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ABSTRACT. We study Glauber dynamics for the mean-field (Curie-Weiss) Potts model
with ¢ > 3 states and show that it undergoes a critical slowdown at an inverse-temperature
Bs(q) strictly lower than the critical B.(¢) for uniqueness of the thermodynamic limit.
The dynamical critical 3s(q) is the spinodal point marking the onset of metastability.

We prove that when 8 < (s(¢q) the mixing time is asymptotically C(8, ¢)nlogn and
the dynamics exhibits the cutoff phenomena, a sharp transition in mixing, with a window
of order n. At 8 = ((q) the dynamics no longer exhibits cutoff and its mixing obeys
a power-law of order n*/3. For B > s (¢) the mixing time is exponentially large in n.
Furthermore, as 8 1 s with n, the mixing time interpolates smoothly from subcritical
to critical behavior, with the latter reached at a scaling window of O(n72/3) around (s.
These results form the first complete analysis of mixing around the critical dynamical
temperature — including the critical power law — for a model with a first order phase
transition.

1. INTRODUCTION AND RESULTS

We study the dynamics of the Potts model on the complete graph (mean-field) known
as the Curie-Weiss Potts model. For n > 1, 8 > 0, the Curie-Weiss Potts distribution is
a probability measure on ¥, = Q" where Q@ = {1,...,q} and V = {1,...,n}, defined by

Mn(a) = Zﬂ_jl exp {(ﬁ/n) Z ILU(u):a(v)}y
u,veV
where o € X, and Zg, is the normalizing constant. When ¢ = 2 this is the classic Ising
model while in this paper we will focus on the case ¢ > 3 for an integer ¢ (for an extension
to non-integer ¢ via the random cluster model, see e.g. [23]). We use the standard notation
Be(q) for the (explicitly known) threshold value between the ordered and the disordered

phases (see [16]).
Throughout the paper (0¢); > ¢ will denote the discrete time Glauber dynamics for this
model, namely, starting from og, at each step we choose a vertex u € V uniformly and set

(v) = or(v) ifv#u
T T g with probability p, (o(u) =k |o(w) = o¢(w) Yw # u) if v =u.

We denote by P, the transition kernel for this Markov process and by P, the underlying
probability measure. We will measure the distance between the distribution of the chain
at time t and its stationary distribution p, via the total-variation norm. Accordingly,

d°(n) = |Pog (01 € -) = pinllzv - and  de(n) = max di°(n).
g0 n

For € € (0,1), the e-mixing time is the number of steps until the total-variation distance
to stationarity is at most € in the worst case, i.e.:

aix(e) (n) =inf{t: di(n) < €}
and by convention we set tyix (1) := tyix(1/4)(n). If for any fixed € € (0,1)

we(n) = by (e) (n) — Tyvix(1—e) (n) = O(tMIX(l/4) (n)) as  n — o0,
1
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FIGURE 1. Rapid mixing with cutoff in the subcritical regime of 8 < Bs(q) for ¢ = 3.
Blue curve marks the magnetization vector of the Glauber dynamics along time.

we say that the family of Markov chains exhibits the cutoff phenomenon, which describes
a sharp drop in the total variation distance from close to 1 to close 0 (in an interval of time
of smaller order than ¢yx(n) denoted as the cutoff window). Observe that cutoff occurs if
and only if ty;x(5)(n)/tyx(e) (n) — 1 as n — oo for any fixed d, ¢ € (0,1).
1.1. Results. We show that the dynamics for the Curie-Weiss model undergoes a critical
slowdown at an inverse-temperature 5(q) > 0. This dynamical threshold is given by

1

Bs(q) = sup {5 >0: <1 + (¢ — 1)62511??)71 —x #0 for all z € (1/q, 1)} (1.1)

Unlike mean-field Ising, for which §5(2) = S.(2) = 1, the dynamical transition for ¢ > 3
occurs at a strictly higher temperature than the static phase transition, i.e., 55(q) < S:(q).

Our first result addresses the regime 8 < [4(q), where rapid mixing occurs within
O(nlogn) steps and the dynamics exhibits cutoff with a window of size O(n) (see Fig. 1).

Theorem 1. Let ¢ > 3 be an integer. If 5 < Bs(q) then the Glauber dynamics for the
g-state Curie-Weiss Potts model exhibits cutoff at mizing time
twix(n) = a1 (8, ¢)nlogn (1.2)
with cutoff window we(n) = O(n) where a1(B,q) = [2(1 —28/q)] 7 .
We proceed to analyze the order of the mixing time as S(n) — £s(q) as n — oo,

B(n) = Bs(q) — &(n) (1.3)
where {(n) — 0 as n — oco. The asymptotics of the mixing time will, of course, depend
on how fast & decays, but it turns out that cutoff is observed only iff the decay is slow
enough. This is captured in the following theorem.

Theorem 2. Let g > 3 be an integer. With B(n) given as in equation (1.3) we have:

(1) If lim, o0 n2/3£(n) = oo then the Glauber dynamics has cutoff with mizing time
and cutoff window given by

tMIX(n) = o1 (5(")7 Q)nlogn + QQ(Q)n/ V 5(”) ,

we(n) = Oc(n+1/n/E(n)5/2 ), (1.4)

where aa(q) s a positive constant and o is the constant defined in Theorem 1.
(2) If 0 < liminf, o, n?/3¢(n) < limsup,,_,., n?/3¢(n) < oo then the dynamics does
not exhibit cutoff and has mizing time

baix (e) (n) = O (n4/3) . (1.5)



FIGURE 2. Slow mixing without cutoff in the supercritical regime 8 > s for ¢ = 3. On
left 8s < B < B and on right 8 > .. Curve color marks time from blue to red.

Part (2) of Theorem 2 in particular applies at criticality 8 = fs(¢) where the mixing time
is of order n*/3 with a scaling window of order n=2/3 (in contrast, the mixing time for the
critical Ising model is of order n%/? with a window of \/n).

Finally, above (s(¢) the mixing time is exponentially large in n, as depicted in Fig. 2.

Theorem 3. Let g > 3 be an integer, and fiz f > Bs(q). For every 0 < e < 1 there exist
C1,Co > 0 such that for all n,

taix(e) (n) = Crexp(Can) .

Combined these results give a complete analysis of the mixing time of Glauber dynamics
for the Curie-Weiss Potts model.

The slowdown in the mixing of the dynamics occurring as soon as 5 > [s(q) (be
it power-law at [s(q) or exponential mixing above this point) is due to the existence
of states from which the Markov chain takes a long time to escape. However, in the
range 5 € [Bs(q), Be(q)) the subset of initial configurations from which mixing is slow is
exponentially small in probability. One can then ask instead about the mixing time from
typical starting locations, known as essential mizing. Define the mixing time started from

a subset of initial configurations %, C %, via drm(n) = max__s df(n) as well as

€x
tMIX(e) (n) =inf{t: d;"(n) <e} and weE (n) = tMIX(e) (n) — tMIX(l_E) (n).

With these definitions we have the following result, showing that the subcritical mixing
time behavior from Theorem | extends all the way to 8 < (4(q) once one excludes a subset

of initial configurations with a total mass that is exponentially small in n.

Theorem 4. Let q > 3 be an integer and let 5 < B.(q). There exist constants Cy,Co > 0

and subsets %, C X, such that the Glauber dynamics has cutoff with mixing time and
cutoff window given by

£ (n) = a1(B,qnlogn ;5 wS(n) = O(n),

where (1, (Sn \ Bn) < C1e=" and o is the constant in Theorem 1.

1.2. Related work. Through several decades of work by mathematicians, physicists and
computer scientists a general picture of how the mixing time varies with the temperature
has been developed. It is believed that in a wide class of models and geometries the mixing
time undergoes the following “critical slowdown”. For some critical inverse-temperature
Bo and a geometric parameter L(n), where n is the size of the system, we should have:
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FIGURE 3. Minimal drift towards 1/¢ of a single coordinate of S; as a function of its
value for the Curie-Weiss Potts model with ¢ = 3 and different values of 5. Two lowest
curves correspond to § < fs, green middle curve has § = Bs (with points marking its
two local extrema), second from top curve has s < 8 < . and top curve has 8 = f..

High temperature (0 < 5 < f33): mixing time of order nlogn with cutoff.
Critical temperature (5 = f4): mixing time of order nL(n)* for some fixed z > 0.
Low temperature (5 > (4): mixing time of order exp(73L(n)) for some fixed 753 > 0.

For a more comprehensive description of critical slowdown see [19, 30, 33]. It should be
noted that to demonstrate the above phenomenon in full, one needs to derive precise esti-
mates on the mixing time up to the critical temperature, which can be quite challenging.

Perhaps the most studied model in this context is Ising. For the complete graph, a
comprehensive treatment is given in [17, 18, 28], where critical slowdown (as described
above) around the uniqueness threshold f. is established in full. In this setting, finer
statements about the asymptotics of the mixing time can be made. For instance, in [17]
the case where 8 approaches . with the size of the system is analyzed (in Theorem 2 here
we consider this case as well). The same picture, yet with the notable exclusion of a cutoff
proof at high temperatures, is also known on the d-regular tree where [3] established the
high and low temperature regimes and recently [19] proved polynomial mixing at criticality.

From a mathematical physics point of view, the most interesting underlying graph to
consider is the lattice Z¢. For d = 2 the full critical slowdown is now known: for a box with
n vertices the mixing time is O(nlogn) throughout the high temperature regime [34,35]
whereas it is exp((7g + o(1))n) throughout the low temperature regime [13, 14,39] with 75
being the surface tension. The d = 2 picture was very recently completed by two of the
authors establishing cutoff in the high temperature regime [32] and polynomial mixing at
the critical temperature [30]. For a more comprehensive survey of recent literature for
Ising on the lattice see [30].

Turning back to the Potts model, understanding the kinetic picture here is of interest,
not just as an extension of the results for Ising, but as an example of a model with a
first order phase transition. Unlike in Ising, the free energy in the Potts model on various
graphs and values of ¢ undergoes a first order phase transition as the temperature is varied.
This is certainly true for all ¢ > 3 in the mean-field approximation, i.e. on the complete
graph as treated here, but also known to be the case on Z¢ for d > 2 and ¢ > Q(d) for
some Q(d) < oo [23] (although most values of Q(d) are not known rigorously, it was shown
that Q(2) =4 [2] and Q(d) < 3 for all d large enough [0]).

A first order phase transition has direct implications on the dynamics of the system.
For one, the coexistence of phases at criticality, implies slow mixing. This is because



getting from one phase to another requires passing through a large free energy barrier,
i.e. states which are exponentially unlikely. Indeed, in [10, 1] the mixing time for Potts
on a box with n vertices in Z? for any fixed d > 2 and sufficiently large ¢ is shown
to be exponential in the surface area of the box for any / larger or (notably) equal to
the uniqueness threshold f.(d,q). This should be compared with the aforementioned
polynomial mixing of Glauber dynamics for Ising at criticality. In fact, coexistence of the
ordered and disordered phases also accounts for the slow mixing of the Swendsen-Wang
dynamics at the critical temperature. This is shown in [10,11] for Z¢ under a similar range
of d and ¢ and in [22] for the complete graph. Other dynamics also exhibit slow mixing
at criticality [1].

First order phase transitions are expected to lead to metastability type phenomena on
the lattice in some instances. There has been extensive work on this topic (see [5, 12]
and the references therein) yet the picture remains incomplete. It is expected that the
transition to equilibrium will be carried through a nucleation process, which has an O(1)
lifetime and therefore does not affect the order of the mixing time in contrast to the mean-
field case. This is affirmed, for instance, in Ising where O(n logn) mixing time is known for
low enough temperatures under an (arbitrarily small) non-zero external field, despite the
first order phase transition (in the field) around 0. For related works see e.g. [7,8,15,306,37]
as well as [33] and the references there.

Similarly, the Potts model on the lattice should feature rapid mixing of O(nlogn)
throughout the sub-critical regime 5 < S.(d, ¢) due to the vanishing surface-area-to-volume
ratio. Thus, contrary to the critical slowdown picture predicted for Ising, whenever there
is a first order phase transition it should be accompanied by a sharp transition from fast
mixing at 8 < (. to an exponentially slow mixing at §. in lieu of a critical power law.
However, fast mixing of the Potts model on Z? for 8 < f3. is not rigorously known except
at very high temperatures (where it follows from standard arguments [33]). For sufficiently
high temperatures, cutoff was very recently shown in [31].

On the complete graph however, metastability is apparent. In the absence of geometry,
the order parameter sufficiently characterizes the state of the system and thus the dynamics
and its stationary distribution are described effectively by the free energy of the system as
a function of the order parameter. While coexistence of phases implies that at criticality
the free energy is minimized at more than one value of the order parameter (corresponding
to each phase), continuity entails that some of these global minima will turn into local
minima just below or above criticality. These local minimizers correspond exactly to
the metastable states and the value (or curve) of the thermodynamic parameter (e.g.
temperature) beyond which these local minima cease to appear is called spinodal.

Consider the model at hand, namely Potts on the complete graph (for general back-
ground on the Potts model, see e.g. [9,21,23]). The order parameter here, analogous
to the magnetization in the Ising model, is the vector of proportions of each color s €
S ={z e R% : |jz||, = 1}. It is well known that there exists S.(g), below which the
Potts distribution pu, is supported almost entirely on configurations with roughly equal
(about 1/q) proportions of each color and above which pu,, is supported almost entirely on
configurations where one of the ¢ colors is dominant. In the former case we say that in
equilibrium the system is in the disordered phase, while in the latter case we say that in
equilibrium the system is in one of the ¢ ordered phases, corresponding to the g-colors.

