = 0) <1—=0P(fn = 0),

which precludes noise stability w.r.t. ¢ as (f,) is non-degenerate.
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1

To rule out noise sensitivity for ¢ < Togn’
we appeal to the Fourier representation of f,(w®). For any w such that
fn(w) = 0, an edge uv can only be pivotal if every w # u,v has degree
at least k in w. Moreover, if both w,v have degree k — 1 in w then this
would be the unique pivotal edge, and otherwise |P,| = n— k. In particular,
using (2.6) and Lemma 2.3, we see that

E|Su| = p(1 = p)E[Py| = pP(fn = O)E[| Pyl | fr = 0] < (1 +0(1))logn .

as in the proof of Theorem 3.4

As (fn) is non-degenerate by hypothesis, let § < 1 be some constant such
that P(f, = 1) < 6 for large enough n, and set M = 2/(1 — ). Since the
spectral sample S,, satisfies P(S, = 0) = P(f, = 1), Markov’s inequality
implies that
1-90 1-6
P (0 < |Sy| < Mlogn) > 1—9—7—0(1)27—0(1).
Consequently, when € = O(1/logn) there exists some ¢ > 0 such that

(1— 5)|8”‘11{0<\8n|<M10gn} > e—(1—o())eMlogn > . 0,

and so

lim inf Cov (fn (@), fo(w®)) = liminf E [(1 — &), 20| >0,

n—oo n—oo
i.e., (fn) is not SENS w.r.t. € in this regime.

Finally, it remains to extend the classification of either SENS or STAB
w.r.t. € to the graph properties listed in Theorem 1.4. To this end, recall the
well-known facts (see [3,0,9]) that each such property (gy) is asymptotically
equal to the property (f,) of having minimum degree at least k (for an
appropriate k), in the sense that lim, oo P(f,, # ¢n) = 0. It is elementary
that if (f,) is noise sensitive (noise stable) and (g,) is asymptotically equal
to (fn) then (g,) is noise sensitive (noise stable), since

[E[fn(w") fr(@)] = Elgn(w®)gn ()] < 2P(fn # gn)

thus translating the quantitative statements on (f,,) to (g,,), as required. W

Remark 3.7. As an alternative way to obtain Theorem 1.4, one could
appeal to [15, Theorem 1.8] and present a randomized algorithm for the
event “minimum degree at least k” whose probability of querying any given
edge tends to 0. This would imply a quantitative noise sensitivity result,
albeit weaker than the sharp one obtained above.

4. NOISE SENSITIVITY OF WITNESS-TRANSITIVE FUNCTIONS

Let f be a monotone Boolean function on a domain €2. We say that f is
1-witness-transitive if the set of automorphisms of f (the set of permutations
7 on Q under which f is invariant, i.e., f = f o) is such that for any two
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witnesses W, W' € Wi (f) there exists an automorphism of f mapping W to
W'. That is to say, any two 1-witnesses for f are equivalent.

For instance, the classical examples for noise sensitive functions which
were mentioned in the introduction, tribes and recursive majority, are both
1-witness-transitive, as is the property of containing an unlabeled copy of a
certain graph H in a random graph G ~ G(n,p).

4.1. A Poissonization tool for strong noise sensitivity. Our goal in
this section is the prove a sufficient condition for strong noise sensitivity
of 1-witness-transitive functions. This condition will be in the form of a
Poisson approximation of the total number of such copies, as stated next.

Proposition 4.1. Let (f,) be a sequence of 1-witness-transitive monotone
Boolean functions. Let W, = W,(n) be a canonical 1-witness for f,, and
suppose that (1—py,)|Wy| — oo withn. Let X,, = ZWewl(fn) Ly =1y count
the occurring 1-witnesses, and assume that for some A € R we have:

li_)m E[X,] =X and li_>m Var(X,,) = X, (4.1)
ILm E[X, |ww, =0] = . (4.2)

Then X, 5 Po(\) as n — oo and (f,) is SENS and moreover STRSENS].
Furthermore, quantitative SENS (as well as STRSENS; ) holds w.r.t. e(n) iff

€> [(1 _pn)|W*|]_1 . (4'3)

Proof. The fact that the X, converges in distribution to a Poisson random
variable under the given assumptions follows from a standard application of
the Chen-Stein method (see, e.g., [2, Theorem 1] and [9, Theorem 6.24]).
Indeed, writing Iy = 1y, =1y for W € W we see that P(Iy) = PVl =0(1)
thanks to the assumption (1—p)|W,| — oco. As these indicators are positively
related by FKG, we can invoke a simplified form of the Chen-Stein method
(see [9, Theorem 6.24]), at which point the assumptions (4.1) imply that

\m —1 +2VII/n€aWX1P(IW) =o(1).

Linking the above to strong noise sensitivity will be achieved by the next

HXn - PO(/\)HTV <

key definition, which we phrase for general monotone Boolean functions (not
necessarily witness-transitive) as it may be of independent interest.

Definition 4.2. A sequence (f,) of monotone increasing Boolean functions
is said to be I-witness-disjoint if

li 5= = = V.
i g P U e =1) o =1) =0
wW'ewi \{W}
W'NW#£)



STRONG NOISE SENSITIVITY AND RANDOM GRAPHS 23

Note that the above condition would trivially hold if every pair of distinct
1-witnesses were disjoint (as is the case for instance for the tribes function,
where the 1-witnesses are full blocks). In a sense, Definition 4.2 provides
an approximation to such a situation, which, as we show next, is powerful
enough to imply (quantitative) strong noise sensitivity.

Lemma 4.3. Let (f,) be a sequence of monotone Boolean functions that is
1-witness-disjoint. Let e(n) be such that e(1 — py)l, — oo with n, where £,
is the minimum size of a 1-witness for f,. Then (f,) is STRSENS; w.T.t. €.

