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Analytical Solutions of PDEs using PDEtools in Maple

Aleksandar Donev, Courant Institute

This is largely based on examples in the excellent Maple documentation
r e s t a r t :

The PDEtools package is a collection of commands and routines for finding analytical solutions for
partial differential equations (PDEs) based on the paper "A Computational Approach for the Analytical 
Solving of Partial Differential Equations" by E.S. Cheb-Terrab and K. von Bulow (see References), and
the continuation of this work by the same authors (Symmetry routines) during 2004.

with(PDEtools):

First-Order PDEs
Maple knows about the method of characteristics:

U  : =  d i f f _ t a b l e ( u ( x , t ) ) :  #  T o  e n a b l e  c o m p a c t  n o t a t i o n  U _ x x  e t c .
PDE :=  U[ t ]+c*U[x]=- lambda*U[ ] ;  #  Advect ion- react ion  l inear  
equation

I C  : =  e v a l ( U [ ] ,  t = 0 )  =  p h i ( x ) ;  #  I n i t i a l  c o n d i t i o n s

pdsolve( [PDE, IC] ) ;  #  Try  to  so lve  the  PDE automat ica l ly  -  works!

Try to get a general solution:
pdso lve (PDE) ;  #  No  in i t i a l  cond i t ion

PDE := U[t ]+c*U[x]=- lambda*U[]^2;  #  Advect ion-react ion nonl inear  
equation

pdso lve ( [PDE, IC] ) ;  #  Works  here  a lso  s ince  s imple  f i rs t -order  
equation

PDE :=  U[ t ]+c*U[ ] *U[x ]=0;  #  Burger 's  equat ion  

pdsolve( [PDE, IC] ) ;  #  Does  not  re turn  anyth ing  (cannot  f ind  
s o l u t i o n )

Heat Equation
r e s t a r t :  with(PDEtools):

Maple knows about the method of separation of variables:
B V P : = [ d i f f ( u ( x ,  t ) ,  t )  =  k * d i f f ( u ( x ,  t ) ,  x ,  x ) ,  u ( 0 ,  t )  =  0 ,  u
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( P i ,  t )  =  0 ,  u ( x , 0 )  =  f ( x ) ] ;  #  H e a t  e q u a t i o n  i n  1 D  w i t h  
homogeneous Dirichlet BCs

sol:=pdsolve(BVP);

g ( x ) : = p i e c e w i s e ( x < 1 / 2 , 0 , x > P i / 2 , P i , x = P i / 2 , P i / 2 ) ;

p l o t ( g ( x ) , x = 0 . . P i )

p d s o l v e ( e v a l ( B V P ,  f ( x ) = g ( x ) ) ) ;



>  >  

(13)(13)

(14)(14)

(11)(11)

>  >  

>  >  

(15)(15)

>  >  

>  >  

(8)(8)

>  >  

(12)(12)

>  >  

E r r o r ,  ( i n  c a s e s p l i t / K )  t h i s  v e r s i o n  o f  c a s e s p l i t  i s  n o t  y e t  
h a n d l i n g  t h e  f u n c t i o n :  p i e c e w i s e

t e m p : = e v a l ( s o l ,  f ( x ) = g ( x ) ) ;

sol_ser ies:=value( temp);

Numerical Evaluation
Plotting the Solution
To plot this we need to truncate the sum to a few terms

summand:=op(1,  rhs(sol_series));

summand:=eval(summand, {_Z1=n, k=1});

Here we only take 10 terms:
sol_approx:=unapply(simpli fy(add(summand, n=1. .10)) , t ) ;

p l o t (  { s e q ( s o l _ a p p r o x ( i * 0 . 0 5 ) ,  i = 0 . . 5 ) } ,  x = 0 . . P i ) ;
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We can turn this into an animation to make it more informative:
p l o t s [ a n i m a t e ] (  p l o t ,  [ s o l _ a p p r o x ( t ) ,  x = 0 . . P i ] ,  t = 0 . . 2  ) ;
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Gibbs Phenomenon
At t=0 we are getting the Gibbs phenomenon, lets explore this some more:

summ0:=eval(summand, t=0);

p l o t (  { s e q (add(summ0,  n=1 . . 4 *N ) ,  N=1 . . 5 ) } ,  x=0 . .P i ) ;
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Numerical Accuracy
To see how good our solution is, we should really compare with the solution obtained by including 
more terms

sol_better_approx:=unapply(simpli fy(add(summand, n=1. .20)) , t ) :
p l o t s [ a n i m a t e ] (  p l o t ,  [ { s o l _ a p p r o x ( t ) ,  s o l _ b e t t e r _ a p p r o x ( t ) } ,  x =
0 . . P i ] ,  t = 0 . . 0 . 1 ,  f r a m e s = 5 0 ) ;



>  >  

>  >  

(17)(17)

>  >  
(18)(18)

>  >  

(8)(8)

>  >  

(19)(19)

>  >  

Wave Equation (from recitation)
Here we try to solve  Problem 9 in section 4.7 of APDE, as was done in recitation on 4/15/2016 by 
recitation leader JT. Look at his solution notes first.