Up to relabeling of the vertices configurations are essentially described by the propor-
tions vector s and as such, on a logarithmic scale, the Potts distribution can be read from
the graph of the free energy as a function of s. As depicted in Figure 4 (showing ¢ = 3, the
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FIGURE 4. The free energy as a function of the proportions vector s for the Potts model
on the complete graph with ¢ = 3 and large n. The simplex S = {s € R% : ||s|, = 1} is
mapped into the XY plane via (s*, s%,5%) — (s*, 57,1 — s* — s?).

situation is qualitatively the same for all ¢ > 2), when 8 < (. the free energy has a single
global minimum at the center, corresponding to the disordered phase, while for 5 > .
there are ¢ “on-axis” global minima, corresponding to the g ordered phases obtainable
from one another through a permutation of the coordinates. At (., coexistence of the
ordered and disordered phases is evident in the presence of ¢+ 1 global minima of the free
energy. For more details see, e.g., [10].

Below . but sufficiently close to it, the free energy, globally minimized only at the cen-
ter, has ¢ local minima in place of the ¢ global minima which corresponded to the ordered
phases at criticality. Once S is too small, these local minima disappear. The threshold
value for the appearance of these local minima is the spinodal inverse temperature [
(there is a similar behavior above . marked by a second spinodal temperature Sg, as
illustrated by Figure 1, but we do not address this regime in the paper).
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FIGURE 5. The free energy as a function of the magnetization m for the Ising model on
the complete graph for large n. No phase coexistence at 8. and the global maximizers
for B > B are seen to emerge continuously from m = 0.5.

Once the system starts from an initial configuration whose proportions vector is close
to a local minimizer, the system will spend a time which is exponential in n near this
minimizer before escaping to the global minimizer and reaching equilibrium. This is
because away from a local minimizer, energy increases locally exponentially (in n), i.e.
there is an energy barrier of an exponential order to cross. Thus, as n — oo the system will
spend an unbounded amount of time at a non-equilibrium state, which will be seemingly
stable. In terms of the mixing time of the dynamics, as the definition involves the worst
case initial configuration, metastable states will result in exponentially slow mixing.

Our result is a rigorous affirmation of this picture. Although the definition of B4 in (1.1)
seems different than the one given above for the spinodal inverse temperature, it can be
shown, in fact, that this is indeed the threshold value of 8 for the emergence of local
minima below (.. Theorem 3 then asserts that above s mixing is exponentially slow
while Theorem | shows that below (s mixing is still fast. The set of configurations whose
exclusion in Theorem 4 leads to fast mixing all the way up to (but below) . are precisely
the ones from which the process will get stuck in a metastable state. Indeed as the free
energy of such initial configurations is higher than that of configurations near the globally
minimizing stable state, such configurations will have a probability which is exponentially
small in the size of the system.

Furthermore, the transition from fast to slow mixing passes through polynomial mixing
which occurs at G5 and in its vicinity (Theorem 2). This in fact establishes that the
aforementioned critical slowdown phenomenon occurs here as well, albeit at the spinodal
rather than the uniqueness threshold. We predict that this should be the case for the
dynamical behavior on other mean-field geometries such as an Erd6s-Rényi random graph
or a random regular graph.

For a (non-rigorous) treatment of metastability and its effect on the rate of convergence
to equilibrium in other mean-field models with a first order phase transition, see for ex-
ample [24,25]. A rigorous analysis of such a system (the Blume-Capel model), below and
above criticality, was recently carried out in [20]. It is illuminating to contrast the graph
of the free energy as a function of the proportions vector in the Potts model to that of the
free energy as a function of the magnetization in Curie-Weiss Ising, given in Figure 5. The
second order phase transition and lack of phase coexistence at the critical temperature,
implies the absence of a local minima at any value below or above B.. As a consequence
there is no spinodal temperature and mixing is fast throughout the whole range 5 < S..
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1.3. Proof Ideas. As discussed before, up to a permutation of the vertices, configurations
can be described by their proportions vector. Formally, for a configuration o € %,, we
denote by S(o) the g-dimensional vector (S'(o),...S%(0)), where

1
S*(o) = - D Lo(o)=k} -

veV

Note that S(o) € § where § = {x € RL : ||z|, = 1}. Now it is not difficult to see that
Sy = S(oy) is itself a Markov process with state space S and stationary distribution 7, =
n0S~ Y, the distribution of S(o) under p,,. We shall refer to this process as the proportions
chain. Figures 1 and 2 show a realization of the proportion chains superimposed on
the free energy graph plotted upside down for better visibility. 3 different values of 3,
corresponding to 3 different regimes are exhibited. The color of the curve, representing
time, shows the temporal evolution of the proportion chain. Notice how local minima
(shown as local maxima) “trap” the chain for a long time.

As a projection of the chain, S; mixes at least as fast as o;. Moreover, when starting
in one of the ¢ configurations where all sites have the same color, a symmetry argument
reveals that the mixing time of S; is equal to that of o;. One therefore must control the
effect of starting from a initial state which is not monochrome. Using a coupling argument
we show that the difference in the mixing times is of the same order as the cutoff window
for S; and can thus be absorbed into our error estimates. It will then suffice to analyze the
proportions chain, which is of a lesser complexity than the original process. In particular
the state space of Sy has a fixed ¢ — 1 dimension, independently of n, and its transition
probabilities can be easily calculated.

Next, we show that when 8 < S.(¢q) most of the mass of the stationary distribution 7,
is concentrated on balanced states whose distance from the “equi-proportionality” vector
(1/q,...,1/q) is O(1/4/n). A simple coupling argument then shows that the Markov chain
is mixed soon after arriving at such a state. Thus the main effort in the proof becomes
finding sharp estimates on the time is takes for S; to reach a balanced state from a worst-
case initial configuration, in different regimes of 5.

It turns out that these hitting times are determined by the function Dg(z), which is
defined as (up to a multiplication by 1/n) the drift of one coordinate of S; when that
coordinate has value = in the worst case, i.e. the minimum drift towards 1/q, where the
minimum is taken over all possible values for the remaining coordinates. An explicit
formula for Dg(x) can be obtained (3.2). Its graph is plotted in Figure 3 for x € [1/¢, 1]
and different values of 8. For 8 < f., this drift is strictly negative in (1/¢,1] and thus
each coordinate quickly (in O(nlogn) time) gets to within 1/y/n of 1/¢q. On the other
hand, the function Dg(z) is monotone increasing in § and therefore for sufficiently large
B, it will no longer be negative throughout (1/q, 1] - there will be an interval in (1/¢, 1]
where it is positive. Such an interval will take an exponential amount of time to traverse
and this will lead to an exponential mixing time. The smallest 8 for which this happens
is, by definition, 8. This s in turn coincides with the inverse temperature at which local
minima begin to appear in the free energy as a function of s. In fact, to show exponentially
slow mixing, we use standard conductance arguments, which in face of local minima in
the free energy give exponential mixing quite automatically.

The most delicate analysis is in the critical regime where g is near or equal to 5s. In
this case the z-axis is tangential to the graph of Dg(x) at its peak (the green curve in
Figure 3) and the challenge is in finding the asymptotics of the passage time through the
tangential point on the z-axis (left green dot in the figure). As the drift there is 0, locally



around this point, a coordinate of S; behaves as a random walk and Doob’s decomposition
of a suitably chosen function of the coordinate yields the right passage time estimates.

1.4. Organization. Section 2 sets notation and contains some useful facts on the Curie-
Weiss Potts model, as well as tools (and a few non-standard variations on them) needed
in the analysis of mixing time. In Section 3 we derive basic properties of the proportions
chain that will be repeatedly used in the remainder of the proof. In Section 4 we analyze
the case 8 < fBs(q) and prove Theorem | while Section 5 treats the case 5 > [5(¢) and
establishes Theorem 3. The near critical regime is analyzed in Section 6, which includes
the proof of Theorem 2. The final section, Section 7, gives the proof of Theorem

2. PRELIMINARIES

2.1. Notation. We let [a,b] denote the set {a,...,b} for a,b € Z. We use the same
notation for vector and scalar valued variables. For an m-dimensional vector s, we denote
by s* its k-th component and for I = (iy,...,i) C [1,m], s = (s%,...,s%). Matrix-
valued variables will appear in bold. We let W™F denote the (m, k) element of W and
let W™ denote is its m-th row.

We write e; for the unit vector in the i-th direction and € = (1/q, 1/q,...,1/q) € R? for
the equiproportionality vector. For s € R, we denote 5 = s — €.

Most of our vectors will live on the smlplex S={zeRL: |z[, =1} or even S, =
SN %Zq. Occasionally we would like to further limit this set and for p > 0 we define
SP={seS:|§]lw < p}, Sh =8N %Zq, ¥ = S7HSh)

St ={seS:s" <1/g+p Vke[l,q}, SiT=8"nize, 4T =5YSH).

Note that SPT C §(@~17 and similar relations hold for S,, and 3,,.

Vectors in S will often be viewed also as distributions on [1,¢]. A coupling of v, v € S
is the joint distribution of two random variables X, X , defined on the same probability
space and marginally distributed according to v, v. If P* is the underlying probability
measure then we always have ||[v — v||py < P*(X # X). We shall call this coupling a best
coupling if it satisfies || — 7|y = P*(X # X). Such a coupling always exists.

In the course of the proofs, we introduce various couplings of two copies of the Glauber
dynamics (0y);. For the second copy we shall use the notation o; and Sy = S(d;). Couplings
will be identified by their underlying probability measure, for which we will use the symbol
P with a superscript that changes from coupling to coupling, e.g. PBC. A subscript will
indicate initial state or states, e.g. IP’EO%O. The expectation and variance, E[-] and Var(+)
resp., will be decorated in the same way as the underlying measure with respect to which
they are defined. The o-algebra F; will always include all the randomness up-to time t.
For example, with a single chain (o) this is the o-algebra generated by {os: s < t}, for
a coupling of two chains (o¢)¢, (G¢)¢, it is the one generated by {os, 05 : s < t}, etc.

2.2. Large Deviations Results for the Curie-Weiss Potts Distribution. In this
subsection we recall several results concerning the concentration of the proportions vector
measures m,. See, e.g., [10,20] for proofs of these results.

It is a consequence of Sanov’s Theorem together with an application of Varadhan’s
Lemma that the sequence (), > 1 satisfies a large deviation principle (LDP) on S with

rate function
q

Igq(s) = s"log(qs™) - Blls|3 - C, (2.1)

k=1
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where C' is chosen so that minges I 4(s) = 0. The minimizing set g, = {s: Iz 4(s) =0}
which is the support of the weak limit pg 4 of (7)n > 1 is then

{e} if 8 < Be(q)
€8, = e, Tlégc’q, T2§5c7q, o ,Tqé/gcyq} if B = ﬁc(q) , (2.2)
T35, T?35,- -, T35} if B> Be(q)
where ( 1) log )
q— oglq —
Be(q) = (2.3)
q—2
and ) X
1-3 1-3
o —_ "1 B?q Bvq
Sﬁ’q— (Sﬁ,q’ q—l ,...,q_1> . (24)

The function 5 — ééq is continuous and increasing on [B.(¢),00) and TF : S — S

interchanges the 1-st and k-th coordinates. Furthermore, the value of 55, for all 3,q is
known in implicit form and in particular for 8 = S.(q), we have

% _ 1 1 1
S/BC(Q)aq - (1 - a’ q(g=1)> " q(q_1)> . (25)

This is true for all ¢ > 3. For ¢ = 2, (2.1),(2.2), (2.4), (2.5) still hold, but the critical
inverse-temperature is now

Be(2) = 1. (2.6)

It is here that a fundamental difference between ¢ = 2 and ¢ > 2 can be observed. If

q = 2 then 3g ()2 = €, in which case 5+ pgo is continuous for all 5 > 0. On the other

hand, if ¢ > 3 we have 33, (¢4 # € and 8 = pg, is discontinuous at S.(¢). Thus, as it

is recorded in the Physics literature, the system exhibits a first order phase transition if
q > 3, but only a second order phase transition if ¢ = 2.

2.3. Hitting Time Estimates for General Supermartingales. We will require some
standard hitting time estimates for supermartingales and related processes.

Lemma 2.1. For xg € R, let (X¢)t>0 be a discrete time process, adapted to (Fi)t> o
which satisfies

(1) 3620 : Eu [ X1 — Xe| Ft]) < —6 on {X; >0} forallt > 0.

(2) dR >0 : |Xt+1—Xt‘ < R, Vt > 0.

(3) X(] = XZ0.
where Py, is the underlying probability measure. Let 7, = inf{t : X; < x} and 7,7 =
inf{t: X; > x}. The following holds.

(1) If 6 > 0 then for any t; > 0:

_ (0t1 — 20)*
]P)IO (TO > t]_) § exp —W . (27)
(2) If zo < 0, then for any x1 > 0 and ta > 0,
(z1 — R)?
]P)xo (T‘,L—.i_l < t2) < 2€Xp {_8t2R2 . (28)
(3) If xo <0, 6 > 0, then for any x1 > 0 and t3 > 0:
x1 — R)6?
Py, (1,5 <t3) <t3exp {—( 18R3> } (2.9)
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Proof. Starting with (1), if o < 0, there is nothing to prove. Otherwise, let Z; be a

supermartingale independent of Xy, which starts from 0, has drift —§ and steps which

are bounded by R. Set Y; = Xt/\r(; + Z(t T_)+ and write Y; = M; + A; as its Doob
—o

Decomposition, with M; a martingale, A; a predictable processes and Ay = zg. Clearly
Ay < xzg — 0t and |M;y1 — My| < 2R, Py,-a.s. The Hoeffding-Azuma inequality implies:

Py (15 >t1) < Py (Y3, >0)
< Py, (Mtl > 0t] — x0)
(8t1 — 20)*
< P A
eXp{ 8t R2

as desired.
Now set ¥; = X,,_+ and observe that (Y;), -, , satisfies conditions 13, and consequently
1/‘1 =

it is enough to prove (2.8), with Py, (Yz, > x1) as the LHS. Therefore, for all ¢, let Wy =
Ezo [Yie1 — Yi| Ft) and Ziyy = YVie1 — Y — Wiy, Then clearly, Wiy, Z; are Fi-measurable,
Wit1 < 0 on {Y; > 0} and E,, [Z41|F:] = 0. This is a Doob-type decomposition. Now,
define M; for all ¢ inductively as follows.