Proof. Thanks to our assumption on € we have that for any 1-witness W,
Pwiy =1 lww =1)=1—e(t —p)" < el = o(1),

and therefore

}P’(fn(wts)zl\wwzl):]?( U {wgv,zu‘wWa)

W’'ewr

gP( U (=1 ) Wy = 1> +o(1).
W ew\{W}
(4.4)

Define the events A,, and B, by
A= |J {wip=1 . Ba= |J Avi=1}.

W'eW, W'ewi\{W}

W'NW=0 W/NW#£0
Of course, P(A,, |ww = 1) <P(f, = 1) as the events A,, and {wy = 1} are
mutually independent, and together with (4.4) this yields

P(fp(w) =1 wy=1)—P(fo=1) <P(Bn|ww=1)+o0(1). (4.5)

Next, since the distribution of w® conditioned on wy = 1 is stochastically
dominated by the distribution of w conditioned on wy =1,

P(Bnlwwzl)§P< U {wwle}‘wwzl>.
W' ewi \{W}
WNOW'£0D

Now take a supremum over W € Wi, under which the final expression goes
to 0 by Definition 4.2. Combined with (4.5), this concludes the proof. W

Returning to the setting of Proposition 4.1, we claim that under the
hypotheses EX,, — XA and E[X,, | ww, = 0] — X given there, the extra
assumption Var(X,) — A in (4.1) is equivalent to having

7}1_)H010 Z Plwuw=1]ww, =1)=0. (4.6)

WGWl \{W*}
WNW,#£D



24 EYAL LUBETZKY AND JEFFREY E. STEIF

As per Definition (4.2), this would imply (thanks to the witness-transitivity)
that (fy,) is 1-witness-disjoint, and in light of Lemma 4.3 we will thereafter
arrive at strong noise sensitivity w.r.t. ¢ assuming € > [(1 — p,)|Wi[]~ .
Indeed, this equivalence is seen by expanding EX2 = EX,, + I' + A where

= ZP(wwzl,wwle), A= Z Plow =1, wyr =1).
W,W’'ew, W#£W’'eWw,
W'NnWw=0 W'NW#0
The expression for I', which is clearly at most (EX,)?, can be rewritten by
virtue of the independence of W, W' and the witness-transitivity as

> Plww=1) > Plow =1)=E[X,E[X, |ww, =0],
Wewr 4%t
Wnw'=0
which is at least (1 — o(1))A\? by the aforementioned hypotheses. At this
point, Var(X,) — A if and only if A — 0, and yet by the witness-transitivity,

A=EX,] > Pluw=1llwy=1).
Wew \{W.,}
WNW,.#£0D
This completes the argument for STRSENS; whenever € > [(1 — p,,)|Wi |7t
In the regime ¢ < (1 — p,)|W,|, the sequence (f,) will not be SENS,
by the same Fourier argument given in the previous section: As before,
E[|Pn| | fn = 1] < |W4]| since we can take an arbitrary witness W that
occurs in a configuration for which f,, = 1 and note that every pivotal edge
must then belong to W. It then follows that E|S,| < (1 — p,)|Wi|, thus for
e < [(1 = p) Wit we have liminf,, oo Cov(fn(w), fn(w®)) > 0 due to the
Fourier levels 0 < |S,,| < M(1 — p,)|W4| for a suitable constant M > 0. W

Example (Tribes). We have seen in the previous section that the tribes
function is STRSENS; by a direct analysis of P(f,(w®) | ww = 1)—P(f, = 1).
We will now derive this fact via an immediate application of Proposition 4.1.
Let m = logy n —log, logs n denote the block size in f,, (as usual, divisibility
issues can be solved by ignoring one exceptional block; we omit floors and
ceilings for brevity), and note that a canonical 1-witness W, consists of
a full block and so (1 — p,)|W,| < m — oo. Moreover, X,, is simply a
Bin(n/m,27™) random variable, thus both E[X,,] — 1 and Var(X,) — 1 as
n — oo, while under the conditioning wyy, = 0, the variable X,, becomes a
Bin(n/m—1,27"") variable, whose mean again converges to 1 as n — oo. The
conditions of Proposition 4.1 are thus met, yielding that (f,,) is STRSENS;.
Furthermore, it is such iff € > 1/m while it is not SENS for ¢ = O(1/m).

Remark 4.4. It is easily seen from the proof of the above proposition that
in order to conclude (quantitative) strong noise sensitivity without making
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any claim on the limiting distribution of X,,, the conditions (4.1) and (4.2)
may be replaced by

0 <liminf E[X,] <limsupE[X,] < oo, (4.7)
n—00 n—00
lim |Var(X,,) — E[X,]| =0, (4.8)
lim |E[X,] — E[Xp |ww, =0]| =0. (4.9)

Under these assumptions, (f,) is non-degenerate thanks to FKG (bounding
P(X = 0) away from 0) and Cauchy-Schwarz (bounding P(X > 0) away from
0) as in the proof of Theorem 3.4. Following the proof of Proposition 4.1
we see that, as E[X,,] = O(1), conditions (4.8) and (4.9) yield A — 0, from
which point the original argument completes the proof.

As an immediate corollary of the results proved above, we get the following
sufficient condition for strong noise sensitivity of containing an unlabeled
copy of a graph in the Erd6s-Rényi random graph.

Corollary 4.5. Let G ~ G(n,p) and let Hy, be a graph with k < \/n vertices
and £ > 1/(1 —p) edges. Let fn = lix, -0y where X, counts the number of
unlabeled copies of Hy, in G, and suppose that

0 <liminf E[X,] <limsupE[X,] < oo,

n—00 n—o00
lim |Var(X,)— E[X,]| =0.
n—oo

Then (fn) is SENS and moreover STRSENS;. Furthermore, quantitative
STRSENS; holds if ¢ > [(1 — p)f] " and otherwise (f,) is not SENS w.r.t. €.

