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4 Lqwurgxfwlrq

Oltxlglw| lv wkh uhdglqhvv e| zklfk dq dvvhw fdq eh frqyhuwhg lqwr fdvk1 Uhdgl0
qhvv ghvfulehv wkh ghjuhh ri wudqvdfwlrq frvwv/ wlph dqg xqfhuwdlqw| wkdw pxvw
eh eruqh lq rughu wr h�hfw d wudqvdfwlrq1 Frqvlghu d sruwirolr khog e| d �qdqfldo
lqvwlwxwlrq1 Wkh ydoxh ri wklv sruwirolr wr wkh lqvwlwxwlrq zloo ghshqg lq fhuwdlq
vlwxdwlrqv rq lwv oltxlglw|1 Wklv pd| eh wkh fdvh/ iru h{dpsoh/ li wkh �up qhhgv
wr oltxlgdwh wkh sruwirolr wr ixqg vkruw whup reoljdwlrqv frplqj gxh1 Lq vxfk d
fdvh/ wkh wuxh ydoxh ri wkh sruwirolr zloo ghshqg rq wkh h{shfwdwlrq ri wxuqlqj
wkh sruwirolr lqwr fdvk ryhu d suh0vshfl�hg shulrg ri wlph1 Wklv sdshu h{dplqhv
wklv vlwxdwlrq xqghu wkh jxlvh ri zkdw zh fdoo ydoxh xqghu oltxlgdwlrq dqg od|v
grzq d iudphzrun iru ghwhuplqlqj wkh wuxh ydoxh ri d sruwirolr zkhq lw kdv wr
eh oltxlgdwhg ryhu d �{hg shulrg ri wlph1

Rxu pdlq frqfoxvlrq lv wkdw ydoxh xqghu oltxlgdwlrq lv ehvw ylhzhg dv dq
h{shfwhg ydoxh zlwk dq dvvrfldwhg ulvn1 Wkh �qlwh oltxlglw| ri pdunhwv pdnhv
lw lpsrvvleoh wr lqvwdqwo| oltxlgdwh d sruwirolr dqg wkhuhiruh wkh ydoxh ri dq|
sruwirolr xqghu oltxlgdwlrq lv udqgrp zlwk d jlyhq phdq +h{shfwhg ydoxh, dqg
vwdqgdug ghyldwlrq1 Wkdw lv/ vlqfh wkh ydoxh ri d sruwirolr xqghu oltxlgdwlrq
zloo eh uhdol}hg ryhu d �qlwh wudglqj krul}rq/ wkh wrwdo ydoxh fdswxuhg lv qhf0
hvvdulo| xqfhuwdlq1 Dv zh fdqqrw nqrz iru vxuh dkhdg ri wlph zkdw ydoxh zh
zloo dfwxdoo| uhfhlyh> wkh ehvw zh fdq gr lv ghwhuplqh wkh vwdwlvwlfdo dyhudjh ru
h{shfwhg ydoxh wkdw oltxlgdwlrq zloo |lhog1 Wklv ydoxh/ qdwxudoo|/ lv xqfhuwdlq/
dqg wklv xqfhuwdlqw| uhsuhvhqwv d ulvn wr dq| rujdql}dwlrq wkdw lqwhqgv wr pdnh
xvh ri ixqgv ghulyhg iurp oltxlgdwlrq1 Zkdw zh zloo vkrz lv wkdw wkh ohyho ri xq0
fhuwdlqw|/ fdoohg wkh uhyhqxh ulvn/ pd| eh frqwuroohg e| prgxodwlqj wkh zd| wkh
sruwirolr lv wudghg1 Wr ghfuhdvh ulvn rqh vlpso| kdv wr wudgh pruh udslgo|1 Wklv
krzhyhu kdv d grzqvlgh= zkloh lqfuhdvlqj wkh vshhg ri wudqvdfwlqj ghfuhdvhv
ulvn/ lw dovr lqfuhdvhv wudqvdfwlrq frvwv1 Wkxv/ wkhuh lv dq lqwulqvlf wudghr�
ehwzhhq uhyhqxh ulvn dqg wkh frvw ri wudglqj1 Ghfuhdvh rqh dqg |rx qdwxudoo|
lqfuhdvh wkh rwkhu1