My=0; My = M;+sign(M;)Z; 4

and set Ny = |M;|. We claim the following:

(1) (My),cy is an (F), 5 g-adapted martingale.
(2) No=03; Ngy1=|Ng+ Zyya], Vi
(3) i< N+ R.

The first two assertions follow straightforwardly from the construction. The third one,
can be proven by induction, since it clearly holds for t = 0 and assuming Y; 1 < Ny—1 + R,
if }/tfl > O, then

Y, = Y+ —-Yi)
< N1 +R+Z; <N, +R,

and if Y;_1 < 0, then
Y; <R< N:+R.

Finally, by the Hoeffding-Azuma inequality applied to M; we have

P:co (YVtQ > xl) < Pxo (|Mt2| > T — R)
(r1 — R)?
< 2 —_ .
eXp( 8t2 R

This shows (2.8).
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For part (3), let 75 (s) = inf{t > s : X; < 0} and Yi(s), M;(s) and A(s) defined as in
the proof of part (1) only with 7, (s) replacing 7, . Then,

Pz ( Ty t3) < Z Py (Xs1 S R, Xs, > 21, Xi >0Vs1 <t < 59)
0<s1<s2 <t3
< Z Py (Ysy(51) = 21, Y5, (51) < R)
0<s1<s2 <tz
< > Py (May(s1) — My, (51) = 6(s2 — 51) + (21 — R)V)

0<s1<s2 <t3

52:E1*R
t%exp — 8R]§

where the last inequality follows from Hoeffding- Azuma inequality and since the summands
are non zero only when 0 < s; < s9 < t3 and (s2 — s1)R > 21 — R. O

N

Lemma 2.2. Let (Xy)ien be a process adapted to (Fi)ien and satisfying the following
conditions for some a > 20 > 0:

(1) Xt+1 —X; € {—1,0,1}
(2) E[Xi41 — Xo| ] > — 6.
(3) Var(Xt+1|}"t) Za
(4) Xo =0
Let 7;f = inf{t: Xy > r}. Then
P(rF <t) > Cpexp{—Ca(r/Vit+ 0vt)?} + O(t~1/?) (2.10)

where C1,Co are positive constants which depends only on a.

Proof. 1t is easy to verify that conditions 1-3 imply
P(Xpp1 £ Xe|lF) 2 a 3 P(Xep1 — Xy = —1|F, Xep1 2 X)) <L+ 2. (2.11)

Now, let Ty = 0 and T}, = inf{t > Tj—; : Xy # X7, }, Yo = Xp for £ > 1. Also, let
Ny =T —Ti—1 and Z = Yy, — Yi—1. From ( ), it is not hard to see that we can couple
(Nk)k, (Zx)r with two i.i.d sequences (Nk)k,(Zk)k such that Nj, > Ny, 7y < 71, a.s. and

+1 w.pl/2—-4/2a

Nj, ~ Geom(a) ; Zk:{_l w.p 1/2+5/2a

Consequently, with Y, = Dom <k Zm and T}, = o <k N,,, we have:
]P)(ijr < t) > l—P)(}/ta/2

\%
pact

=

S

=
\YARY,
2

- ]P)(j:’ta/Q > t)

2
> Ciexp {—sztét)} +O(t™?) + exp{—Cst}

where the last inequality follows by the local CLT for XN/k, which is a nearest neighbor
random walk whose steps have mean —d/a and variance 1 — (§/a)? and also by Cramer’s

theroem for Tj. All constants depend only on a. g
Finally, we will also make use of the following result from [29]:

Lemma 2.3 ([29, Proposition 17.20]). Let (Z:), o be a non-negative supermartingale
adapted to (Gt); - o and N a stopping time. Suppose that:
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(]) Z() = 20
(2) |Zey1— Zi| < B
(3) 30 > 0 such that Var (Z;11|Gi) > o2 on the event {N > t}.

If u > 4B?%/(30?), then:
420

o\u’
2.4. Variance Lemma. The following is a straight-forward extension of [28, Lemma 2.6]
to vector valued Markov processes. We include a proof here for completeness.

P, (N >u) <

Lemma 2.4. Let (Z;) be a Markov chain taking values in R and with transition matriz
P. Write P,,, E,, for its probability measure and expectation respectively, when Zy = zp.
Suppose that there is some 0 < n < 1 such that for all pairs of starting states (zo, 2o),

IE=0Zt — Bz, Zell> < n'll20 — Zoll2 (2.12)
Then vy = sup,, Var., (Z;) = sup,, E. | Z; — E., Z4||? satisfies:
vy < v min {t, (1- 172)71} . (2.13)

Proof. Let Z; and Z] be independent copies of the chain with the same starting state zg.
By the assumption (2.12), we obtain that
B2 [Ze | Z1 = 21] = Bz (2 | 27 = 2112 = Bz, [Ze-1] = Ex[Z 4]z < 0" Hlew = 24 e -

Hence, we see that
2(t—1)

1 " n
Vary, (Ex[Z: | Z1]) = §Ezo|‘(EZ1 [thl]_EZ{‘[ t—l])Hg S ——5—

—E., |1 7- Z1 2 < 2V,

Combined with the total variance formula, it follows that

v < SUP{EZO [VarZO (Zt ‘ Zl)] + VarZO (EZO [Zt | Zl])} < V-1 + 772“71)111,
Z0

which then gives that v; = "r_; (v; — vi—1) < Si_; n** Doy, implying the desired upper
bound immediately. O

2.5. Bottleneck Ratio. Let P be an irreducible, aperiodic transition kernel for a Markov
chain on S with stationary measure w. The bottleneck ratio of a set A C S is:

Yacayga™@)P@y) _ m(9pA)
2 zen (1) VI
where 9pA ={x € A : P(x,y) > 0 for some y ¢ A}. The bottleneck ratio of the chain is

B(A) =

¢, = min P(4). (2.14)
A:ir(A) < %
The following result, due to [1,27,38] in several similar forms (see, e.g., [29, Theorem 7.3])

relates the bottleneck ratio with the mixing time of the chain.

Theorem 2.5. If ®, is the bottleneck ratio defined in (2.11) then tyix(1/4) = 4(})*.

3. DRIFT ANALYSIS FOR THE PROPORTIONS CHAIN

In this section we prove various results concerning the drift of the process S;. We analyze
both the one coordinate process S} and the distance-to-equiproportionality ||S; —€|[,. In
the course of this analysis, we also define two couplings which will be of independent use
later on and prove a uniform bound on the variance of S;.
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3.1. The Drift of One Proportion Coordinate. From symmetry, it is enough to
analyze the drift of S}. For 8 > 0, define g5: S — S as

eQﬂsk
95 = (650 B 5 95O = S5

We can express the drift of S} as follows:

1 q
B[Sty —SiF] = - [- 81+ 6h (S - tew) St
k=1

=[Sl +gh (S0 +0 ()
. %dﬂ(stwo(n*?) (3.1)

with

da(s) £ _ ¢l 4 gé(s). (3.2)
The function dg : S — R thus describes (up to a constant factor of n=! and an error
term) the drift of the first coordinate given the current proportions vector. It turns out

the rapid mixing hinges on whether dg(s) is strictly negative whenever s! > 1/¢ (and for
any values for the remaining coordinates of s). Accordingly we define Dg : [0,1] — R as

Ds(z) & r;leagcdg(s) = dg(w, }]:—T, ey }]_Tf) (3.3)
SIZZE
=—z+ exp(20) (3.4)

exp(26) + (¢ — 1) exp(26=%)

and check when Dg(z) is strictly negative for all z € (1/q,1]. We will see in Proposition
below that this happens if and only if 5 < 5(q), where 5s(q) > 0 is defined in (1.1).
For 8 > 0, define s*(3) and s*(3) as:

s*(B) £ sup {S €[1/q,1): %DB(S) = O}
$(8) 2 inf {s € (1/g,1) : Dy(s) > 0}
with the inf or sup being 1, if the respective sets are empty. We may now state:

Proposition 3.1. For all g > 3 the following holds:
(1) We have that Dg(s) is increasing in § if s € [1/q,1] and for all B > 0, that
Dgs(1/q) =0 and that Dg(1) < 0.
(2) That s*(8) > ¢ if B < q/2.
(8) The following statements are equivalent if 5 < q/2:

() $(8) = 1
(b) Dg(s) has no roots in (1/q,1].

(c) Dg(s*(B)) < 0.
(4) All the statements in part (3) hold if and only if 8 < Bs(q).
Proof. We start by proving part (1). It is clear that
1

D — _
) U Dew(2ii®)”




15

and hence is strictly increasing in 5 if 1/¢ < s < 1. Furthermore, we have that

Dol 1 e2hlq 1 1 0
A== % = e~ g g T
as well as
Dy(l)=-14—L1 <9
A= 1+ (g—1)e B =7

For part (2), taking the derivative of Dg(s) with respect to s evaluated at 1/q, one
obtains %D5(3)|8:1/q = —1+% which is negative if 8 < ¢/2. Together with Dg(1/q) =0,
this completes the proof.
For part 3, we first show that there exists at most two points in [1/g, 1] such that
d%Dg(s) = 0. To see this, we compute the first derivative and obtain that
d 2408 exp(26°%) 2 1ogs
—Dg(s) = -1+ —— =1+ Lﬁ h((g—1)eP 1),
ds [1+ (g — D) exp(26%)] -1

where h(x) = (1fx)

(¢g—1) exp(QB —%) is a strictly monotone in s, we conclude that there are at most two

Obviously, there are at most two zeros for —1 + 2‘1’8 7h(z) and since

points such that 4 Dg( ) vanishes.

Notice also that Dg(l/q) < 0 provided that < ¢/2 and hence Dg(1/q + &) < 0 for
all £ < &, where fo is a sufficiently small positive number. We are now ready to derive
the equivalence stated in the proposition. Observing that Dg(s) is a smooth function and
Dg(1) < 0, we deduce that (32) = (3b) = (3¢). It remains to prove that (3c¢) = (3a).
Suppose now that (3¢) holds and there exists so € (1/¢,1] such that Dg(sg) > 0. Recalling
that Dg(1/q+ &) <0 and Dg(1) < 0, we deduce the following:

o If 5o < s*, we will then have at least two zeros in (1/q, s*) for D/g( ).

o If 59 > s*, we will then have at least one zero in (s*,1) for - Dg( ).
We see that the first case contradicts with the fact that there can be at most two zeros for
CiDg(s) and the second case contradicts our definition of s*. Altogether, we established
that (3¢) = (3a).

As for the last part, continuity and part (1) imply that (1.1) is equivalent to

Bs =sup{f > 0: Dg(s) <0 for all s € (1/¢,1]}.

Since Dg(s) is increasing in § for all s € [1/¢,1], it follows that for all 8 < Bs(q), we
indeed have Dg(s) < 0 for all s € (1/¢,1]. On the other hand, by the continuity of the
function Dg(s) and our definition of 5,, we know that there exists sps € (1/¢, 1] such that
Dg_(sp) = 0. Now, using the result of part (1) we conclude that Dg(sy) > 0 for any
8 > Bs, completing the proof. O

In the following proposition we discuss the relation between Ss(g) and S.(q).
Proposition 3.2. For q > 3 we have that 0 < Bs(q) < Bc(q) < q while 55(2) = B.(2) =1

Proof. As recalled in the Subsection 2.2,
(¢ —1)log(g—1)

50(2) =1 and Belq) = q—2 ;g =3
In the ¢ = 2 case, it is easy to verify that £ Dg(s) < 0 for all s € [1,1] if # < 1 and

4 Dg(3) > 0if B> 1. Since in addition Dg(3) =0, Dg(1) < 0, we obtain 3,(2) = 1.
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For ¢ > 3 we have f.(¢) < ¢/2 and therefore

po (471 a1, 1 Ly
%\ ¢ q Hf
1+ (¢ —1)exp (QBC )

and
—1

28 (28,00
14 cq €Xp -

2
s=d=1 1—q22
7 < +(¢g—1)exp (2Bc @ ))

2(¢ — 1 log(q —1) — q(g — 2)

q(q —2)
Now if ¢(q) = 2(¢ — 1)log(q — 1) — q(qg — 2) then ¢(2) = ¢/(2) =0 and ¢"(s) = —2 + qul
which is negative when ¢ > 2. It follows that ¢(q) is negative when ¢ > 2 and hence for
q=3,

d

) .
Is 5.(8) <0

g-1
q
So for small enough ¢ > 0 and s € (qg—l — €, q; ) we have that Dg (s) > 0 and hence

sup, Dg,(s) > 0. By the smoothness of Dg(s) this implies that there exists § < f. such
that sup, Dg(s) > 0 which establishes that 85 < .. O

sS=

We will make repeated use of the the following proposition throughout the paper.
Proposition 3.3.

(1) Assume B < q/2. For all0 < pg < p small enough, there exists v > 0 and C,c > 0
such that for all n with t = e’ we have

Poy (30<s<t: 05 ¢ X0T) <Ce™ ™ (3.5)

+
for all og € »ho
(2) Assume B < q/2. For all ro > 0, v > 0 there exists C,c > 0 such that for all n
and r > ro with t = yn, po—\/—% andp:ﬁ we have

Poy (I0<s<t: 0, ¢ 20F) < Ce e (3.6)

for all oo € 20T
(8) Assume 8 < Bs(q). For all p > 0 there exists v > 0 and C,c > 0, such that for all
n, with t = yn we have

Py, (00 ¢ B07) < Ce " (3.7)
for all og € X,.