r e s t a r t :  w i t h ( P D E t o o l s ) :
B V P : = [ d i f f ( u ( x ,  t ) ,  t , t )  =  d i f f ( u ( x ,  t ) ,  x ,  x ) ,  u ( 0 ,  t )  =  0 ,  u ( 1 ,
t )  =  s i n ( t ) ,  u ( x , 0 )  =  x * ( 1 - x ) ,  D [ 2 ] ( u ) ( x , 0 ) = 0 ] ;

# in fo leve l [pdso lve ] :=5 ;  #  I f  you  want  to  see  wha t  Map le  i s  t ry ing
out
sol:=pdsolve(BVP);  #  No solut ion returned

Let's try to see what the problem is, inhomogeneous BCs, or initial condition, or what:
B V P _ h o m : = [ d i f f ( u ( x ,  t ) ,  t , t )  =  d i f f ( u ( x ,  t ) ,  x ,  x ) ,  u ( 0 ,  t )  =  0 ,  
u ( 1 ,  t )  =  0 ,   u ( x , 0 )  =  x * ( 1 - x ) ,  D [ 2 ] ( u ) ( x ,  0 )  =  0 ] ;  #  M a k e  t h e  B C
at x=1 be homogeneous
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sol:=pdsolve(BVP_hom); # Now it worked fine

So let's break up the problem into two problems just like done in class:

First a simple Laplace equation to take care of the BC. Note that here we tell Maple the solution is only 
a function of x, since for each t we are solving only an equation for x. If we wrote v(x,t) below it 
wouldn't work even though the same solution would work:

B V P _ B C : = [ 0  =  d i f f ( v ( x ) ,  x ,  x ) ,  v ( 0 )  =  0 ,  v ( 1 )  =  s i n ( t ) ] ;

sol_BC:=pdsolve(BVP_BC);

v ( x , t ) : = r h s ( s o l _ B C ) ;

Now solve with homogeneous BCs but make sure to subtract the time derivative of the v(x,t) from the 
right hand side as a source term:

B V P _ I C : = [ d i f f ( u ( x ,  t ) ,  t , t )  =  d i f f ( u ( x ,  t ) ,  x ,  x )  -  d i f f ( v ( x , t ) ,
t ) ,  u ( 0 ,  t )  =  0 ,  u ( 1 ,  t )  =  0 ,   u ( x , 0 )  =  x * ( 1 - x )  -  e v a l ( v ( x , t ) ,  t =
0 )  ,  D [ 2 ] ( u ) ( x ,  0 )  =  0 ] ;

pdsolve(BVP_IC) ;  #  Sadly ,  i t  again  does not  re turn an answer!
Seems Maple hasn't learned how to solve this sort of problem with forcing yet, at least not 
automatically. We can still use Maple to help us with some of the integrals, however:

a _ k : = s i m p l i f y ( 2 * i n t ( x * s i n ( k * P i * x ) , x = 0 . . 1 ) )  a s s u m i n g  k , i n t e g e r ;  #  
E q .  ( 9 )  i n  J T ' s  s o l u t i o n

b _ k : = s i m p l i f y ( 2 * i n t ( x * ( 1 - x ) * s i n ( k * P i * x ) , x = 0 . . 1 ) )  a s s u m i n g  k ,
i n t e g e r ;  #  E q .  ( 1 0 )  i n  J T ' s  s o l u t i o n

s o l _ O D E : = d s o l v e ( { d i f f ( T ( t ) , t , t ) + ( k * P i ) ^ 2 * T ( t ) = a _ k * s i n ( t ) , T ( 0 ) =
b _ k , D ( T ) ( 0 ) = - a _ k } ,  T ( t ) ) ;  #  E q s .  ( 1 4 , 1 5 , 2 3 )  i n  J T ' s  s o l u t i o n ,  t h e
most tedious step
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Giving Hints
For complicated nonlinear PDEs usually Maple won't know what to do (perhaps no one does!)

V  : =  d i f f _ t a b l e ( v ( x , y ) ) :
P D E  : =  V [ ] * V [ x , y  ]  +  V [ x ] * V [ y ]  =  1 ;

pdso lve (PDE) ;  #  Map le  t r i ed  separa t ion  o f  va r iab les  and  i t  
worked!

pdsolve(PDE,  H INT=X(x) *Y(y ) ) ;  #  Give  h in t  to  use  separat ion  of  
var iab les

Maple did not by default try to solve the ODEs above, but we can ask it to continue solving:
pdsolve(PDE,  HINT=X(x)*Y(y) ,  bui ld) ;

pdsolve(PDE,  HINT=sqrt (P(x ,y) ) ) ;  #  F ind an even more general  
so lu t ion

Now we try an equation we have not seen in class, one that exhibits solutions called solitons, which are 
stable traveling waves that find uses in fiber optic communication, and can be observed in certain water
channels.

r e s t a r t :  w i t h ( P D E t o o l s ) :
U  : =  d i f f _ t a b l e ( u ( x , t ) ) :  #  T o  e n a b l e  c o m p a c t  n o t a t i o n  U _ x x  e t c .