Proof. Appealing to Proposition 4.1, with the canonical witness W, being a
copy of H,, we see that (4.7),(4.8) and the fact that (1 — p,)|W,| — oo are
explicitly assumed. For the final condition (4.9) in Remark 4.4, note that
E[X,] = (})p'k!/ aut(H,) where aut(Hy,) is the size of the automorphism
group of H,, while E[X,, | wy, = 0] > (";k)pfkr!/ aut(Hy,) ~ E[X,,] thanks
to the hypothesis that k < y/n, as desired. [ |

4.2. Noise sensitivity for cliques. This section is devoted to the noise
sensitivity of cliques of any size 1 < k, = n°®) in the random graph G(n,p),
corresponding to the maximum cliques for n=°M) < p <1 — p=—oW).

Proof of Theorem 1.5. The statement of the theorem will follow from
Corollary 4.5 via the standard second moment analysis which implies the
2-point concentration of the clique number k, of G(n,1/2), generalized to
the case of 1 < k, = n°D). An outline of this second moment calculation
for p =1/2is given in [1,0], and here we provide the full details for the sake
of completeness.
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Let X}, = X% (n) count the number of cliques of size k = k,, in G ~ G(n, p),
and note that EX; = (Z)p(g) can be assumed to be bounded away from 0, as
otherwise P(Xj = 0) = 1—o0(1) and so the sequences ky,, p,, would correspond
to a degenerate sequence (f,) countering the hypothesis of the theorem.

In order to estimate the variance of X, as usual write Var(Xj) < EXp+A
for A =%y p, P(H1 C G, Hy C (), where the summation runs over all
pairs of potential k-cliques H; # Hs that have some edges in common. We
claim that the required result would follow from showing that

A =o((EXp)?) . (4.10)

Indeed, suppose that EX; — oo with n. In this case (4.10) implies that
Var(X},) < (EX})?, thus by Chebyshev’s inequality X; concentrates about
its mean and in particular P(X3 > 0) = 1—o0(1), contradicting the hypothesis
that (fy,) is non-degenerate. We thus have that EX}, is bounded away from 0
and oo for any sufficiently large n, and a closer look at EXj, ~ (np=1)/2)k /L
reveals that this can only occur if

p=n~CGte)/k (4.11)

Hence, either & = O(logn), in which case p is bounded away from 1 and
in particular the number of edges ¢ = (g) satisfies £ > 1/(1 — p), or we
have k > logn and then (1 — p)~! = O(k/logn) = o(k?), again satisfying
the condition £ > 1/(1 — p) in Corollary 4.5. Finally, it follows from (4.10)
that |E[Xj] — Var(Xy)| — 0 and the mentioned corollary now provides the
required statement on the strong noise sensitivity of (f,,). Furthermore, we
obtain that quantitative (strong) noise sensitivity holds iff € > [(1—p)k?]~L.

A classical fact worth reiterating is that for p as given in (4.11), and
writing v; = E[X41]/E[X,], one has ¢; = p/(n — j)/(j + 1), thus the map
j — EX; (starting at EX; = n) is unimodal and for j ~ k it satisfies that
Y= n~1te(1) | By the discussion above, this yields the 2-point concentration
of the clique number, and moreover a 1-point concentration except for those
rare values of n when, e.g., the first EX; to drop below 1 (say) is still
bounded away from 0. These are precisely the non-degenerate cases.

To obtain (4.10), one breaks A down into A = Zi:zl A; according to ¢,
the number of common vertices between Hy, Hy (at least 2 to accommodate
a common edge and less than k to keep the cliques distinct), obtaining that

2= (1)) (oo,

Fix any arbitrary 0 < § < % and let

a::(1+5)blg°<% . Bi=(2-0)

log(n/k?)
log(1/p) ’
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noting that a < f for large enough n since k = n°M). It is now easy to see
that for any ¢« < 8 we have

A G 1em] K21 14o(1) (K2\?
BT s ] < (w)

where the first inequality holds for & < y/n and the second one for i < g.
It then follows that

Ai —d+o0(1
> ExE s W =o(1),
2<6i<B

and we now proceed to handle the remaining A;’s (with some overlap). Since
EX} is bounded away from 0 we see that for any o < i < k,

N\ k—i
. ) — i — k)pt k—i
Ao A By kY B o)y
(EX;)? ~ EX;, \i)\k—i ((k —i))?

with the last inequality stemming from the fact that ¢ > «. In particular,

> (E)A(i 2 S n=0to = o(1),
k

a<i<k—1

and as « < [ this establishes (4.10), completing the proof. [ |

In the special case where the sequence of probabilities p(n) is such that

E[X)] — A for some fixed A > 0, (i.e., (Z)p(g) converges), the above proof
further gives (via the Chen-Stein method, as in the proof of Proposition 4.1)

that X}, N Po(\). However, a Poisson limit for the number of copies of a
graph is not a necessary condition for STRSENS;, as the next remark shows.

Remark 4.6 (Disjoint union of two cliques). Consider the property f, of
containing a disjoint union of two cliques Kj U K} when the clique size
1 <« k < n°M is exactly such that the probability of witnessing a single
such clique in G ~ G(n,p) is non-degenerate. We claim that containing
this graph, which we note is balanced by not strictly balanced, is STRSENS;
despite the fact that the corresponding number of copies of this graph is not
asymptotically Poisson, nor is this property 1-witness-disjoint. Indeed, one
easily sees that the condition in Definition 4.2 fails since upon conditioning
on two disjoint cliques H' and H” (which together form a 1-witness for
fn), there exists a third clique H, disjoint from H’ and H”, with probability
bounded away from 0 (in which case HUH’ for instance would be a 1-witness
nontrivially intersecting H' U H").