Wklv sdshu lv derxw wkh wudghr� ehwzhhq wudglqj frvw dqg wudglqj ulvn dqg
krz lw dssolhv wr wkh ydoxh ri d sruwirolr xqghu oltxlgdwlrq1 Lq ghwhuplqlqj
d sruwirolr*v ydoxh xqghu oltxlgdwlrq rqh pxvw vwduw e| ghwhuplqlqj klv ru khu
ghjuhh ri ulvn dyhuvlrq1 Wklv ulvn dyhuvlrq lv vlpso| dq h{suhvvlrq ri wkh ohyho ri
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wrohudqfh iru glvfuhsdqflhv ehwzhhq wkh uhdol}hg wudglqj uhyhqxh dqg wkh dfwxdo
wudglqj uhyhqxh1 Wklv wrohudqfh/ wkhq/ vkrxog eh dq h{suhvvlrq ri d �up*v
srolf| iru ydoxlqj sruwirolrv1 Wkh phvvdjh lv fohdu= rqh fdq udlvh wkh ydoxh ri d
sruwirolr xqghu oltxlgdwlrq vlpso| e| ehlqj zloolqj wr wdnh rq pruh ulvn1 Rqfh
wkh ulvn wrohudqfh lv ghwhuplqhg/ rxu phwkrgv vkrz wkhuh lv d xqtlxh rswlpdo
wudglqj wudmhfwru| dvvrfldwhg wr lw1 Wklv wudmhfwru| kdv wkh surshuw| wkdw lw lv
h!flhqw/ qdpho| wkdw wudglqj dorqj lw kdv wkh plqlpdo srvvleoh wudglqj frvw iru
lwv ohyho ri pdunhw h{srvxuh1 Jlyhq doo ri wklv/ wkh ydoxh ri d sruwirolr xqghu
oltxlgdwlrq lv qrwklqj pruh wkdq wkh h{shfwhg frvw ri wudglqj dorqj dq rswlpdo
wudmhfwru| iru d jlyhq ohyho ri ulvn dyhuvlrq1

Wklv sdshu ghvfulehv wkh hohphqwv ri rswlpdo h{hfxwlrq wkhru| qhfhvvdu|
wr frpsxwh rswlpdo wudglqj wudmhfwrulhv dqg sruwirolr ydoxhv xqghu oltxlgdwlrq1
Lq wkh qh{w vhfwlrq zh ghvfuleh wklv wkhru| lq d qrq0whfkqlfdo pdqqhu1 Lq wkh
iroorzlqj vhfwlrq zh ghvfuleh vrph ri wkh pdwkhpdwlfv/ dqg hqg zlwk dq h{dpsoh
xvlqj vhyhudo XV htxlwlhv1 Iru d pruh ghwdlohg pdwkhpdwlfdo wuhdwphqw zh uhihu
wkh uhdghu wr Rswlpdo H{hfxwlrq ri Sruwirolr Wudqvdfwlrqv/ Dopjuhq dqg Fkulvv
+4<<<,1

5 Qrq0Whfkqlfdo Lqwurgxfwlrq wr Ydoxh Xqghu
Oltxlgdwlrq

Lq wklv vhfwlrq zh jlyh d qrq0whfkqlfdo ryhuylhz ri rswlpdo oltxlgdwlrq/ rplwwlqj
pdwkhpdwlfdo ghwdlov dqg irfxvvlqj rq wkh txdolwdwlyh dvshfwv ri wkh wkhru|1 Wkh
dlp ri wkh wkhru| ri rswlpdo h{hfxwlrq lv wr frpsxwh wkh ydoxh ri d sruwirolr
xqghu oltxlgdwlrq/ vxssrvlqj wkdw wudglqj lv frqgxfwhg iurp wkh suhvhqw wlph
wr vrph �{hg ixwxuh wlph1 Wr jhw dw wklv/ zh qhhg wzr slhfhv ri lqirupdwlrq
derxw wkh sruwirolr=