Proof. Consider the process (S} — s} : t > 0) until the first time it is to the right of 1/q+p.
If n is large enough and, in Case (1), if p is small enough, Proposition Part (1) and
Eq. (3.1) imply that this process satisfies the conditions of Lemma 2.1. Parts (1) and (2)
of the proposition then follow from Parts (3) and (2) of the lemma and summing over all
coordinates.

As for part (3), consider this time (S} —1/q+ p/2: t = 0). Since 8 < Bs(q), it follows
from Proposition (Parts (1) and (3)) that this process also satisfies the conditions of
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Lemma 2.1, with § > C'n~!, for some positive constant C’. Now set v = 2/C’ and apply
part (1) of the Lemma to conclude that except with probability exponentially small in n,
S} < 1/q+ p/2 for some t < yn. Once this happens, by Lemma Part (3), as in the
proof of (3.5), we have S}m < 1/q + p again except with probability tending exponentially
fast to zero with n. It remains to use union bound to complete the proof. O

3.2. Bounded Dynamics. The bounded dynamics is a process that evolves like oy, only
that S(oy) is forced to stay close to € by rejecting transitions which violate this condition.
Formally, fix p > 0 and let (o), o be a Markov chain on »A* . which evolves as follows.

Start from some o € X4 and at step t + 1:

e Draw 0441 according to P,(oy,-), where P, is the original transition kernel.
o If 541 € 207 set 0441 = 0441 and otherwise set o1 = oy
We shall denote by P? the underlying probability measure.

The unbounded and p-bounded dynamics admit a natural coupling, under which the two
processes start from the same configuration and evolve together until time 7 = inf{t > 0 :
Sy ¢ SPT}, where S; is the unbounded process. This leads to the following two immediate
observations which will be useful later.

1) For any integer ¢ and bounded function f : (X,)ft! — R:
(1) y integ

[Ef(o70,9) = EX fopg)] < 20 fllP(T < 1), (3.8)
(2) In particular for any set A C (%,,) "
P00, € A) —PP(oppy € A)| < 2P(T < 1) (3.9)

3.3. Synchronized Coupling. The synchronized coupling is a (Markov) coupling of two
p-bounded dynamics in which the two chains “synchronize” their steps as much as possible.
Formally, define (0¢)¢> 0, (0¢)t > 0 on the same probability space such that starting from
09, 09, at time ¢+ 1:
(1) Choose colors I;11, I~t+1 according to an optimal coupling of S, §t.
(2) Choose colors Jyi1, th, according to an optimal coupling of gg (St — n*1e1t+1),
93 (St - n‘leftH).
(3) Change a uniformly chosen vertex of color I;11 in o¢ to have color Jiy1 in oy,
but only if o441 € »ot,
(4) Change a uniformly chosen vertex of color —7t+1 in o; to have color <7t+]_ in o441,
but only if 441 € 247,
We shall write Pfgf’&% for the underlying measure and omit p if it is large enough for the
dynamics not to be bounded.

The following shows that this coupling contracts the || - ||, distance of the proportions
vector.

Lemma 3.4. There exists C(f3,q) > 0 such that for any p > 0, uniformly in oo, 09 € not
as n — oo

= Cp\’ -
Bt 15— Bl < (p+ ) oo~ ol (3.10)

00,00
where

(3.11)
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Proof. For s,5 € S, by a Taylor expansion of gg around s, then another expansion for
Vg around € one has:

20 ~ —~ ~ o~
lga(s) — g (), = ?”S = sl (A +O(ls —¢ll + [Is =€) ,
where we use the easily verified:
—2Bgh9% k5,

3.12
—28 (gg>2+2ﬁgg k=j. (3:12)

055 =
Now under the bounded dynamics, Iy # I;41 implies that StIHl > gt[t+1 and gtltH >

E H - Jit1
;""" while Jiy1 # Jyr1 implies that (SI‘/_n_leItJrl)JHrl > (St_n_l ) - ond

~ Ty 7.
(St - nileftH) s (S; — n*1e1t+1)‘]t+1. It follows by the definition of the coupling
that

L

2
n [H{It+l7éft+1} N H{Jt+17ﬁjt+1}] ’

Recalling that for s € Sy, ||s|lrv = 3||s||; and that under the best coupling of distributions
s, s the probability of disagreement is ||s — 5|y, we have:

EZC2 IS — Si]),

90,00

1Si41 — Sealls — 1Ss — Sl = —

~ 2 ~ ~
< lso —Solls + - (=350 — Soll: + & llgs(s0) — gs(S0)ll, + O(n™h)
<1_ 1_2/8/Z+O(p) —i—O(n_Q)) .

The result follows by iteration. 0

< llso = solh

3.4. Uniform Variance Bound.
Lemma 3.5. Assume 8 < q/2. There exists po = po(5,q) such that if p < po

Var? (S;) =0 (n71), (3.13)
uniformly in og € YAt and t > 0, and there exists Yo > 0 such that

Vary, (Sy) =0 (n71) , (3.14)
uniformly in og € S0 and t < em.

Proof. Equation ( ) will follow directly from Lemma applied to S; under the p-

bounded dynamics. Indeed, Lemma gives a stronger version of Condition with
1-28
n=p+ pO(n=2). Now, if B < ¢/2 and p is small enough, we have n < 1 — —-~ for large

2n
enough n. Then (3.13) follows from (2.13) since Var? S1 = O (n™?).
For (3.11), find p’ < p and use (3.5) and (3.8) to conclude that for all oy € 24" and
t < e for some v = y(p, p'):

Vary, (S) = Varf (S¢) + on') =0 (n_l) . O

Corollary 3.6. For 8 < B.(q), we have Var,, (S) = O(n™').
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Proof. Fix p < pg, where pq is given in Lemma 3.5 and notice that the bounded dynamics is
reversible with respect to the Potts measure p, restricted to 24", Therefore the bounded
dynamics has ph(-) = pn(-|o € E47) as its stationary measure. From the large deviation
analysis in Subsection it is straightforward to conclude that if 5 < B.(q)

pn(S & 87F) e,

for some C' > 0 and n large enough, depending on p and 5. Therefore, we have ||, —
polley < e”Cm. Since py, ph live on a compact space, this gives Var,,, (S) < Var,» (S) +

Cn_ Since P5. (o € ) converges to up, as t — oo for any fixed o¢ € Zﬁ+, Lemma can
be extended to o chosen from puf,. This completes the proof. 0

3.5. The Drift of the Distance to Equiproportionality. Here we show that §t has
drift towards 0. Write Si+1 = S; + £.+1 where we have that for ¢, j =1, ..., gq,

P (61 = L(e; ) = Sig} (S — Ler) = Sig} () + O (n”) .

Then,
E[l[Sit1—el3 18] = E[IS —&+ &3] 5]
= 1S —€l7 + E[I&+1lI2] S¢] + 2 (E [€e11] Si], S)
N ) 2 4q 2[35]
= B+ (= RS+ 235 ST = LIS+ O (o
]:

= 152 (- 2)+ (2hst 2)n (2= 2h(S)n 2 +0 (n?)

q

where h(j) == gg(s)sk. Notice that since gﬂ(s) g(s —€) we have that h(s) =
1/q + h(s) and its gradient and Hessian are:

1 4
Dih(0) =3 and Doh(0) = o p

where P is a projection matrix onto (€)J‘. Therefore, we may write
h(s) = — + *IIAHQ +O (II313) -
This gives
B [18ealtir] = 1502 (1- 205220 w0 (152) + 0 ()
= 52 + 070 (ISHE) + 0 (n72) . (3.15)
where p is defined in (3.11).
3.6. Contraction for the Distance to Equiproportionality. Fix 5 < ¢/2 and p < pg

where pg is given in Lemma 3.5. For what follows, assume that o¢ € YAt and t < eron
where 7 is also given. Then, taking expectation in equation ( ), we get:

Eo|Ses1lls = 0Eo 18012 + (Eay I5e)3) O (n7) + 0 (n72) . (3.16)

’)
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Now by Taylor expansion of s — ||s||> around Ey,S; in view of (3.11),

Eoo |5 = 1EaoSull} +Evg (Dull- I (EouS:) » S — BoySt) + O (B I1S: — Evg 1)
~ . 3/2
= [EnSil2+0 (1) = (B lISi2+0 (n7Y) " +0 (n7)

. \3/2 B
= (BlSIE)" +0 ()
Then
N . . N\3/2 B B
Eoy [I5112] = pEo 18012 + (BoyIS2) 0 (n7!) + 0 (n72) . (3.17)
This will in turn imply:

Proposition 3.7. Fix § < q/2. There exist pg = po(B,q) >0 and C = C(B,q) > 0 such
that if p < po there exists y(p) > 0 such that:

Eo, |51 = p* (50l + Cp*) + O (n71), (3.18)
uniformly in og € 207 and t < O™ where p = p(n, B8,q) is defined in

Proof. Set \; = EUO||§,5H§ It follows from (3.17) and (3.5) that for any p < p < pg, where
po is given in Lemma 3.5, there exists v = v(p,p) > 0 such that uniformly in oq € 24"
and t < e™™:
_ _ _ _ Z1\ 2 _
Atr1 < N (p2+pO(n 1)) —|—O(n 2) =\t (p+pO(n 1)) +O(n 2) .

We now use the following fact, which can be easily verified. If (A¢), . o is a sequence

satisfying:
Atr1 = pAe + ar® + b,

for some p # r, p# 1, a and b, then:

t
p—-r b ot
- +—1_p(1 p') . (3.19)

A = Xopl +a

Apply this (with a = 0) and use the monotonicity in A\; of the right hand side above (at
least if n is large enough), to conclude:

A < Xo (p+pO(n 1) + ;0 (%) < CP(p+7p0(n)% +0 (n7)) .

1
1—(p+pO(n=1))
Plugging this a priori bound back into (3.17) we see that:
_ 1\ 3 _ _
A1 =P A +7° (p+pO(n™1)) ‘o (nH+0((n7?) .
Using ( ) again and choose p small enough to obtain

o2t 50(n—1)%

= o +0(@)p"+0 (7).
as desired. n

A= dop” +

4. MIXING IN THE SUBCRITICAL REGIME

In this section we prove Theorem . Recall that a; = a1(5,¢q) = m and set

t*(n) = ainlogn ; t3'(n) = ainlogn +yn. (4.1)
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4.1. Proof of Lower Bound in Theorem

Proof. The analysis in this subsection pertains to all § < B.(¢q). Fix 0 < p2 < p1 < po,
where pg is given in Proposition and let o9 € X, be such that ps < ||5|l < p1. Then
if ¢ <t$1(n) and p; is small enough, Proposition implies

~ 2 . ay 1
Egy ||St]|? > %(1 — %ﬁ/q)% ™40 (n!) > He_(l_gﬁ/qh’

for sufficiently large —v depending on py and large enough n. Combined with the uniform
variance bound given in Lemma 3.5, it follows that for large enough n

e—(1-28/q)v/2
Vn

Applying Chebyshev’s inequality and using Lemma again, we conclude that uniformly
in all 7 > 0, t <t9*(n) and op € B4\ npt

Eo, [1Sill2 >

8 r Var, (§t) —(1-2 2 -2
Foy (HStHQ < \/ﬁ> S (ef(lfzﬁ/q)vom _ L)2 = O<(e =28/ — ) > - (4.2)
Vn Vn
In particular, this implies
. . 4 r
711)1’_1100 IITILIi)S;pPO—O <HSt,(¢1(n)H2 < \/ﬁ> = 0 (43)

On the other hand, E,, S; = € and from Corollary 3.6 it follows that Var,, S; = O (nil)
for 5 < B.(q). Therefore another application of Chebyshev’s inequality yields that

o (Il < 2= 21- 252, (4.4

for all t > 0. Altogether, we have that for any r > 0,

o O(1)
7ll)r_noo llnlggéf dor () (n)>1- 3
and it remains to send r — oo. O

In the remainder of the section we prove the upper bound on the mixing time when
B < Bs(q). The proof is based on upper bounding the coalescence time of two coupled
dynamics, one starting from any configuration in X, and the other starting from the
stationary distribution p,. This coupling will be done in several stages with different
couplings from one stage to the next. In what follows, (o), >0 and (7); > will denote
the two coupled processes.

4.2. O(n_l/ 2) from Coalescence. We now show that with arbitrarily high probability,
Sy gets O(n~1?)-close to € in O(nlogn) steps, if initially its distance is at most p, where
p is small enough. More precisely,

Lemma 4.1. Fiz 8 < q/2. Then for all r > 0:
Pao <Sta1(n) ¢ Sﬁ) - O(’I”_l),

uniformly in oo € SR where py = po(B,q) is defined in Proposition and t**(n) is
defined in (1.1).
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Proof. This follows immediately from Proposition and a first moment argument:
_r_ -~ _l
Poy (Sper(ny & SV7) < Poy (|Ster(myll2 > 70 72)

< EaollSeamll: _ (Eool|Sia1myl13)
S 12 h rn—1/2

1/2
=0(3)- O

4.3. O(n™ ') from Coalescence. To get the correct order of the mixing time it is not
sufficient to simply use the drift to couple the chains as the drift is very weak when S; is
close to €. As such, in this section we define a different coupling of the dynamics which
will bring oy and &; to distance O(n~!) apart in linear time. This will be achieved one
coordinate after the other. We begin by giving a general definition of, what we call, a
semi-independent coupling and then use it to define the coupling of the dynamics.