In order to establish STRSENS; for this property, we modify the second
moment calculation in the proof of Theorem 1.5 as follows. Letting F denote
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all potential copies of a single clique K}, in G, take H', H” € F to be two
disjoint such copies, arbitrarily chosen, and define

Aiji= Z P(HCG|H H' CQG),

HeF
|V (H)NV (H')|=i
[V(H)NV (H")|=j

Amz(kﬁ&Tﬁ)@>c)ﬂ@G)@f

As usual, the probability of encountering a copy of K U K} that does not
intersect neither H' nor H” is at most P(f,, = 1), while the probability of
encountering even a single K}, that intersects H' but not H”, conditioned

whence

on H', H" C G, was shown in the proof of Theorem 1.5 to tend to 0. Hence,

it remains to show that » o, ;, Ai; = o(1). The case where
logn
i< (2—8)—2 4.12
2 ioa(/n) -

for some small § > 0 is treated as in the proof of Theorem 1.5 by writing

Ai,j < |: k2 :|i+j _ |:]€2:|i+j _ (k4/5>5(i+j)/2
(Mp&) T Lnp(@+EV @D ] T [aplit2 ] = :

—25+0(1)

which is at most n by the assumption i,j > 2. (Note the usage
of (4.12) for the last inequality.) The complement range for (4.12) is handled
in the following way. Without loss of generality, assume ¢ > j, and using

the fact that (g) ~ ()= () = (k= (i+4)(i +j) +1ij we can infer that
e(n — 2k) L\ ) -\
Ai < : : k 21+7 kQ 7 )
s (i) e
The first term on the right-hand-side is at most n(-1+t0+e)(k=(+3) by the
assumption on i + j, whereas the second term is at most n(~1+9/2+o(1)j

which in turn is at most n=2t9+(1) thanks to the fact that j > 2. Summing
these over 2 < ,j < k now leads to the conclusion that (f,) is STRSENS;.

4.3. Proof of Theorem 1.6, Part 1. This part of the theorem is a simple
consequence of Corollary 4.5 via an elegant Poisson approximation argument
of Bollobas [6, Theorems 4.1 and 4.3]. We include the proof for completeness.
logn
loglogn
and let X, count its number of copies in G ~ G(n,p) for p = p(n) such that

Lemma 4.7. Let H,, be a strictly balanced graph with £, <

edges,

0 < liminf E[X,,] < limsupE[X,,] < co.
n—oo

Then o
lim (Var(X,)—E[X,]) =0. (4.13)

n—o0
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Proof. Denote the number of vertices and edges of H, by k and /¢, and let
F denote the set of all potential copies of H,, in G ~ G(n,p). As before, we
break up the second moment of X,, into
B =EIX+ 3 B(HLH'CA)+ Y E(HLH'CG)
H'#£H"eF H'#£H"eF

H'NnH"=0 HNH"#0
<E[Xp]+(1-oW)EX.)*+ > PH,H'CG),
H'#£H"eF
HNH"#)

where the inequality between the lines used the fact that k < /n as well
as the assumption that E[X,] is bounded away from 0 and oo, as in the
proof of Proposition 4.1. We will show below that the summation in the
right-hand-side is o(1), which will then imply (4.13).

Given H' and H” whose vertices overlap, put t = [{v € V(H")\V(H")}|,
whence 0 < t < k. (Observe that ¢t = 0 is possible since H' and H” can
correspond to different copies of H,, even if their vertex sets are the same.)
The number of vertices in H' N H” is therefore k — t.

Assume for the moment that ¢ > 0. Since H, is strictly balanced, it
follows that the number of edges of H” between vertices in V(H') NV (H")
is strictly less than (k—t)¢/k. Thus, the number of edges in H” with at least
one endpoint not in V(H')NV (H") is strictly more than —(k—t)¢/k = t{/k.
Since the number of such edges is an integer, there are in fact at least
t¢/k + 1/k such edges, hence the number of edges in H' U H” is at least
£+ MTH. Now, if ¢ = 0, the number of edges in H' U H” is at least £ + 1
(since H' # H"). Altogether, this number is always at least £ + (t¢ + 1) /k.

It is easy to see that the third summand is at most

2k—1 k! 2
() () oo
= \s k] a

where a denotes the size of the automorphism group of H,. The last sum is
at most

2k—1 ¢ 1 2
E TL' <5) plstl)/k (4.14)
~ sl \a

Note now that
n\ k! nkpt
E[X,] = “pt = (14 0(1))——
[Xn] (k>ap (1 +o(1))—

since k < /n. It follows that

GELX)
p= CEEDT ) oy
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Substituting this back into (4.14) yields that the third sum that we are
interested in is at most

2k—1 2
(1 + (1)) Z 1 <3‘> (QE[XHD(s—&-K*l)/kﬁ.

sl \a
s=k

Since a > 1 and s/k + (¢k)~! < 2, the above sum is at most
(1 + o(1))k (E[X,]? v U(Qkﬂﬁéﬁ.
Since k < £+ 1, this is at most
(2¢ +2)!
i/t
It is easy to verify, using the fact that E[X,] is bounded away from 0 and

oo and that ¢ < 4/ lolgign, that this last term is o(1), as desired. [ |

(14 0(1))(£ +1) (E[X,)? V 1)

4.4. Proof of Theorem 1.6, Part 2. Consider G ~ G(n,\/n) for some
large enough fixed A > 1, and let H,, be the graph comprised of two triangles
connected by a path of length

rn = [3logyn]. (4.15)

(Any choice of (1+6)logyn < r, < (2—9)logy n would be valid, as will later
become evident; we consider this particular r,, to simplify the presentation.)
It is easy to see that Hy, is strictly balanced. That 1¢p, gy is not SENS will
follow from the next two propositions which may be of independent interest.