The KdV equation is a nonlinear third-order PDE that adds a third derivative term to the Burgers 
equation

PDE :=  U[ t ]+6*U[ ] *U[x]+U[x ,x ,x ]=0;  #  The KdV equat ion wi th  
coeff ic ient  6  chosen for  convenience

in fo leve l [pdso lve ] :=3 :
so l :=pdsolve(PDE) ;  #  Looks l ike  Maple  knew to  look  for  t rave l ing  
wave solutions
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F i r s t  s e t  o f  s o l u t i o n  m e t h o d s  ( g e n e r a l  o r  q u a s i  g e n e r a l  
s o l u t i o n )
S e c o n d  s e t  o f  s o l u t i o n  m e t h o d s  ( c o m p l e t e  s o l u t i o n s )
T h i r d  s e t  o f  s o l u t i o n  m e t h o d s  ( s i m p l e  H I N T s  f o r  s e p a r a t i n g  
v a r i a b l e s )
P D E  l i n e a r  i n  h i g h e s t  d e r i v a t i v e s  -  t r y i n g  a  s e p a r a t i o n  o f  
v a r i a b l e s  b y  *
H INT  =  *
F o u r t h  s e t  o f  s o l u t i o n  m e t h o d s
P r e p a r i n g  a  s o l u t i o n  H I N T  . . .
T r y i n g  H I N T  =  _ F 1 ( x ) * _ F 2 ( t )
F o u r t h  s e t  o f  s o l u t i o n  m e t h o d s
P r e p a r i n g  a  s o l u t i o n  H I N T  . . .
T r y i ng  H INT  =  _F1 (x )+_F2 ( t )
T r y i n g  t r a v e l l i n g  w a v e  s o l u t i o n s  a s  p o w e r  s e r i e s  i n  t a n h  . . .
*  U s i n g  t a u  =  t a n h ( t * C [ 2 ] + x * C [ 1 ] + C [ 0 ] )
*  E q u i v a l e n t  O D E  s y s t e m :  { - C [ 1 ] ^ 3 * ( t a u ^ 2 - 1 ) * ( t a u ^ 4 - 2 * t a u ^ 2 + 1 ) *
d i f f ( d i f f ( d i f f ( u ( t a u ) , t a u ) , t a u ) , t a u ) - C [ 1 ] ^ 3 * ( t a u ^ 2 - 1 ) * ( 6 * t a u ^ 3
- 6 * t a u ) * d i f f ( d i f f ( u ( t a u ) , t a u ) , t a u ) + ( - 6 * u ( t a u ) * C [ 1 ] * ( t a u ^ 2 - 1 ) - C
[ 2 ] * ( t a u ^ 2 - 1 ) - C [ 1 ] ^ 3 * ( t a u ^ 2 - 1 ) * ( 6 * t a u ^ 2 - 2 ) ) * d i f f ( u ( t a u ) , t a u ) }
*  O r d e r i n g  f o r  f u n c t i o n s :  [ u ( t a u ) ]
*  C a s e s  f o r  t h e  u p p e r  b o u n d s :  [ [ n [ 1 ]  =  2 ] ]
*  P o w e r  s e r i e s  s o l u t i o n  [ 1 ] :  { u ( t a u )  =  t a u ^ 2 * A [ 1 , 2 ] + t a u * A [ 1 , 1 ] + A
[ 1 , 0 ] }
*  S o l u t i o n  [ 1 ]  f o r  { A [ i ,  j ] ,  C [ k ] } :  [ [ A [ 1 , 1 ]  =  0 ,  A [ 1 , 2 ]  =  0 ] ,  
[ A [ 1 , 0 ]  =  1 / 6 * ( 8 * C [ 1 ] ^ 3 - C [ 2 ] ) / C [ 1 ] ,  A [ 1 , 1 ]  =  0 ,  A [ 1 , 2 ]  =  - 2 * C [ 1 ]
^ 2 ] ]
t r a v e l l i n g  w a v e  s o l u t i o n s  s u c c e s s f u l .

s o l i t o n : = u ( x , t ) = 1 / 2 * c * ( s e c h ( s q r t ( c ) / 2 * ( x - c * t ) ) ) ^ 2 ;

c o n v e r t ( s o l i t o n ,  e x p l n ) ;

p d e t e s t ( s o l i t o n , P D E ) ;  #  C h e c k  i f  i t  a  s o l u t i o n  o f  t h e  P D E
0

sol_example:=eval ( rhs(sol i ton) ,c=1) ;

p l o t s [ a n i m a t e ] (  p l o t ,  [ { s o l _ e x a m p l e } ,  x = - 1 0 . . 5 0 ] ,  t = 0 . . 5 0 ,  
frames=50);
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O D E : = e v a l ( e v a l ( P D E ,  u ( x , t ) = f ( x - c * t ) ) ,  x - c * t = x i ) ;

ODE:=convert(ODE,diff);

simpler_ODE:=int( lhs(ODE),xi) -A=0;

sols:=dsolve(s impler_ODE,f (x i ) ) ;  #  There are  many solut ions and 
they  are  not  s imple

Let's give up on analytical solutions and just use numerics to explore our special soliton solutions...next
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