Let v, 7 be two positive distributions on €, = [1,m] and fix a non-empty A C Q,,,
where m is some positive integer. We shall write v|4 for the conditional distribution
given A, i.e. v|a(x) = v(z)/v(A), for z € A. The A-semi-independent coupling of v, v is
a coupling of two random variables X and X with underlying measure P*, constructed
according to the following procedure:

(1) Choose U € [0, 1] uniformly.
(2) If U < min{v(A), 7(A)}, draw X and X using a best coupling of (1|4, 7|4).
(3) Otherwise, independently:
(a) Draw X according to v|4 if U < v(A) and according to v|4c if U > v(A).
(b) Draw X according to 7|4 if U < D(A) and according to 7|4 if U > D(A).
Clearly a Q,,-semi-independent coupling is a best coupling and for A = @, we define
(P-semi-independent coupling to be the standard independent coupling. The following
proposition states a few properties of this coupling, which will be useful for the sequel.

Proposition 4.2. The following holds for the A-semi-independent coupling of (v,v):
(1) X, X are distributed according to v, U respectively.

(2) P* (Usea{X = 2} A(X =2}) <3 5,ea (@) - (@)
(8) Vo ¢ A, P* <X =z, X # x) > v(z)v(A°\ {z}) and
Vi ¢ A, P* ()? =2, X # x) > D(z)v(A°\ {z}).

Proof. Part one of the Lemma is immediate. Part (2) follows from a straight forward
calculation:

P* (UxeA{X = 2 A{X = x}) < P (U < v(A) AT(A)) P* (X £ X |U < v(A) A D(A)) +
P* (u(A) AT(A) < U < v(A) V 5(A))
(A AD(A)F D [(W]ale) = Pla(@)] + [v(A) - (A)]

T€EA

N

VA
rolw
X
2
|
S\l
B

As for part (3), we have:
P ({X = o} \{X = a}) P* (U > v(A) V 5(A)) 1] ae(@)(1 — 7] ae ()

>
> v(z)v(A°\ {z})



23

and similarly for P*(X = z, X # ). O

We are now ready to define the coupling of oy, ¢ for this section. Fix og,0¢ € X, and
Y1,---Yg—1 > 0. The coordinate-wise coupling with parameters yi,...,y,-1 and starting
configurations oq, o is defined as follows.

(1) Set T =0, k = 1.
(2) Aslong as k < ¢g—1:
(a) As long as )Sf — §f’ > Yk,

(i) Draw Ipy1, EH, using a {1, ...,k — 1}-semi-independent coupling of S;,
Sy. N
(ii) Draw Jyt1, Jit+1, using a {1 ...,k — 1}-semi-independent coupling of

1
98 (St - ﬁe]t+l) (St n It+1)
(iii) Change a uniformly chosen vertex of color I;4; in o; to have color Jyy;

in opyq. N N
(iv) Change a uniformly chosen vertex of color I;y; in o4 to have color Jiy;
in 5154_1.
(v) Set t =t+ 1.
(b) When (sf - §f’ < B set TR = — T and =k + 1.
(3) Set TCC = S971 (),

We shall use IP’EO%O to denote the probability measure for this coupling and IP’SO%(T) for the

same coupling, only with k& = m instead of k = 1 in step (1), i.e. starting from the m-th
stage. Notice that, in principle, the stopping condition at stage k, may never get satisfied,
in which case we stay at that stage forever and T*) = TCC = .

For u,r > 0, define

- u o~ -~ r
My = {(cr, 6) € S x Sy ¢ st —5H, < = maxc (|| s @, 5 - &) < \/ﬁ} .
where above (s,3) = (S(0), S(5)). Finally, set H,, = Hi . The following lemma will be
the main ingredient in an inductive proof for an upper bound on 7¢¢:

Lemma 4.3. Fix § < q/2. Let k € [1, q —1]. For all up_q,rx—1,€ > 0, there exist

Yk Uks Ty Yk > 0, such that if (09, 00) € Huk Lo, then
CC(k
Paoﬁ(o) (T(k) < YN, (O, Opk)) € Huk Tk) =>1—¢€. (4.5)

Proof. Recall the expression for the drift of one coordinate (3.1). Near €, this becomes by
Taylor expansion for any ¢ € [1, g]:

cC(k)

By (St =il 7) = 1 {= (1= %) S+ 0 (158) } + 0 (072
and if W; = Sy — gt then
B AW - W1 5,8] =3 {- (1= Z)wF+0 (IS -2+ 15 -#2) }+0 (

70,00

)6
)

is a

3=

%\; =

Now, for some rj, > 0 to be chosen later, let 7(%) = inf{ 1S —@lla v ||Sy — €, =

Then, from (1.6) it follows that there exists y; > 0 such that Wt = ‘

tAT(R) AT (R)
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supermartingale. Clearly ’Wfﬂ — Wf‘ < % Also, from Proposition 4.2, if ¢ < 7(-) AT®);

PO (Wi 2 Wi 7)) > PO (Lga =k, Jia # kT # K| )
> SESET (1 g (S0 Lei))

-1 (_1>
n 2|,
q3

— I\ 2
which implies that EJ o [(Wf = Wi) | Fi| > 3q72072+ 0 (n"%2). On the other

q

) Egyay’

90,00

[Wtﬂ W, ‘ }"t} = O(n=3/?). Combining the two bounds,

we infer that there exists C' > 0, which doesn’t depend on ry or gy, such that on
{t <7k A T(k)}

hand, in view of (

Varf¢®) (Wt +1‘ J-“t> > On~2, (4.7)

00,00
for n sufficiently large. We now apply Lemma with Z; = Wf, zZo = 2”“7;1 and N =
78 A T®) | This gives for ~; > 0:
Cri_1
S

whence we may choose v, = Vi (rk—1, €) independently of 7, yx but sufficiently large, such
that

00,00

CC(k) (T(k) Ar®) > 'ykn) <

cc(k)

€
) (10 AT® > ym) < (4.8)
This gives an upper bound on T®) | since by Proposition Part (2) we may choose ry,
large enough such that:
CCk) (_(k €
Py 3o (T( ) < an) < 3" (4.9)
It remains to ensure that we do not increase the distances in the first £ — 1 coordinates,
by too much. Proposition implies that for any ¢:
cc [Lk—1] | =5[1,k—1]
PO (Wi 2 W R)
<5 (=0 2 (R =)0 (=0 3 =1)) | 7)
1< k-1
3 — 3 _
< 5 (W +1gh(50) = g5(S01) + 0™
I1<k—1
—[1,k—1 _
< YL o (7).

It follows that

CC(k
Egit [ I

1,k—1 1,k—1 —
7] < A S a0 ()

— 1 k— o
< ||W£1’k 1]H1<1+n>+rk0( )
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Taking expectation of both sides and using the assumption on HI/V[1 k=1l ||l., we have

C Ve B

00 Go ’Ykn n

Hence by Markov’s inequality, there exists ui > 0 such that

[1,k—1] — Yk €
IP)ooUo (HW’Ykn Hl ) < g

Combined with (4.8) and (1.9), the proof is complete. O
Corollary 4.4. Fiz 3 < q/2. For any €,r > 0, there exist v,u,r’ >0 and y1,...y4—1 >0
such that for oy, 09 € Znﬁ.

Pg’f&g (TCC <n, (opcc,opcc) € /Hu’,,/) =>1—e
Proof. Starting from ry = ug = r and applying Lemma inductively, we obtain for some
(Yks Wher Ths Vi k(1,01
Pgocao (T(k) < Yen, (Opw), Opm)) € 'Huk - VEe[l,g—1]) > 1—e.
It remains to set v = ZZ; Ve, 7 =1Tq—1 and u = 2ug_q. O

4.4. Coalescence of Proportions Vector Chains. The next lemma completes the
coupling of the proportions chains.

Lemma 4.5. Fiz 5 < q/2. For all r,u,e > 0 there exists v > 0 such that if 09,00 € 3y,
satisfy (00,00) € Huyr and t = yn, then
PSC (St St) 2 1—ce.

00,00

where under IP’EOCUO the processes (ot)t >0, (0t)t >0 evolve according to the synchronized

coupling, as defined in Subsection

Proof. If p is small enough, it follows from Lemma that
t
SC,p > 1-28/q\ u
BCA IS - Sl < (1- 2 ) 2,

Combined with Proposition Part (1), this implies that there exists v = «(u) such that
Eff UOHSt — Stlly < & for t > yn. Then by Markov’s Inequality:
By (St # 5) = P55, (150 = Sill, > ) <e. O

90,00 70,00 n

4.5. Basket-wise Proportions Coalescence. The next coupling will allow us to turn a
well-mixed proportions chains into a well-mixed configurations chain. Let B = (By,)l _;
be a partition of [1,n]. We shall refer to B,, as a basket and call B a A-partition if
|By,| > An for all m. Given o € %, let S(o) denote a g x ¢ matrix whose (m, k) entry is

equal to the proportion in o of color k in basket m, namely

mk
S \Bml Z Lo(w)=k} -

’UGBm

S is an element of S £ [[? _; S and we define S* = [[? _; S” and SP* = [[? _, S**. We
also let Biy,g.mi] = Umg < mgmle and as before use S; as a shorthand for S(O’t) The
following is an analogue of Lemma for the basket proportions matrix.
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Lemma 4.6. Let B be a A-partition for some A > 0. If either of the following holds:

(1) o9 € B and t*1 (n) < t < eYP™ where pg, ¥(po) are given in Proposition and
t*1(n) zs defined in (1.1).

(2) Sy € SV and t < yon for some rg,yo > 0,
then i
Py, (1 ¢ 77) =0072).
where the O(r~2) term is as r — oo, uniformly in n.

In order to prove Lemma 4.6, we use the following proposition to bound the second
moment of the basket proportions matrix.

Proposition 4.7. If B is a A-partition for A > 0 and m,k € [1,q|, then
E|(S7 - st)? | A = (1 - Z) (SPF sk 0 <n12> . (4.10)
Proof. Let A\g = |Bm|/n > A > 0 and set Q™" = S"™* — % Then:
E[(Qh)? - (@) | 7
= QP + 1) = Q")) + Q" - 1) - (QI”’k)2)
p3((Q" = 35 + 27 = Q1)) +pa((Q + 5 — 2)* = Q™))

2 m,k
= ~Q ((Pl —p2) + (1 - *) (ps —m)) +0 (%), (4.11)
where (denoting by Vi1 the chosen vertex at step ¢ + 1):
p1 = PWVig1 € B, 00(Vir) =k, 0i41(Vig) # k| F) = AOSm "1 - 95(515)) +0(n™1),

( ) )
p2 = P(Viq1 € B, 0e(Vig1) # K, 0141(Vigr) = k| Fy)
ps = P(Viy1 € By, 01(Vig1) =k, o011(Viga) # k| F2)
pr = P(Vig1 € B, 0e(Vig1) # k, 0141(Vig1) = k| F)
Plugging these into ( ), we obtain

B(SyY — 550)* | Fil = (1= 2)(S7" = 5 + O(k)

as required. O

(s}

(1— S — Ao+ XS gh(S) +O(n™),
Asmk<1—gﬁ<st>+0< Y,

Mo(1 = S"M)gk(Sy) + O(n).

Proof of Lemma /.0. Taking expectation in (41.10) and applying (3.19) one gets:
m,k 2 2 ! m,k 2 —
E,, [st - Sﬂ < <1 - n) Eo, [so - s{;} +Oo(nY).

2
In both cases (note that aq(83,q) > 3 for all 8 < ¢/2), it implies E,, [S;nk - Sﬂ =

O(n~1). Summing over all m and k and using Markov’s Inequality we get

Poy | D ISF" = Sill: > r/(2V/n) | = O(-).

m < q
Now, by Proposition Case (1) and Proposition Case (2) we also have that

Po, (ISt —&ll2 > 7/(2v/n)) = O(-72).
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Combining the two, we complete the proof. 0

Suppose now that you have two initial configurations o9, o, such that sy = so. The
following is a coupling under which eventually (with probability 1) also S; = S;. Equality
is achieved one basket at a time, indexed below by m and once the proportions in a basket
are equated they remain so. We shall call this coupling Basket-wise Coupling and denote
by PBC the underlying probability measure.

(1) Set t =0, m = 1.
(2) Aslong as m < ¢
(a) Aslong as S7" # §m
(i) Choose “old” color I;11 according to distribution S; = S,.
(ii) Choose “new” color Jy4; according to distribution gg (St %elt +1) =
9s (St - %eItJrl)
(iii) Choose a vertex Vi41 uniformly among all vertices in [1, n] having color
I;41 under oy.
(iv) Choose Viy1:
(A) If Viyq € By, for mg < m, choose ‘7}“ uniformly among all vertices
in By, having color I;;; under o;.
(B) Otherwise, if S+ 2 S+ and S;7+1 £ 8771 choose Vi1
uniformly among all vertices in B,  having color Ity under oy.
(C) Otherwise, let v1, v, ... be an enumeration of the vertices in B,
having color Iy under oy ordered first by the index of the basket
they belong to and then by their index in V' and let vy,v2,... be
the same for o;. Tﬁlgen set Vi41 = v; where i is such that Vi1 = v;.
(V) Set Ut+1(‘/;5+1) = 51&—4—1(%—&-1) = Jt+1 and t =t + 1.
(b) Set m =m + 1.

The following lemma gives an upper bound for the time of basket-wise proportions

coalescence.

Lemma 4.8. Fiz < q/2. For any A\ >0, r > 0, € > 0, there exists v = v(\,1,€), such
that for any \-partition and any oo, 0 such that Sy = So and Sy, SO € Sf

P2, (S =8w) 21— (4.12)

00,00

Proof. From the definition of the coupling, once the proportions of basket m have coalesced
they will remain equal forever. It suffices, therefore, to analyze the coalescence time of
each basket separately. Note also that the coupling preserves the equality S; = St for all
t>0.