Proposition 4.8. Let G ~ G(n,p) for p = A/n with A > 4 fized, and let Cy
be the largest component of G. Define the event

Ay = {C1 contains at least k triangles} . (4.16)

For any fized k > 1, the function 1a, is non-degenerate and not SENS.

Proposition 4.9. Let G ~ G(n,p) for p = A\/n where A > 1 is some large

enough constant, and let Cy denote the largest component of G. W.h.p., every

pair of triangles in C1 is connected by a simple path of length r, = L% log\n].
Consequently, P(H,, C G) = P(Az) + o(1) where Ay is as in (4.16).

Indeed, Proposition 4.8 will follow from showing that the giant component
is, in a sense, robust under the noise operator, hence, for instance, triangles
in C; are likely to remain in the new largest component. The conclusion
of Proposition 4.9 that the properties {H, C G} and Ag are equivalent up
to a negligible probability (together with their non-degeneracy at the given
p = A/n) will then preclude the noise sensitivity of 1¢y, gy

Our proofs will exploit the well-known fact that the breadth-first-search
exploration process of the component of a given vertex is well-approximated
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(up to depth clogn for a suitable ¢(\)) by a Po()\)-Galton-Watson tree
(a supercritical branching process in our setting), whence belonging to the
giant component would correspond to the survival of this branching process.
Further set A\, < 1 to be the reciprocal of A in that

e ™ = N\e M.

It is known that A\, equals the probability that, conditioned on the survival
of the branching process, the number of surviving children of the root is 1.

Proof of Proposition 4.8. Let {v1,...,v,} be the vertices of G arbitrarily
ordered, let V' = {v; : i < [n/10]} and let G’ be the induced subgraph of
G on V’'. Denoting by Y the number of triangles in G’, we note that, as
G ~ G(n',p) with p = A/n ~ A\/(10n') for n' = |V’|, it is well-known
(and also follows from the second moment analysis in the proof of Part 1 of
Theorem 1.6) that YV 4 Po(\) for some A > 0 fixed (namely, A = A3/6000).

Next, write V" = {v; : i > [n/10]} and for each vertex z € V' let G/ be
the induced subgraph on V”U{x}. Further let T';(z) denote the exploration
process from x in GY, that is, for each t > 1

Ty(z) ={y € V" : distgr(z,y) = t}.

This breadth-first-search exploration process up to some time R yields a tree
T (R) which is stochastically dominated by a Bin(0.9n, A /n)-Galton-Watson
tree with R levels (since |V”| < 0.9n), and as long as the number of exposed
vertices is o(n) it stochastically dominates a Bin(7n/8, A/n)-Galton-Watson
tree (for instance) with the same number of levels.

Reveal the graph G’, and pick an arbitrary vertex from each triangle in
it, denoting these vertices by {z1,...,zy}. Set

R :=10log,logn,

and expose Ty, (R) for all i = 1,...,Y level by level as described above. An
important observation is that, should any of these trees intersect, it would
imply that G contains a subgraph Fy consisting of two triangles and a path of
length ¢ = O(loglogn) between them. However, if kK = x(n) is any sequence
going to oo with n, then w.h.p. no two triangles in G have distance less
than logy(n) — k between them. Indeed, the expected number of copies of
all graphs {Fy : £ <log,(n) — k}, where F; consists of two triangles and a
path of length ¢ edges between them, is at most

_ A ,,{
Y. ) Y S KA =0(1).
(<logy(n)—k (<logy(n)—k

In particular, w.h.p. the Y trees exposed above are pairwise disjoint. In
addition, standard large deviation estimates for the binomial distribution
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(cf., [9, Corollary 2.3]) imply that there for any given x
P (‘UtSth(iﬁ)’ Z )\R) S e—c(logn)27

where ¢ > 0 is an absolute constant. (This can be argued, for instance, by
noting that for small enough 6, the event {| U;<g I't(x)| > A%} implies that
for some ¢t < R we must have either {L; > L;_1pu+ log2 n, Li_1 < log2 n} or
{L¢> (14+6)Li_1p, Ly—1 > log?n}, where u := 7A\/8.) Therefore, w.h.p. no
vertex sees more than AT = n°() vertices by time R, and hence we can define
on the same probability space (Y, Tz, (R),...,Tzy (R), T/(R),..., T}, (R))
so that (T{(R),,..., T, (R)) are iid. Bin(7n/8, A/n)-Galton-Watson trees
with R levels and such that P(NY_ {7/ (R) C To,(R)}) = 1 — o(1).

Let 71,(d) be the probability that a Galton-Watson tree with offspring
distribution L contains a d-regular subtree (sharing the same root). This
quantity was expressed in [13] as a solution to an equation involving the p.g.f.
of L. When L ~ Po(pu), it was shown that 77,(d) is the largest solution of
(1—s)exp(us) = Z?;é (ps)? /4!, which is positive whenever d = (1—¢,,)u for
some £, — 0 as u — 0o (see §4 of that work). For d = 2, the analysis of [13]
(and Egs. (4.3),(4.4) in particular) shows that 77, > 0 provided u > exp(y)/y
where y is the unique positive solution to y%+y+1 = exp(y), e.g., p > 3.351
would suffice for a positive probability of containing a binary subtree. In case
of L ~ Bin(n,p) (explicitly stated in [12, §5]), 71(d) is the largest solution

€ (0,1] of 1 — s = P(Bin(n,ps) < d — 1). For p = u/n, since L KN Po(us)
and the intersection of the functions (1 — s) and exp(—us)(1 + us) is not a
tangent point for any p larger than the critical one, 77, (d) coincides with the
Poisson case, thus in our setting indeed p = 7\/8 > 3.5 (by the assumption
on \) suffices for the tree T/(R) to contain a binary subtree of height R at
its root with positive probability; let 6 > 0 denote this probability.