41 Wkh yduldqfh2fryduldqfh vwuxfwxuh ri wkh sruwirolr

51 Wkh wudqvdfwlrq frvw ixqfwlrqv ri wkh dvvhwv lq wkh sruwirolr

Wudqvdfwlrq frvwv ixqfwlrqv h{suhvv wkh uhodwlrqvkls ehwzhhq wudglqj udwh
dqg wkh suhplxp ru glvfrxqw rqh pxvw sd| ru frqfhgh wr h�hfw d wudgh1 Sxw
vlpso|/ wkh pruh udslgo| rqh wudghv/ wkh pruh ghpdqg wklv sodfhv rq wkh pdunhw
dqg wkhvh ghpdqgv zloo rqo| eh phw dw d suhplxp +iru d sxufkdvh, ru d frqfhv0
vlrq +iru d vdoh, wr wkh fxuuhqw pdunhw sulfh1 Wkh vshfl�f suhplxp2frqfhvvlrq
ghshqgv rq wkh h{whqw ri wkh ghpdqg dqg sduwlfxodu ihdwxuhv ri wkh vhfxulw|/
wkhvh wrjhwkhu duh fdswxuhg lq wkh vhfxulw|*v wudqvdfwlrq frvw ixqfwlrq1 Fdo0
fxodwlqj wudqvdfwlrq frvw ixqfwlrqv lv d sduw ri pdunhw plfurvwuxfwxuh wkhru|/
dqg kdv ehhq vwxglhg h{whqvlyho|1 Lw wxuqv rxw wr eh yhu| gl!fxow wr suhglfw lq
ghwdlo wkh frvw ri d vlqjoh wudgh1 Krzhyhu/ ryhu d odujh qxpehu ri wudghv/ wkh
suhglfwlrq huuruv ehfrph vpdoo uhodwlyh wr frvwv vr wkdw zhoo0vshfl�hg wudglqj
prghov duh xvhixo wrrov iru suhglfwlqj djjuhjdwh wudglqj frvwv1
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Lq oltxlgdwlqj d edvnhw ri vhfxulwlhv ryhu d �{hg shulrg ri wlph wzr wklqjv
rffxu1 Iluvw/ iru d sduwlfxodu fkrlfh ri wudglqj sdwk wkhuh zloo eh pdunhw lpsdfw
ghwhuplqhg e| wkh udwh ri wudglqj dw hdfk srlqw dorqj wkh sdwk1 Wkh wrwdo frvw ri
wudglqj lv wkh vxp ri wkh pdunhw lpsdfw dw hdfk srlqw lq wlph1 Vhfrqg/ dw hdfk
srlqw dorqj wkh wudglqj sdwk wkh xqh{hfxwhg sruwlrq ri wkh sruwirolr lv h{srvhg
wr vxevhtxhqw pdunhw pryhv1 Wkxv/ wkh irup ri wkh wudglqj sdwk ghwhuplqhv
wkh wrwdo xqfhuwdlqw| lq wudglqj uhyhqxh1 Iru h{dpsoh/ wudglqj udslgo| lq wkh
�uvw lqvwdqw ri wudglqj ghfuhdvhv ulvn udslgo|/ ehfdxvh wkh uhgxfwlrq lq pdunhw
h{srvxuh lv ihow iru wkh hqwluh olih ri wkh wudgh1 Qdwxudoo|/ ri frxuvh/ wkh ghfuhdvh
lq ulvn frphv dw wkh frvw ri kljkhu pdunhw lpsdfw1 Wklv vdlg/ wkh sureohp dw
wkh khduw ri rswlpdo h{hfxwlrq lv vlpsoh= iru d jlyhq ohyho ri wudglqj ulvn/ �qg wkh
wudglqj wudmhfwru| wkdw plqlpl}hv frvw1 Wklv vrxqgv vlpsoh/ dqg lq idfw lw wxuqv
rxw wkdw idluo| vwudljkwiruzdug fdofxodwlrqv |lhog h{solflw irupxodv iru rswlpdo
wudglqj sdwkv li wzr frqglwlrqv duh phw1 Rqh/ wkh vwrfnv pxvw iroorz d vlpsoh
udqgrp zdon/ dqg wzr/ wudqvdfwlrq frvwv pxvw eh txdgudwlf lq wrwdo wudglqj frvw1
Lq d prphqw zh zloo glvfxvv wkh udpl�fdwlrqv ri wkhvh dvvxpswlrqv zlwk uhjdug
wr wkh wkhru|/ exw �uvw zh �qlvk rxu h{srvlwlrq ri ydoxh xqghu oltxlgdwlrq1