Define Wy = S; — S;, W/ = |[W"||, and let 7 = 0 and 70" = min{t > 7(™-1 .
W = 0} for m € [1,q]. Also set

—inf{t: S, ¢S” or S; ¢ S’}

for p > 0 sufficiently small and 7™ = 7(m) A 7, We claim that for all m, (W/™)t>o0 is

a supermartingale between 7™~ and 7("™) as long as 7, is not reached. In order to see
this, fix m, t and assume {7(™~D <t < 7™ 7, > t}. Then at step ( ), according
to the coupling, there are 3 cases:

(A) Clearly S7}, = S* and St+1 = S and hence Wi, =Wy
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(B) Notice that in this case, we have W:"“[“’IWm’I’5+1 > 0 and WT’J”IWW’JHI > 0.

Therefore, i i
Eo s Wik — W F)
= ’EfOCO'O [Wﬁ{tﬂ‘ft} ’ - |W?’It+l} + ‘EOBOC,’UO [Wﬁljt+1|ft] ‘ - ’W;n"]tﬂ
Wt Wt

I I
Zmo >m S;no’ B ‘Bm0| Zmo >m S;nm B |Bmo|

(C) If V}H,IN/tH € B, or Vt+1,‘~/t+1 ¢ By, then W/, = W{", otherwise from the con-
struction we must have:

‘Wm,ft+1| _ |Wm It+1| _

t+1 IBm\ )
as well as
. .
|W?.l|_1t+l| — W \5 [ -

Summing these two, we obtain a non-positive drift for W;™.

Observe that as long as 7 is not reached, both Var? C(Wtﬁl | F¢) under case (B) and the
probability that this case happens are bounded below uniformly in n and ¢. This gives a
uniform lower bound on the variance Var® C(VVtﬁ1 | F¢). Furthermore, if for some ¢, we have

/ //

Sy, S, € Sv=, then in view of Lemma after v'n time, we have Sy, SH,Y n € SVr
with probability 1—O((r")~2). Therefore, using Lemma 2.3 we may find 71, ..., v4-1 such
that inductively, conditioned on ngm*l) < Ym—1n with probability at least 1 — €/(2q) we

have Tfm) < Ymn. This in turn implies that T»Eq_l) < yn with probability at least 1 —€/2,

where vy £ Yg—1-
It remains to bound 7, below with high probability. Let B™7 = (J]" {|S;"’ —1/q| = p}
and '
ymi — ‘{t L ST —1/q| = p/2, 1 <t <m)

Using Lemma we obtain that
EoG,[Y™] <4nO(%) = O(y).
Then as B™J implies that Y7 > ”T’\p,
PEC, (B™) <PEC (Y™ > ";” ) < Ef%;[:mﬂ =0(nY).
Summing over all m, j and arguing the same for S, we obtain
Pl (e <yn) = O(n™),
Finally by a union bound we have Pfo%o (7@ < yn) > 1 — §+0(n!) as desired. O

4.6. The Overall Coupling. We now describe precisely how the previous couplings are
combined together to create the overall coupling. This coupling will be the main tool in
proving the upper bound. Formally, let v1,73,74,75 and y1,...,ys—1 be positive numbers
and o9 € X,. The overall coupling with parameters ~v1,...,75, y1,...¥yq—1 and initial
configuration o is a coupling of two chains (0¢);, (5¢); under measure PQC. The initial
configuration for (oy); is 0g, while 7 is chosen according to ,. Then, the two processes
evolve as follows.
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(1) Run o, and 7, independently until time t(l)(n) = yn.

(1A) Partition the vertex set [1,n] into baskets B = (B, ...B,) such that By =
{v: o) (V) =k} for k € [1,q].

(2) Run oy and &; independently (again) until time ¢ (n) = t™) 4 t*1(n) time where
t*1(n) is defined in (4.1).

(3) Run 0, and o according to the coordinate-wise coupling with parameters y1, ..., y4—1
until time ¢ (n) = t)(n) 4+ y3n (unless stopped before).

(4) Run o; and &; according to the synchronized coupling until time ¢t (n) = ¢t (n)+
Y4 time.

(5) Run oy and &; according to the basket-wise coupling for t®)(n) = t™®)(n) + vsn
time with the baskets above.

4.7. Proof of Upper Bound in Theorem 1. We will now use the overall coupling
with appropriate parameters to establish the upper bound of the mixing time. Recall that
B < Bs(q). Fix € > 0, pick p > 0 small enough and let og be any initial configuration. By
Proposition Part (3), we can choose ~; large enough such that

Pgoc (St(l)(n) € S‘D) 2 1—e. (413)

Assuming that this event indeed occurred, B is a (% — p)-partition and provided that p
is small enough, the conditions in Lemma are satisfied. From the latter we conclude

that for some r > 0, with probability at least 1 — e, St(2)(n) es V7. On the other hand, as
in (1.1) with probability at least 1 — 2¢ we also have S 12 (n) € SV if 7 is large enough.

Then Corollary and Lemma ensure that there exist y1,...y4—1 and 73, 74, such
that St(4)(n) = St(4)(n) with probability at least 1 — 3e. From Lemma we have that
S, (n)> §t<4>(n) € SV with probability at least 1 — 4e for some 7’ > 0. Then, by Lemma
we may choose 5 such that St(s)(n) = gt(5)(n) with probability at least 1 — 5e.
Now, by symmetry, for any ¢ > ¢t (n) the distribution of oy, given Fy) () 18 invariant

under permutations of the vertices in each basket of B and the same is clearly true for pi,.
Therefore we conclude that

PGy’ (Ut(5>(n) € ‘ Fi)(n)> Sty € Sp) = by
L ( £5) (n }ftm (n)» St (n) € Sp) — fin 0 ST |y
< PSOC (St(5>(n) # St(S)(n)

Then from Jensen’s inequality we obtain

t(W) (n)> Sta)(n) € Sp) < Be.

IPory (0t<5>(n) € ) — pinllrv (4.14)

< Egoc [HP?OC (Gt(5) )}—t(l) ) = tnllry St(l)(n) < Sp} + PUOOC ( t(D(n §é Sp)
< be+ € = Ge.

Now t®)(n) = t51(n) (as defined in (4.1)) with v = v1 + 73 + 74 + 75 and since op is
arbitrary and e can be made arbitrarily small, by choosing v large enough, this establishes
the upper bound for the cutoff. O
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5. MIXING IN THE SUPERCRITICAL REGIME

5.1. Proof of Theorem 3. We first give the proof for the case 5 < 8 < B.. Recall
(Subsection 2.2) that B.(¢q) = (g:—é) log(q — 1) for ¢ > 3 and (.(2) = 1. We claim that for
q=3

Be(q) (1 —1/q) < Be(g—1). (5.1)

It can be checked for ¢ = 3 and for g > 4, it suffices to prove that f(z) := 06(5”937112) log(x—1)

is decreasing in x on [3,00). We compute the derivative and obtain that

, 1 22— 2z +2
f(x):_a:(ac—Q)( z(x —2) log(x—l)—l),

which is negative for x > 3.

Now fix § > 0 and notice that if s* € [1/¢,1—4], conditional on {S* = s'}, (§¢/(1—s!) :
2 < i < q) is distributed as the proportions vector for the (¢ — 1)-states Curie-Weiss Potts
model on (1 — s')n vertices with 8’ = B(1—s') < (1-1/¢)8 < (1 -1/q)B:(q) < Be(q—1).
Therefore, for all §; > 0

1 — st
pn (32 < i < g such that [$"— ——
-

|>51]81:sl)—>0. (5.2)
as n — oo uniformly in s! € [1/q,1 — 4]. Also uniformly in s € S,,, recall that:
1
E S} — St S =s] = —ds(s) + O (n7?),

where dg(s) = —s! + g[lg(s). It now follows from the uniform continuity of dg(s) and (5.2)
that uniformly in s! € [1/¢,1 — d],

By, [Sip1 =S¢ | 8 = s'] = 3 (Dp(s") +o(1)),

where Dg(s') = dg (31, 1q1511 e 1(;_—‘?)

Now if 3 > fBs(q), from Proposition 3.1, there exists d2, such that Dg(s') is uniformly
positive in a dg-neighborhood of s*(3). All together we infer that there exists € > 0 such
that uniformly in s! € (s*(8) — 2, s*(8) + d2) for all n large enough:

€
Eu, [Sti1—SH|SE=5"> o

and also
Pu(Sta =1+ 2 |8} =) = B, (Sha = st + 24+ 1 [ 8] = sf + 1) = o(1),

for j € —1,0,1 where the last inequality follows from the concentration of the conditioned
measure as well as the continuity of the probability to stay put. These two formulas
together imply that

1 1
P, (S = 81+ " | S} =51) = APy, (Siyy = 51| S} =51+ ﬁ)’

for some fixed constant A > 1 for all s* € (s*(8) — d2,5*(8) + d2) when n is sufficiently
large. Since (S¢): > o is a reversible Markov chain, with u, its stationary measure,

1 1
Pﬂn(StlJrl =51+ Evstl =s1) = Pun(stl+1 = 51,8} =s] + ﬁ)’
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and therefore, for all st € (s*(8) — 6o, 5*(B) + 92)

1
(8" = 84 ) 2 a8 = 51,

and hence
pn (St = 5*(B) + 82) = NP7 1, (ST = 5*(B) — 82) - (5.3)
Now select the set A = {S1 > s*(8) — d2}. By (5.3), %&;‘) <A77 where

Op,A={zx €A : P,(z,y) >0 for some y ¢ A}

and P, is the transition kernel of the Glauber dynamics. Since 5 < .(q) and s*(3) — d2 >
1/q we also have p,(A) = o(1) as n — oco. Therefore Cheeger’s inequality (Theorem 2.5)
immediately implies an exponential lower bound on the mixing time.

The case B > B.(q) is simpler. As the large deviations analysis in Subsection shows,
we may find A = {||S — 334]l. < 0}, where 35, is defined in (2.4) and § > 0 is small
enough such that limsup,,_,., n !log i, (0p, A) < 0 and liminf, . n =t log u,(A) = 0.
Since symmetry implies pp,(A) < 1/q (if 0 is sufficiently small), exponential mixing time
follows immediately from another application of Cheeger’s inequality (Theorem 2.5). O

6. MIXING NEAR CRITICALITY

We now assume 3(n) = Bs(q) — &(n), with £(n) — 0 as n — co. Once (n) approaches
Bs with n, we no longer have a uniform negative upper bound on the drift to the right
of 1/q for each coordinate. Instead, near s*(3), the drift will be of order £(n), possibly
even positive and hence it will take longer than linear time to get close to € and this
may have an effect on the order of the mixing time and cutoff window. Accordingly, in
addition to the coalescence time analysis near €, one has to obtain sharp asymptotics for
the passage time near s*(3). This is achieved using several propositions which we state in
Subsection 6.1. Their proofs will be deferred until the end of the section in favor of first
showing how they are used along with the previous coalescence analysis to find the mixing
time near criticality which gives the proof of Theorem

Both the analysis and the results in Theorem 2 are qualitatively different, depending
on whether £(n) decays faster or slower than some threshold rate. Accordingly, we shall
distinguish between two regimes and write:

¢ € [CR] if limy, 00 n?/3€(n) = 00, £&(n) = o(1)
¢ € [NCR] if 0 < liminf,_, n?/3¢(n) < limsup,, . n?3¢(n) < oo

([CR] stands for Cutoff Regime and [NCR] stands for No-Cutoff Regime). For a > 0,
define also

(6.1)

5 _u a2 .
t8%n) = Vo /Jem)] 7 (\annm v ”) if £ € [CR]
eTnd/3 if € € [NCR]

Both (6.1) and (6.2) will be used for sequences other than & as well. We shall also employ

the following notation for hitting times. Given a real-valued process (X;); > o and a number
x € R we shall write

rr=inf{t: X; > 2} and 7, =inf{t: X; <ax}

(6.2)

for the right and left hitting time of X at z. Notice that this notation does not carry an
indication for the process for which 7 is a hitting time and in case this is not clear from
the context, it will be mentioned explicitly.
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6.1. Drift Analysis Near s*(f). The following proposition states several properties of
the function Dg near s*(/3).

Proposition 6.1. For all g > 3 the following holds:
(1) The point s*(Bs) is the unique s € (%, 1] such that Dg,(s) = 0.

(2) For k =0,1,..., the functions D;(8) £ %Dg(s*(ﬁ)) are C* in a neighborhood
of Bs. Furthermore:
o LD (Bs) > 0.
e D3(8,) < 0.
(3) For all p > 0, there exists § > 0 such that:

sup {Ds(s): s € (L+p.1) |s=s"(B) > p, (=Bl <3} <0 (63)

The next lemma gives sharp asymptotics for the passage time near 0 for a process with
certain drift assumptions near 0 (given by (6.4) below). The one coordinate process will
fall into this category if we analyze it near s*(f).

Formally, let ((Zt)?> gin= 0) be a sequence of discrete time processes. For all n,
suppose that (Zy), 5 o = (Z1);'s o is adapted to (Fi);' o, satisfies n|Z;11 — Zy| € {-1,0,1}
with probability 1, and

ElZers — Zi1F] = (C(n) +aZ? 402} + 0 (C(n) 2} + 7}) (6.4)

where a > 0, b € R and ¢((n) is a sequence satisfying ((n) — 0 as n — co. We allow both
¢ € [CR] and ¢ € [NCR], but in the latter case, we assume in addition the existence of
d > 0 such that for all n

Var[n(Zt+1 — Zt)|ft] 2 d. (65)
Write P,, for the probability measure under which this process is defined and starts from
20.