Altogether, it follows that we can define on a common probability space
our random graph and a Po(\'@) variable Z so that w.h.p. the number
of triangles in G’, for which the exploration process into V" from one of
the endpoints contains a binary subtree of height R rooted at that vertex,
is at least Z. Hence, for any fixed £ > 1 there will be at least k such
triangles with positive probability (here we see that Ay is non-degenerate:
with positive probability G is triangle-free, and with positive probability we
find k triangles as above, each one connected to at least 2L% =< (logn)'©
vertices and thus part of C; w.h.p. (see, e.g., [9, Theorem 5.4])).

The proof is concluded by noticing that each of these triangles is robust
under the noise operator. Indeed, the triangle itself survives the noise with
probability (1 — ¢)3, and henceforth the noise operator on a binary tree is
simply a branching process with offspring distribution Bin(2,1 —¢). Letting
Z, be its population size at time ¢, a classical fact on supercritical branching
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processes whose offspring distribution L has a finite second moment is that,
if m=EL > 1 and ¢ < 1 is the extinction probability, for any fixed § > 0
with probability 1 — ¢ — § we have that |Zp| > em! for some fixed ¢ > 0.
Here we have m = 2(1—¢), yielding that |Zr| > c(logn)? for a small enough
g, except with probability ¢+9 < 2¢ (for a suitable ¢) where g goes to 0 with
€. This would in turn correspond to the scenario where w.h.p. the triangle
under consideration is part of C§, the largest component of the new graph (as
the second largest component has Op(logn) vertices). Altogether, we have
shown that for f, = 1a,, a positive fraction of the space {w : fp(w) = 1}
is such that P(f,(w®) = 1| w) > 1 — g(e) where g(¢) — 0 as ¢ — 0. By
Proposition 2.5 it then follows that (f;,) is not noise sensitive. [ |

It remains to prove Proposition 4.9. While it is possible to derive the
proof from various routine branching process estimates, it will be convenient
to appeal to estimates to this effect that were developed specifically for the
setting of a sparse random graph G(n, A\/n) in the recent work of Riordan and
Wormald [14]. Similar to before, let T'y(x) := {v € V(G) : distg(z,v) = t}
for ¢t > 0 be the set of all vertices of G at distance exactly ¢ from x. Set

w := (logn)®, to = LlogA*ﬂ nJ ) t; = |log\ w] ,

following the notation of [I1]. Using these definitions, the following was
shown in [, Lemmas 2.1 and 2.2] (see Egs. (2.10) and (2.11) in particular).

Lemma 4.10 ([11]). Let 0 < k = o(logn) be so that k — oo with n. Then
w.h.p. no vertex x € V satisfies 1 < |T¢(x)] <w for all 0 <t <to+t; + k.

Observe that t; = O(loglogn) whereas tg = (14 8,)A ™! logn for §y which
approaches 0 as A grows. In particular, we have

to+t1+k < Tl()log/\n
for large enough A\ and any sufficiently large n. Therefore, upon defining
Tw(x) == min{t : [Ty (x)| > w},

we see that w.h.p. every vertex z satisfies that « € Cy iff 7, (2) € [1, 5 log n).
We can now address the case 7, (x) < % log, n, which will correspond as per
the discussion above to every = belonging to the giant component. Here we
will need to adapt this conclusion to the case of two simultaneously growing

neighborhoods, as given by the next lemma.

Lemma 4.11. Fiz 6 > 0 and take ¢ € N such that £/logyn € (1439,2—20).
Then w.h.p. every two vertices x,y whose distance in G exceeds 20 logy n and
such that Ty (), 7w (y) < dlogy n are connected by a simple path of length £.
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Proof. Set T' = § log, n and consider the standard exploration process which
iteratively reveals T'y(x) for 1 <t¢ < T. Estimating |I';(z)| is elementary by
standard concentration arguments, as noted in [I4, Lemma 2.4]. Indeed,
denoting L; = |T'y(z)| for the number of vertices at distance ¢ from x, clearly
Lit1 ~ Bin(n — > ,o, Lt,q) for ¢ = 1 — (1 — A/n)Et = AL;/n + O(L?/n?).
It then follows from large deviation estimates of the binomial variable (as

used in the proof of Proposition 4.8) that as long as, e.g., Zigt L; <n'=9/2

L 1 1 AL >
P ( —1‘> L) <2 —(2 —o(1))-251 ),
< ALy ~ log?n | t) - exp( (5 —of ))log4n

where the assumption on L; makes E[Lyy1 | Li] = (1 4+ O(n~%?))AL;, an
approximation error which is insignificant compared to the O(1/ log® n) scale
of the deviation considered here. In particular, we see that necessarily

w< Lyyz) < 2w

except with probability exp(—cw/log*n) = exp(—clog?n) for an absolute
constant ¢ > 0. Furthermore, by accumulating the O(1/log?n) errors up
to time 7" = O(logn), this estimate can be extended all throughout this
interval (note that since T' = §log, n this will maintain L; < n? satisfying
the requirement on the size of )., |I';(x)| with room to spare) to yield

’Lt/[At—Tw(x)Lm(x)] — 1‘ < lglen  forallr, <t<T

except with probability exp(—clog?n) for some other absolute ¢ > 0 (the
factor of log log n could have been replaced by any x(n) going to co with n).

Now, let us adapt the exploration process to a pair of initial points x,y
as follows. Denoting the set of neighbors of a set S in G by Ng(S5), let

Ly ={z}, I}=Ng (D) \J@uTy),

1<t

M=), 1= (1) (o ot ).
i<t
That is, we expand the neighborhood of x among unvisited vertices (those
that had not yet appeared in any of the neighborhoods) followed by the
same procedure for y, repeatedly.