Zlwk wkh deryh edfnjurxqg rxw ri wkh zd|/ lw lv vwudljkwiruzdug wr frpsxwh
ydoxh xqghu oltxlgdwlrq1 Zh surfhhg lq wkh iroorzlqj vwhsv=

� Ghwhuplqh wkh prvw wrohudeoh ohyho ri xqfhuwdlqw| lq wudglqj uhyhqxh iru
wkh oltxlgdwlrq dw kdqg/

� Frpsxwh wkh rswlpdo wudglqj wudmhfwru| iru wklv ohyho ri xqfhuuwdlqw|

� Frpsxwh wkh h{shfwhg ydoxh ri wudglqj uhyhqxh oltxlgdwlqj ryhu wklv wud0
mhfwru|

Ydoxh xqghu oltxlgdwlrq lv wkh h{shfwhg ydoxh ri wudglqj dorqj wkh rswlpdo
wudmhfwru|1 Qrwh wkdw ydoxh lv qrw dfwxdoo| d vrolg/ vlqjoh ydoxh= lw lv wkh vwd0
wlvwlfdo h{shfwhg ydoxh ri wkh oltxlgdwlrq dqg lv vxemhfw wr xqfhuwdlqw|1 Wkh
xqfhuwdlqw| lv xqdyrlgdeoh dv lw lv gxh wr wkh pdunhw pryhphqwv wkdw zloo eh
h{shulhqfhg zkloh wudglqj1 Wkh rqo| wklqj rqh fdq frqwuro lv wkh ohyho ri xq0
fhuwdlqw|/ dqg wklv lv ghwhuplqhg e| ulvn pdqdjhphqw srolf| dkhdg ri wudglqj/
dqg wkxv lv d pdqdjhdeoh xqfhuwdlqw|1

6 D Whfkqlfdo Ryhuylhz ri Rswlpdo H{hfxwlrq

Zh qrz surfhhg zlwk d pruh whfkqlfdo wuhdwphqw ri wkh deryh h{srvlwlrq/ ir0
fxvvlqj rq wkh pdwkhpdwlfdo dvvxpswlrqv/ wkh irupxodv iru rswlpdo wudmhfwrulhv
dqg �qdoo| wkh udpl�fdwlrqv dqg uhdolvp ri wkh dvvxpswlrqv1 Wkh wuhdwphqw
khuh lv eulhi1 Iru d pruh ghwdlohg glvfxvvlrq/ vhh Dopjuhq dqg Fkulvv +4<<<,1

Iluvw/ dvvxph zh kdyh d edvnhw ri vhfxulwlhv V4> V5>===> VQ > hdfk iroorzlqj dq
dulwkphwlf Eurzqldq prwlrq
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gVl @ �
l
gw. �lg}l

zkhuh wkh frh!flhqw �
l
lv wkh guliw dqg wkh frh!fhqw �l lv wkh yrodwlolw| dqg g}l

lv d vwdqgdug Eurzqldq prwlrq1 Pruhryhu/ vxssrvh wkhuh lv d nqrzq fryduldqfh
pdwul{ 	 uhodwlqj wkh g}l*v1 Lq zkdw iroorzv/ zh vhw �

l
@ 3> uh hfwlqj wkh lghd

wkdw dw wkh wlph ri oltxlgdwlrq zh zloo kdyh qr sduwlfxodu ylhz ri zkdw gluhfwlrq
wkh vwrfn zloo pryh1 Wkh irupxodv dqg uhvxowv wkdw iroorz duh suhglfdwhg rq wkh
idfw wkdw �l

@ 3= Wr vhh zkdw kdsshqv lq wkh fdvh zkhuh �
l
9@ 3 vhh Dopjuhq dqg

Fkulvv +4<<<,1 Dvvxph zh zdqw wr oltxlgdwh iurp qrz +wlph 3, wr odwhu +wlph
W , dqg wkdw zh zloo wudgh ryhu htxdoo| vsdfhg shulrgv ri wlph w4> w5> ===> wP >zkhuh
� @ wl � wl�4 lv frqvwdqw1 Zh ghvfuleh wkh wudqvdfwlrq frvw ixqfwlrqv lq whupv
ri wkh qxpehu ri vkduhv wudghg ryhu wkh shulrg ri wlph � 1