Lemma 6.2. Fiz p > 0 sufficiently small. Then for zog = —p there exist functions L™, U* :
(—00,00) = [0, 1] satisfying limy_,_o L*(7y) = limy_oo U*(7y) = 0 such that for all v,

limsup P, <Tp+>t§y’“(n)) < U*(y), (6.6)
n—oo
limsup P, (T:<t§’a(n)> < L*(v), (6.7)
n—oo

where Ter is a hitting time for Z. Moreover, if ¢ € [NCR] we can chose U* such that for
all v we have

U*(y) < 1. (6.8)
Remark 6.3. The upper (lower) bound in the lemma still holds if (Z;)¢ = o satisfies (6.1)
with > (< ) in place of the equality sign or if in place of zg = —p we have zg = — p

. 1 . . .
(z0 < —p). Since (Zy)t > 0 has 0, £ steps this can be shown by a simple coupling argument.

The next proposition shows that the drift of one coordinate stays close to its upper
bound Dg(-) for sufficiently long time. More precisely, for o9 € ¥, ¢t >0, > 0, y € [0,1]
let

K, (00,t,y,0) =Py, < max Dg(S§) — nEg, [561?+1 — S5 | Fo| > 5) , (6.9)

0 < 6 < min{t,7, }
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where 7, is a hitting time for S}. Then,

Proposition 6.4. Suppose that 8 < q/2 and set o9 = 1. Then for any y >

1.
.
(1) If t(n) = o(n?) and §(n)n*t(n)~! — oo then lim, o Kn(00,t(n),y,d(n)) = 0.
(2) If t(n) = yn*/3 then for all § > 0 we have

lim lim sup K, (00, t(n),y, 57172/3) =0.

=0 nooo

6.2. Proof of Theorem

6.2.1. Upper Bound on Mizing Time. Fix p > 0 small enough and let o9 € 3, be given.
By Proposition Part (1), we can find § > 0 so that

sup{Dgs(s): |[B—Bs| <0, 1/qg+p/2 <s<1,|s—s"|>p/2} <=4 (6.10)
where we use s* in place of s*(8). Then by Lemma Part (1), we have that,
Poy (731 > (2/8)0) = o(1)
where this and all hitting times below are of S}. Define now Z; = s* — St1+ _ . Using
T(s*+p)

(3.1), (3.3) Proposition and applying Taylor’s expansion for Dg(s) around s* and then
again for D§(f) around s, we infer that there exist a > 0, a # 0, b € R such that

Bl — Z0F) >~ (C(n) +aZ} + b7} + 0 ()22 + 71))

where ((n) = aé(n)+0(&(n)?+n~"1) and also (6.5) holds (if needed), since the probability
of choosing any new color at time ¢ + 1 is bounded above and below, uniformly in n and
S;. Hence by Lemma and Remark 6.3, for all v

Pos (T3 py = Ty > 55°00)) < U*() + (1)

Now, using the relation between ¢ (n) and £(n), it is not difficult to verify that ¢3(n) < tg’,a/ (n)
for all 4/, where @’ = aa and v = F(v') for some F such that v — oo if 4/ — 0.

From Lemma Part (3), applied to the process (StlJrT, —(s*=p): t=0),it
(s*—p)
follows that with 1 — o(1) probability S;T, stays to the left of s* — p/2 for all t < n?.
(s*—p)

Then we may apply Lemma 2.1 Part (1) to the process (St1+f —(1/q+p/2): t=0)
(s*=p)
to conclude ’

oo (T = Ty > (2/8)m) = ol1)

Finally another application of Lemma 2.1 Part (3) gives S!

2
e < 1/g+pforallt <n

(a=14p/2)
with 1 — o(1) probability. For the [CR] case, we use union bound (over all coordinates):
Py, (Stg}a, ) ¢ 3P+> < qU*(7) + o(1). (6.11)
v

For the [NCR] case, define (1) = Tla=14p/2) and 7% = inf{t > 7D . SF < g7t 4 p/2)
for £ > 1. Then, by inductive conditioning we obtain

P,, (#’“ <t'(n): k=1,.. -,q> > (1-U"(7)?+o(1).
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Since also Sf+7_(k> <1/q+pforall k€ [1,q], t <n? with 1 — o(1) probability, we arrive to

P, ( it # 5p+> <1— (1= U (1) + o(L). (6.12)

We now re-employ the overall coupling in Sub-section 4.6, but in view of ( ) and
(6.12) we change step (1) and instead of running the two chains for y1n time, we run them

for t)(n) = tg’al(n). As (6.11), (6.12) show, we can choose 7' large enough such that

]P’OQOC( 6/ ¢ Sp+) < € for n sufficiently large. The remaining steps in the coupling are

left unchanged and we choose the same parameter values, as in the proof of Theorem
Using the analysis of the modified step (1) given by (6.11) and (6.12), together with

the analysis in Sub-section of the remaining steps - which carries over (uniformly in 3
near (5(q)), since it only required 5 < S.(q), we recover (4.14), namely

HPoo (Ut(5)(n) € ) - MnHTv < Ge.
The time is now given by
t®)(n) = 121 (n) + 57 (n),
for some v > 0. Since gg is arbitrary and e can be made arbitrarily small, by having
v, 7' large enough, this completes the proof for the upper bound in (1.4) and (1.5) with

ay = m/\/aa.

6.2.2. No Cutoff in NCR Case. Using the modified overall coupling as introduced above,
we obtain from (4.14), (6.12) and (6.8) for any 4/ and sufficiently large

H]P)ao (Ut(5)(n) € ) - ,unHTV <1—g
for all o, large enough n and some € > 0. Then, since in the [NCR] case
t0(n) = 11 (n) + 5% (n) <457 o (n),
this shows that there is no cut-off.

6.2.3. Lower Bound on Mixing Time. Fix p > 0 small enough and start with og = 1 - the
all ’1’ configuration. Define:

5(n) = n~le(n)"Y2A(n)  if € € [CR]
T anT8 if ¢ € [NCR]
where A(n) is a sequence tending to oo sufficiently slowly and §; > 0. Set
=inf {¢t: Dg(S}) —nE [S}4 — S} | Fi] >6(n)}

and define the process Y; which is equal to S} up to time N, but after this time evolves
like a birth- and death processes with £1/n increments and drift —n~'Dg(S}). Then
(Z, & s* — Y, : t > 0) satisfies

1
E[Zei1 = Zi|F) < — (C(n) +aZf +bZ) + 0 (27 + Z})) |
with a, b, a as in the upper bound case, but with ((n) = a&(n) + d(n) + O(£(n)? +n=1)
and condition (6.5) holds (if needed) as before. Then, using Lemma and Remark 6.3,
we have for n large enough Py, (Tj < t%a(n)> < 2L*(y), where 7, is a hitting time for Z

and v € R. As before, it is not difficult to verify that if A(n) is increasing slowly enough,
9% (n) > ti’,a (n), where v = F(v') satisfies v — —o0 if 7/ — —o0.
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Now define T' = inf{t : S; € 8/} and 7’ as 7,7, only with S} in place of Y;. Then
Py, (T < ti}a (n)) < Py, (T;r < ti’,a (n)) + Py, (N <7'A t,gy’,a (n))
< 2L°(9) + Kn(oo, £5% (n), 5" — p, 8(n))

where K, is defined in (6.9). Then, if p is sufficiently small, we can use (4.2) for S, starting
from time T to obtain for all » > 0 and ~":

~ r
Foy (”Stj},<n>+t§>“’<n>”2 < \/ﬁ>
a’ 4 r a’
< Py, (T <t (n)) +Po (HSt:}/ el < \/ﬁ‘ T >t (n)>
< 2L () + Knlo0, 857 (n), 8" — p,8(n) + O((e™" —1)72)

Using Proposition for the middle term, the last inequality gives (4.3) with tf;}, (n) +

t,gy’,a/ (n) in place of t5*(n). The remaining of the proof is identical to the subcritical case
and this shows the lower bound for both parts of Theorem 2 with ay = 7/\/aa. g

6.3. Proofs for Subsection

Proof of Proposition 0.1. First observe that for all 3, Dﬂ(%) =0 and for all s > %,

d d 1

—Dg(s) = — [ —s+ >0.

RN ( . miﬁwh)
Now since Dg(s) is smooth as a function of s and § and dy(s) = —s + % it follows that
Bs > 0. We have that

d Zqu_%(s_é)

2. D8(s) =—1+ P

(1 +(q — 1)6’%(37)>2 7

28g 1 28q 1
2 4 2.2 —Tl(S—*) 1— -1 _Tl(s_*)
Doty = TR TR e T, (6.3
(a=1) (14 (g = 1e 107
and so ) ) )
d 20 d 464(q — 2
—D =—-14— — == . .14
w0 =2 S| =TS0 )
q q

which implies that dg/5(s) > 0 when s € (l,é + ¢) for some small e. This implies that

q
Bs < q/2. Tt follows that

and so Dg(s) < 0 when 3 € [3s,0: + €| and s € (%,% + €) for some small e. It follows

by compactness then that for some % + e < s*(Bs) < 1 that Dg (s*(8s)) = 0. By the
definition of B¢ and since Dg(s) is smooth we have that

d d?

%Dﬁs@) =0, @Dﬁs(é’)

8:‘3*(55)

<0. (6.15)
SZS*(BS)
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The equation - D, (s) = 0 is equivalent to

S S 2
Qqu_%(s_%) = (1 + (q — l)e_iﬁif(s_%)> ,

S . . . _2Bsa(g_ 1 . .
which is a quadratic equation in e ¢-1 (5=3) and hence has at most 2 solutions which we

denote s1, s with s1 < s9. Since %Dlgs(O) < 0 then Dg (s1) < 0 and so s*(fs) = s2.
In particular this implies that s*(5s) is the unique s € (%, 1] such that Dg, (s) = 0. Also
it follows thQat %D,gs(s) > 0 for s € (s1,58*(8s)) and that there exists s’ € (s1,5*(8s))
such that %Dﬂs (s') = 0. Since by equation (6.13) there is at most one s such that
a° Dg (s) = 0 it follows that

ds?
d2

s=s% (55)

Hence by the Inverse Function Theorem s*(/3) is a smooth function of § when /3 is in a
small neighborhood of 5. Then we have that

d .. d_ . d . d
%Do(ﬁs) = %DB(S (Bs))’ﬁzﬂs + <d,38 CB)‘&ZBs) %DBS(S) s=5"(Bs)
d ..,
- Loy ws))\ws
>0,

since d%Dﬁs (8)]s=s*(3,) = 0 which completes the proof of the second part.
We now turn to prove the third part. As we have observed Dg_(s) is a smooth function
satisfying
d d?

Dy, (s7(Bs)) = 0, =D, (8)ls=s=(8,) = 0, and —5Dp, ()]s=s(5,) < 0-

Therefore, we deduce that for any p > 0, there exists §; > 0 such that
1
Dg (s) < =26 for all s € {s D|s—s"(Bs)| = p/2,s € <q +p, 1] } . (6.16)

Since C%DBS(S) < 0 for all p > 0, there exists d2 > 0 such that

s=s*(8)
5°(8) — 57(8)] < p/2 for all | — 8| < 6.
Combined with (6.16), it follows that
Dg (s) < =261, for all |s — s*(B)| = p and |8 — Bs| < d2. (6.17)

Now that Dg(s) can be viewed as a continuous function of (/,s) and by compactness,
there exists d3 > 0 such that |Dg(s) — Dg,(s)| < 61 for all s € [1/q,1] and |3 — 35| < 63.
Combined with ( ), it completes the proof by taking é = d1 A 2 A J3. O

Proof of Lemma 0.2. We do not lose anything by assuming that

ElZi1 = Z|F) = f(Z) 5 f(2) =5 (C(n) +az? + 02" + e )Ly 1 pg)(2)  (6.18)

n
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for some a > 0, b, ¢ with pg = 2p and that once Z; exits [—po, +po] it is stopped. Indeed,
having f vanish outside of [—po,+po], does not change the asymptotics of the passing
time. Clearly, this is the case for z > +pg. For z < —pg, it follows from

P_p(77,, < t5%n)) = o(1), (6.19)
for all v, which is a consequence of Lemma part (3) since the drift of Z; is at least
on [—pg, —p] for some positive ¢ uniformly in n (if p is small enough).

As for replacing the error term in (6.4) by cZ}, as the proof below shows, the functions
U*, L* in the lemma restricted to condition (6.18) can be chosen to be continuous in a
in a small interval [ag — €, a0 + €] and the limits (6.6), (6.7) hold uniformly in a in this
interval. This together with Remark implies the existence of U*, L* under which (6.6),

(6.7) hold in the general case (6.4) with tg’a+o(€(n))(n). Now, it is not difficult to see that

the latter is bounded above and below by tgic(n) for some C' > 0 and hence (6.6), (6.7)

hold with ¢$*(n). Similar considerations apply for (6.5).
Set

1
U(z) = /0 md:ﬂ and Y, =V (Z) — VU (Zp) —t.

The motivation behind the above definitions comes from a continuous time deterministic
analog of (6.18) in the form of an ODE

(t) = f(=2(1)) (6.20)

for which z(t) = U~1(t — t) is a solution (roughly speaking Y; measures how far behind
or ahead “in schedule” Z; is, judging from its position).
Start with the [CR] case and set

T n nt/?
t9%(n) = tg’a(n) = 7 N&O) ; w®(n) = ) Vn.

In the deterministic setting the time it takes for z(¢) to pass from z(0) = —p to p is

W)~ %) = [ e e = ) 00

if p is small enough. This will be shown in Proposition below. Thus, bounding the
passage time 7,7 around t$%(n) can be achieved by bounding [Yic.a(m)l-

Accordingly, let Y; = M; + A; be the Doob-decomposition of Y;, with M; a zero-mean
martingale and A; the predictable process. The next proposition will allow us to bound
Y;. The proof of this proposition will be deferred to the end of this section.