We clearly have that Ui<rI; and U;<pT are disjoint by construction.
The hypothesis on the distance of x,y then implies that I', = I'y(z) and
I/ = Ty(y) for all t < T. It now follows that Y, ,(|IT¢| + |T7]) < 5Awn?
with probability 1 — exp(—clog?n) for some absolute ¢ > 0.

Exposing A} for ¢ = T 4+ 1,...,[¢/2] alternating with exposing A} for
t=T+1,...,|¢/2], the exact same concentration argument as above —
while recalling that ¢ < (2 — 2J)log, n by hypothesis and so at all times
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above there are at least (1 — O(n~%))n unexposed vertices — implies that
with probability 1 — exp(—clog?®n) for some absolute ¢ > 0 we have
- log 1
I/ (T ) 1] < SR foran T <1 < [172]
|71/ (ATDZ]) — 1] < &R for all T <t < [£/2].

Combining this with the fact that |I'|, |I'7| > w along with the hypothesis
£ > (1+ 30)logy n now yields that with the aforementioned probability,

’F/[g/g"’ > n(1+5)/2 and ‘ /LIZ/QJ’ > n(1+5)/2 )

Finally, observe that none of the potential edges between F/ff /9 and F/LIZ /2
has been examined yet, and the probability that none belong to G is at most

(1 _ )\/n)|1—‘/[1/2]||1"1/4/2” < exp (_)\né) _

As any such edge yields a simple path of length ¢ between x, y, the proof of
the lemma is concluded by a union bound over z, y, easily accommodated by
the fact that all error probabilities were super-polynomially small in n. W

With the above ingredients, we can establish Proposition 4.9 guaranteeing
length-specific paths between triangles in the giant component C;.

Proof of Proposition 4.9. Since C; is of linear size w.h.p., and thanks
to Lemma 4.10 and the discussion following it, w.h.p. every vertex x € C;
satisfies 7, (x) < % logy n. Choosing 6 = % and ¢ = r, in Lemma 4.11 we
obtain that w.h.p. every two vertices x,y € C; with distg(z,y) > %logAn
have a simple path connecting them of distance precisely r,, = L% log\n].

The first statement of the proposition now follows from the fact noted in
the proof of Proposition 4.8 that for any x = x(n) going to co with n, w.h.p.
no two triangles in G' have distance less than log,(n) — k between them. In
particular, w.h.p. every pair of triangles in C; has distance at least % logy n,
and thus are connected by a path of length r,,, as argued above.

Finally, it is well-known (see, e.g., [9, Theorem 5.12]) that w.h.p. C; is
the only component that contains more than a single cycle, and therefore
P(H, C G) =P(H, C C1)+o(1) <P(A2) 4 o(1). As we have shown above
that P(Ay) < P(H, C C1) + o(1), this completes the proof. [ |

Propositions 4.8 and 4.9 combined conclude the proof of Theorem 1.6. W

5. GENERAL PROPERTIES OF STRONG NOISE SENSITIVITY

5.1. O-strong vs l-strong noise sensitivity. The following proposition
gives a simple and yet useful necessary condition for STRSENS;.
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Lemma 5.1. Let (f,) be a sequence of monotone Boolean functions, and
let Yn(w) = X wews(f) How=0y count the occurring O-witnesses in w € .
If sup,, E[Y,] < oo then the sequence is not STRSENS;.

Proof. Clearly if W € Wy and W’ € W), we must have W NW' # (), whence
P(wi =0 |wy =1) <eP(wpy =0) ,
and so, by our main assumption, there exists some C > 0 such that for all n

sup E[Y,(w%) |ww =1] < Ce.
Wewr

It follows that

pinf, P(fn(w) =1]ww =1) 21-0(e),

thus the sequence is not STRSENS; (instead, the conditional probability
given any 1-witness is in some sense noise stable, going to 1 as ¢ — 0). W

Remark. The converse of Lemma 5.1 is false, as the recursive 3-majority
function demonstrates. We have shown in §3.1 that this function is not
STRSENS], and yet it is easy to see that E[Y},] is not uniformly bounded
(nor is the expected number of 1-witnesses, by symmetry). Indeed, if ay
denotes the number of O-witnesses when there are n = 3% variables, then

1

. k__ . .
ag = 1 and agy1 = Bai, and so in general a; = 3% ~!. Since a canonical

witness has size 2%, we have EY,, = %(3/2)2k — 00.

Many of the examples that we have seen are STRSENS; but not STRSENS
or vice versa. We next show that there are Boolean functions which are both.

Theorem 5.2. There exists a sequence of non-degenerate Boolean functions
which are both STRSENS; and STRSENSy.

Proof. Define the following Boolean functions:
n

e g,: the tribes function on n bits with UogQ(@)J—bit blocks (as usual,
potentially ignoring one shorter block to remedy divisibility issues).
e h,: the tribes function on m,, := |n!°8™| bits with b,, := Uogz(logﬁnn )]
bits per block and reversed 0/1 roles (h,, = 0 iff there is an all-0 block).
e f, = gn o h, is the composition of these functions acting on m,n bits
(applying h,, to the first m,, bits, the next m,, bits, etc., then feeding the
n output bits into g, ), which we claim is both STRSENS; and STRSENS.
Let p,, be such that P(h, = 1) = 1/2 (it is easy to see that p, = 1/2+0(1)).
The proof will follow from two straightforward properties of h,,.
First, we claim that for any € > 0 there exists § > 0 so that

inf inf  P(h(w) =0]wy =1)>6. 5.1
nf o inf P (An() =0 ww =1) = (5.1)
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Indeed, the number of 0-witnesses occurring in w® given wyy = 1 is binomial

with parameters Bin((1 + o(1)) 22—, epP). Since pbr = logﬂi%, for fixed e

this converges to a nontrivial Poisson distribution, from which (5.1) follows.