Plfurvwuxfwxuh wkhru| lghqwl�hv wzr frpsrqhqwv wr wkh frvw ri wudqvdfwlqj=
shupdqhqw dqg whpsrudu|1 Shupdqhqw frvwv uhihu wr pdunhw lpsdfw wkdw shu0
vlvwv iru wkh olih ri wkh oltxlgldwlrq1 Wkdw lv/ li zh h{hfxwh d wudgh dqg lq vr
grlqj wkh pdunhw pryhv lwv frqfhqvxv ylhz ri wkh sulfh/ wkhq wklv lpsdfw zloo eh
ihow lq vxevhtxhqw wudqvdfwlrq ohyhov1 Rq wkh rwkhu kdqg/ whpsrudu| frvwv uhihu
wr sxuho| oltxlglw| edvhg frvwv wkdw uh hfw wkh pdunhw*v vkruw krul}rq suhplxp
iru surylglqj oltxlglw|1 Wkhvh frvwv duh qrw uh hfwhg lq vxevhtxhqw wudqvdfwlrq
sulfhv dqg duh wkxv uhihuuhg wr dv whpsrudu|1 Iru wkh whpsrudu| lpsdfw ixqf0
wlrq ri vhfxulw| l zh zdqw wr nqrz wkh �sulfh� ri wudglqj q vkduhv +zkhuh q A 3
phdqv ex| dqg q ? 3 phdqv vhoo, lq wkh shulrg ri wlph �= Zh h{suhvv wklv dv d
ixqfwlrq ri wkh udwh ri wudglqj shu xqlw wlph �

whpsrudu| lpsdfw @ � vjq+q, . �l

q

�

zkhuh � lv d �{hg frvw/ dqg vjq lv wkh vljq ixqfwlrq1 Wklv vd|v vlpso| wkdw wkh
frvw shu vkduh ri wudglqj q vkduhv lv d �{hg frvw soxv d frvw sursruwlrqdo wr wkh
vl}h ri wkh wudgh1 Qrwh wkdw vlqfh wkh frvw shu vkduh lv olqhdu lq wkh wudgh vl}h/
wkh frvw lv txdgudwlf lq wrwdo txdqwlw| wudghg1 Vlploduo|/ zh vhw wkh shupdqhw
lpsdfw ixqfwlrq +d ixqfwlrq ri wkh udwh ri wudglqj shu xqlw wlph �, wr eh olqhdu
lq wkh vkduhv wudghg=

shupdqhqw lpsdfw @ �l

q

�

Qrz/ zh ghvfuleh wkh wudglqj wudmhfwru| iru dvvhw l dv d olvw ri qxpehuv qml>
m @ 4> 5> ===>P uhsuhvhqwlqj wkh qxpehu ri vkduhv wr wudgh ehwzhhq wlph wm�4 dqg
wm = Zh zulwh Ql @

S
m

qml iru wkh wrwdo qxpehu ri xqlwv ri dvvhw l wr oltxlgdwh1

Jlyhq wklv zh kdyh wkh h{shfwhg frvw ri wudglqj dvvhw l dorqj wkh wudmhfwru| jlyhq
e| Q l@+q4l> q5l> ===> qW�4l, lv zulwwhq H^frvwmQl` dqg lv jlyhq e| wkh irupxod=
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H^frvwmQl` @
4

5
�Q5

l
. �

[
mqmlm. h�

�

[
q5ml +4,

h� @ � � 4

5
��

Qh{w zulwh {ml iru wkh qxpehu ri xqlwv ri dvvhw l khog lq wkh sruwirolr dw wlph
m= Wkhq wkh yduldqfh ri frvw wudglqj dorqj wkh wudmhfru| Ql zulwwhq Y du^frvwmQl`
lv jlyhq e| wkh irupxod=

Y du^frvwmQl` @ �5
[

�{5ml

Qrwh wkdw wkh ydoxh ri vhfxulw| l xqghu oltxlgdwlrq lv vlpso| wkh lqlwldo ydoxh ohvv
wkh h{shfwhg frvw ri wudglqj/ wkdw lv/ li Vl3 lv wkh ydoxh ri vhfxulw| l dw wlph w3
wkhq wkh ydoxh xqghu oltxlgdwlrq lv jlyhq e|