Proposition 6.5. If p is small enough and ¢ € [CR] then

(1) W(p) — U(=p) = £5%(n) + O(n).

(2) BMZ, | = O(w(n)?).

(3) Atgy,a(n) = o(wS(n)) with probability 1.
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Now using the monotonicity of ¥ in [—pg, +po] we have
Poy(r) > 65°) < Poy(Zgag, <)
P_, (Ytg,a(n) < 1% (n) — £5%(n) + O(n))
P_, (Mtg,a(n) < —yws(n) +O(n) + o (wc(n)»

Ows(n) \’
S ((v+0(1))w<(n)> ’

where the last inequality is a second moment bound. This shows (6.6). For the lower
bound, if —+ is large enough, we may write

P_, (T; < tg’“(n)) = P, (Elt <t$'(n) : Zi > p)

< P, (at <t5%(n) : Yy > t9%(n) — t$%n) + O(n)>

N

N

< P, (3t <) © My > —yub(n) +O(n) + o (wS(n)))

O(w'(n))
© (= +O0M)ut(n)

where the last inequality follows from Doob’s inequality. This shows (6.7)

Next, we address the [NCR] case. We can no longer use the means analysis ( )
throughout the entire passage interval [—p, p] as Z; is not concentrated around its mean
near 0. Accordingly, we analyze the passage time in each of the following segments sepa-
rately:

[—p, —rn 3] [—rn =3 prn =13 [+rn= Y3 4p],
for some r > 0 to be chosen later.

We start with the upper bound. For the sequel, let w = rn~'/3. The upper bound will
follow if we show the following;:

(1) Segment [—p, —w]. For any ~,
lim limsupP_, (77, > tg“(n)) =0 (6.21)

T—00 n—oo

(2) Segment [+w,+p]. For any -,
lim limsup Py (7,7 > t5%(n)) =0 (6.22)

T—=00 n—oo

(3) Segment [—w,+w]. For any r > 0, there exists u : R — [0, 1) such that
limsupP_,, (TJ > tg’a(n)> <u(y) <1, (6.23)

n—oo
for all v. Furthermore, u(y) — 0 as 7 — oo.

All are hitting times for Z. Indeed, by first choosing large enough r and then choosing
large enough ~ both (6.6) and (6.8) will follow by multiplication. We proceed to prove
each of the above statements.

Segments [—p, —w]|, [+w, +p|]. Here we can use the means analysis as in the [CR] case. As
before, we do not change the asymptotics of the passage time through these intervals, if
we assume that f(z) in (6.18) satisfies:

f(z) = %(C(n) +az? + b3 + 624)]1[—p0,—w0]u[+w0,+p0](Z)



39

where a, b, ¢, pp are as before, wy = w/2 and once Z; exits [—pg, —wp] U [+wo, +po] it is
stopped. Indeed this follows from the same reasoning and in addition since for any ~

TILI& Pw(n;o < t’C‘/’a(n)) =0,

uniformly in n (large enough) as it follows from Lemma part (2) since the drift of Z,
is non-negative on [wp, w].

We use the same definitions for Y;, M; and A; as above. In place of Proposition we
have

Proposition 6.6. Assume ¢ € [NCR]. There exists k(r) satisfying k(r) — 0 as r — oo
such that for any p small enough, r large enough, n large enough and all t:

(1) ¥(~w) —¥(=p), ¥(p) = ¥(w) < k(r)n*/?.

(2) EM? < k(r)tn*/3.

(3) |A¢] < k(r)t with probability 1.

The proof is again deferred. Now, as before

P_, (wa > t%’“(”)) < Py (Ztg’a(n) < _w)
N R
< P, (Mtg,a(n) < k(rn*? + k(r)e'n*? — evn4/3>
2
< k(r)e (6.24)

(1= k(r))er — k(r))*

where the last inequality is Chebyshev. This goes to zero as r — oo for any ~. This shows
(6.21). Similarly,

P, (7';' > t%“(n)) < P, (Ztﬁ’“(n) < p)
k(r)e?
(1= k(r))er = k(r))

<

and this shows (6.22).

Segment [—w,w]. Here we still assume (0.18), but instead of absorbing Z; at the bound-
aries, we shall now suppose that Z; evolves like a symmetric random walk with £n~!
steps, once it exits [—po, +po].

We first show that u can be chosen to vanish at infinity. Consider the process U; =
(Uo—(Z — Zo+0n=5/3t), for § > 0 with Uy to be chosen later and set N = inf{t : U; < 0}.
Then, by the definition of the [NCR] regime for n large enough Uysn is a non-negative
supermartingale satisfying the requirements of Lemma and hence

P_y(rf > 189(n)) = P_y(Z <w Vt<t$%n))
< Poy(U > U+ Zo — (w+6e"n~ V%) vt < 1$%(n))
= P_y(N >15%n))
4(w + seTn~1/3 4 w)
Vidn—lev/2n2/3

where we choose Uy = w 4 de"n~ Y3 — Zy and § = e~7. The last expression can be made
arbitrarily small by taking v large enough, uniformly in n if it is sufficiently large.

N

<C(r+ 1)6_7/2
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To show that w can satisfy u(y) < 1 for all 7, we have to show that Z can cross
from —w to w in ¢3(n)-time for arbitrarily small 4. If p is small and n is large, then
X: = n(Z; — (—w)) satisfies the conditions in Lemma with 6 = ((n)” and a = d.
Therefore

P_y(rh > t5%(n)) > P_y(3t <t5%n) : Xy > 2rn*/?)

P
> Cpexp{—Cy(2re™? + /2¢(n)"n?3)2} + O(n=%/3)

which is positive for all v, once n is large enough. This proves ( ) and concludes the
proof of the upper bound.

To show the lower bound in the [NCR] case, set V; = Z; — dn~°/3t + w and choose
d,r > 0 such that Vt/\nt has non-positive drift whenever V;t/w;: > 0. Then,

P_, () <t$°(n)) < P_,(3t<t$%n) : Z, > w)

< P_,(3t< tg’“(n) P Vit 2 2w — seTn 13y
>

= P_,(Ft< tg’a(n) P Vst

and part (2) of Lemma shows that the last expression goes to 0 as 7 — —oo uniformly

in n (large enough). This proves (6.7) and completes the [NCR] case. O
It remains to prove Propositions 6.4—
Proof of Proposition 0./. Let 7* = min {Ty_, t(n), min; > o min{t > 0: S} > %}} Fix some
2 <1< j<qand set ‘
Y, =S5; — 5.

Let U1 =Y — Y1 — Eo [V: — Yio1 | Fi—1] and then since |Y; — Y| < % we have that
|U;| < 2. Define the process Z; by Zy = 0 and

Zy — Zy 1 = sign(Zy—1)sign(Y; 1)U 1

1 20,
sign(z) = { 220

where

-1 x<0.

With this definition Z; is clearly a martingale and since |Z; — Z;_1| < %, then E,, 27 < %
and so by Doob’s maximal inequality,

2
32t(n)
Eo Zil| < 2EoyZify < 6.25
0 [0 Sxm) | t’] 04t(n) ) (6.25)
Now when ¢t < 7% we have that S}, Sg < é and so
‘62/3(52—5) _ 2P| < 98850 - Sg‘
By Jensen’s inequality Y 7_; ezﬁ(sé_%) > ¢ so
Eo, [sign(Yi—1)(Y: — Y1) | F—1]
o 1 [ 2B(Si=) _ 280510 , ,
~E, [agn( - S ( ey S sk
=1
—9 , .
< -1 ﬁS{?—Si‘éO- (6.26)
qn
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Now when [Y;—1| > 2 we have that |Y| — |Y;—1| = sign(¥;—1)(Y; — Y;—1) and we always
have

|Zi| — | Zi—1| = sign(Zy—1)(Z — Zy—1) = sign(Y;—1)Up—1
with equality when sign(Z;) = sign(Z;—1). Hence it follows that when |Y;_i| > % and
t< 7",
Vi = [Yi-1| = sign(Yi—1)(Y: — Yi-1)
<sign(Yy—1)Us—1
<|NZ| = [Zp-]

where the first inequality follows from equation (6.26). It follows by induction that
|Zy| > Y| — 2 for all t < 7*. In particular we have by equation (6.25) that

Si S{Hz ~0 (t(”)> = o(1). (6.27)

Es, max max 3
n

2<i<j<q0<t<Tr

St — 87| =o(1) for
every pair 2 < 4,7 < ¢. Now by construction SL. > y— % so with high probability we have

1
that S < %— ?17(11 +o(1) < % which implies that with high probability 7* = min{t(n), 7, }.

Now, by Taylor series expansions,

: 238} 2ﬁﬁ . i 1—5t1 : i 1_Stl 2
0< (D e | — (-1 <Y (288 —2——L)+> 0 (265; - 28~—")
i=2 i=2 =2

qg—1 ; 1
<O<< max
2<i<j <¢q

K3
Sg - Stj ‘) ) )

where the first inequality is by Jensen, and we have used the fact that > 7 , Si=1-5}

It therefore follows that with high probability for all 0 < ¢ < max{t(n), 7, } that

By Markov’s inequality with probability tending to 1 we have that

B, [}~ SL, | Fii] g
Mo [Pt = Pt—1 | St-1] = gi  Pt-1
Zi:lq 2851

28514

= — -5, -0 max
1-55_4 2<i<j<q
D)

2
s;'_sgD)

625315171 -+ (q — 1)626 q—1

= Dg(S},) -0 (( max ‘St” -5

2<i<j<gq
and hence that

max  Dg(Si_;) — nEqy, [Stl — St Fi1]

0<t<r*
N\ 2
7 J
si-5]))

<0 max max
2<i<j<qO0<t<Tr

which combined with equation ( ) and Markov’s inequality completes the result. [
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Proof of Proposition 0.5. Starting with part (1),
Y(p) —

_ nde‘ n )d
B /C ) + ax? /(C +ax?  ((n) + aa? + bad + cat .

b3 4)2

_ 2n B b3 —|—cx22+0 (:E +C:172)3 dx

aC(n) (C(n) + az?) (C(n) + az?)

4 b 3 4\2
_ )40 / _eat (ba® + ca?) "
\f,/ a?zrt a3z
_ agm) ( )—#%m+om»
To prove part (2), we use the law of total variance:
VarMy; = Var E[M;|F;—1] + E Var[M;|F_1]

VarM;—1 + E Var[V;|F_1]

< VarM; ., + |1‘{na§< |’ )‘2EVar[Zt—Zt_1\.7:t_1]
< 2po
n? 1
< VarM;_1 +
T Gy n?
Hence by induction
15,0
EMt2,a( ) =VarMca,, < 7 () = O(w*(n)?).
5 n

0 < ()
As for part (3),
A1 — Ar = EYi — V4| A
= E[V(Zi1) - V(Z)| F] -1

= E|9Y(Z)(Zi+1 — Z) + O( max |\If ’(ZtJrl Z) )‘ ]:t} _

2| < 2p
= VY(Z)E[Zi11 — Zi|F] + O( max }\IJ” )|n_2) -1

|z < 2p0
1
_ // -2\ __
= O|ZI|n<a>2<p‘\I' z)|n )_O<n(3/2(n)>’

where the last inequality follows from

d2

. n|2az + 3bz% + 4c23|
dz?

(C(n) + az2 + b23 + c2*)?

nC1|z| B n
S mm+@%P‘OmeQ‘

if p is small enough. Then again by induction, we conclude that

t3%(n
Ao =0 (M) =o(uf(m).
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Proof of Proposition (.0. If r is large enough and p is small, we have f(z) > n~'(a/2)2>
for all wy < |z| < po, where as before wy = w/2 and py = 2p. This immediately gives part
(1) with k(r) = Cr— L.

The proof for parts (2),(3) are similar to the ones in Proposition 6.5. This time the
bounds on the derivatives become
max “I"(z)|2 < Cr~iplts max  |U(z)| < Cr=3n?.

wo/2<|2|<2p0 wo/2<|2|<2p0

Proceeding by induction as before, we obtain (3), (2) with k(r) = Cr~* and k(r) = Cr—3
respectively. O

7. ESSENTIAL MIXING

Proof of Theorem /. As the reader can verify, most statements in Sections 3 and 4 hold
when 8 < B.(¢q) and even 3 < ¢/2 (the restrictions on (3 are indicated before each statement
there). The only time 8 < Bs(q) < Bc(q) is required is in step (1) of the overall coupling,
where the condition ensures that the drift of each single coordinate S} is negative in all
(1/q,1], which, in turn, implies that for any initial configuration, after t = O(n) time,
o, € ¥, which is a necessary starting point for the couplings that follow.

Now, if 8 > Bs(q), but still 8 < B.(¢q), we may replace this step, with the requirement
that og is initially chosen from f]n = Y7. The analysis of the overall coupling will remain

the same, with the coalescence time being even smaller (but just by a linear term, which

can be absorbed in the cutoff-window term). Thus, the restricted mixing time ti&(e) (n)

will be upper bounded as before. In addition, the lower bound in Subsection will also

hold for tﬁ?x(s)(n), since as initial configuration, we may take any og € dp, ¥, (p) for p > 0.

It remains to show that %, \ f)n has an exponentially decreasing probability under p,,.
This follows immediately from the large deviations analysis in Subsection 2.2. If 5 < 5.(q),
the rate function Ig 4 is strictly positive away from € and in particular there exist Cy > 0,
Csy > 0, such that

fin (zn \ in) = 70 (Sn \ SP1) < CreCem,
This concludes the proof of the theorem. O
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