Second, we argue that for any € > 0 we have

WEI{/lV?))((hn)P (hn(Ww®) =0|ww =0) —P(hy, =0)=0(1/n) . (5.2)

To see this, note that since the O-witnesses for h, are disjoint, the only
gain from conditioning on the event wy = 0 for some O-witness W is that
the probability that wy, = 0 is increased. Therefore, it suffices to show
that P (wj, =0 | ww = 0) = o(1/n) uniformly over W. Indeed this holds as
P(wf =0 | ww = 0) = (1 —ep,)’ with p, ~ 1/2 and b, > logm, 2 log*n,
thus establishing (5.2) (with room to spare).

To show that (f,,) is STRSENSy, fix € > 0 and note that a 1-witness W for
fn is obtained by taking a 1-witness W' for g, and for each x € W’ taking
a 1-witness W/ for h,. By (5.1), P(wi = 0 | wwr» = 1) > 6 for any x € W’
with (g) > 0 fixed. Thus, P(wy» = 1) < (1 —68)"'l = 0, and since the rest
of the blocks of g, are independent we get (following the same argument
used to show (5.2) above) that (f,) is STRSENS;.

It remains to show that (f,) is STRSENSy. Fix € > 0 and again take a
O-witness W for f,, in the form of a 0-witness W’ for g, and accompanying
each z € W’ by a 0-witness W/ for h,,. If wy = 0, then (5.2) and the fact
that |[W'| < Togn tell us that wyy, has a distribution whose total variation
distance from an i.i.d. sequence with parameter 1/2 goes to 0. With the other
blocks of g, independent, as before this implies that (f,) is STRSENSy,. B

5.2. Different levels of noise in strong noise sensitivity. An interest-
ing fact about noise sensitivity, pointed out in §2, is that if the criterion (1.1)
for SENS holds for one fixed € € (0,1), then it holds for all such e. It is then
natural to ask whether strong noise sensitivity also exhibits this behavior.
Clearly, if the criterion (1.2) for STRSENS; holds for one ¢ € (0,1) then it
holds for all ¢’ > & by monotonicity. However, the next theorem tells us that
in fact (1.2) may hold for some € € (0,1) and not for some other ¢’ € (0,¢).

Theorem 5.3. There exists a sequence of monotone Boolean functions (fy)
which is STRSENSy w.r.t. any fized % < e < 1, while for any fired 0 < € < é

li inf  P(fp(w®) =1 =1)=1.
Dby ") = e =

Proof. Define the following Boolean functions:

e r,: recursive 5-majority on 51-916=) variables where b, := [loga( @ )]
e g,: the tribes function on n bits with b,-bit blocks.
e f, = 7, 0 g, is the composition of these two functions, acting on

n51-010n] hits which we claim will have the desired properties.
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Choose p,, such P(g,, = 1) = 1/2 (recall that this choice has p, = 1/2+0(1)).
In Claim 3.3 we related the probability that a witness for r, survives the
noise to the k-iterated function h(zx) from that claim, denoted here h(¥) ().
The next claim establishes two simple features of that function.

Lemma 5.4. Let h(z) := —12% + 22% + 32 as in (3.4). Then we have

R0Lm) (L4 (0.88)™) = L 4 0(1) whereas h101™) (1 + (0.89)™) = 1—o(1).
Proof. Letting L be the linear function L(z) := $(z— )+ 1, we have h < L
on [3,1] since h is concave in that interval and has h(3) = 5 and 1/(3) = 2.
Since h is increasing and sends [%, 1] to itself, it follows that h*) < L) on
[2,1] for all k. Observing that L¥) (z) = (%)k(ac — 1)+ 3, in particular we
have A(101m) (1 4 (0.88)™) — 1 < (2)101m(0.88)™ — 0 as m — <.

For the second statement, choose py € (3,1) so that h/(pg) = 3 — 555-
Since h is concave on [%,
function M (z) := K/ (po)(z — 1) + 4. Since h is increasing and sends [3, 1] to
itself, h¥) (z) > M®) () for all 2 and k satisfying M* 1 (z) < py (i.e., until
the orbit of  passes pg). Since M (™ (z) = (I'(po))™(z — ) + 1, we have
M) (1 +(0.89)™) — oo, and so h(™) (L + (0.89)™) > py for large m. Since
po is a fixed number larger than 1/2, and h(z) has fixed points at {0,1/2,1},

the additional m /100 iterations give h(1-01™)(z) = 1 —o(1), as required. W

1], now h > M on [%,po] where M is the linear

As for the tribes function g,, it is easy to check that for any 1-witness W,
Lo i= Plgn(w?) = 1| ww = 1) = Plga = 1) = un [(1 = (1 = pu))" = ol ]
where u,, is the probability that none of the blocks except possibly the first

one is an all 1-block, which is 1/2+4o0(1). As p, = 1/2+0(1), it follows, say,
that for any fixed 0 < € < 1, any sufficiently large n and any 1-witness W,

(1—e/2—£2/16)" <T, < (1—e/2+£2/16)" . (5.3)

Any 1-witness W for f,, is obtained by taking some 1-witness W' for r,
together with a 1-witness W/ for g,, for every z € W'. By (5.3), for large
enough n the distribution of the bits wy,, is i.i.d. with probability ¢, of 1,
where g, < 1/2 4 (0.88) if ¢ > 1, whereas ¢, > 1 + (0.89) if ¢ < .
Finally, the analysis in Claim 3.3 tells us that for recursive 5-majority
with k& levels on an input distribution that is i.i.d. (¢,1—¢q) for ¢ # 1/2 on a
1-witness W’ and i.i.d. (1/2,1/2) elsewhere, the probability that the output
is 1 is h(¥)(¢). This fact together with Lemma 5.4 concludes the proof. M
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