QlVl3 �H^frvwmQl`

dqg wkh ydoxh ri wkh sruwirolr xqghu oltxlgdwlrq lv vlpso| jlyhq e| vxpplqj ryhu
wkh gl�huhqw wudmhfwrulhv1 Qrz zulwh Q iru wkh wudmhfwrulhv ri doo wkh dvvhwv lq
wkh sruwirolr dqg zulwh H^frvwmQ ` iru

S
H^frvwmQl` zkhuh wkh vxp lv dfurvv doo

vhfxulwlhv/ dqg zulwh Y ^frvwmQ ` @
S

Y ^frvwmQl`1 Qrz iru d �{hg frqvwdqw � A 3
gh�qh wkh frvw ri Q dv

F^frvwmQ ` @H^frvwmQ ` . �Y ^frvwmQ `

Wkh sdudphwhu � lv fdoohg wkh wudglqj ulvn dyhuvlrq> rqh fdq vhh wkdw iru d
�{hg ohyho ri h{shfwhg frvw dqg yduldqfh ri frvw zh vhh lqfuhdvlqj ulvn dyhuvlrq
lqfuhdvhv frvw1 Qrz/ wkh lghd ri rswlpdo oltxlgdwlrq lv wr �qg wkh wudmhfwru|
wkdw plqlpl}hv frvw1 Wkdw lv/ wr vroyh wkh sureohp

plq
Q

H^Q ` . �Y ^Q `

zkhuh wkh plqlpl}dwlrq wdnhv sodfh dfurvv doo wudglqj wudmhfwrulhv1 Wkh sureohp
pd| eh vroyhg h{solflwo| lq wkh fdvh zkhuh vhfxulwlhv iroorz dq dulwkphwlf udqgrp
zdon dqg lpsdfw ixqfwlrqv duh txdgudwlf lq wrwdo wudqvdfwlrq vl}h1 Iru d sruwirolr
frqvlvwlqj ri d vlqjoh vhfxulw|/ wkh rswlpdo wudmhfwru| lv jlyhq e| wkh irupxod=

qm @
vlqk+�+W � wm,,

vlqk+�W ,
Q +5,

� y
v

��5

�
.R+�,
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zkhuh qm lv wkh qxpehu ri vkduhv wr eh wudghg dw wlph wm dqg Q lv wkh wrwdo
qxpehu ri vkduhv ri wkh vhfxulw| lq wkh sruwirolr1 Wkh frqvwdqw �>zklfk iru
uhdvrqdeo| vpdoo � lv zhoo dssur{lpdwhg e| wkh deryh irupxod/ ghwhuplqhv wkh
fxuydwxuh ri wkh rswlpdo wudmhfwru| dqg ghshqgv rqo| rq wkh ohyho ri ulvn dyhu0
vlrq/ wkh whpsrudu| lpsdfw sdudphwhu dqg wkh yduldqfh ri wkh vhfxulw|1 Qrwh
wkdw txdolwdwlyho| wkh sdwk ehfrphv pruh fxuyhg dv ulvn dyhuvlrq dqg yduldqfh
lqfuhdvh dqg ehfrphv ohvv fxuyhg dv wudglqj frvwv jurz1 Wkh pruh fxuyhg wkh
wudglqj wudmhfwru|/ wkh pruh udslgo| rqh wudghv/ dqg wkxv wkh pruh wkh ulvn lv
uhgxfhg1 Rswlpdo wudmhfwrulhv iru sruwirolrv kdyh pruh frpsolfdwhg irupxodv
zklfk ghshqg rq wkh yduldqfh2fryduldqfh pdwul{ 	= Zh uhihu wkh uhdghu wr
Dopjuhq dqg Fkulvv 4<<< iru pruh ghwdlov1

Qrz zlwk wkh irupxodv iru wkh qm lq kdqg/ lw lv vwudljkwiruzdug wr frpsxwh
wkh h{shfwhg frvw ri oltxlgdwlrq dqg wkhuhiruh wkh ydoxh xqghu oltxlgdwlrq1 Wr
uhylhz/ doo rqh qhhgv wr nqrz duh irxu sdudphwhuv=

41 Wkh wrwdo wlph iru oltxlgdwlrq W � w3>

51 Wkh ulvn dyhuvlrq frh!flhqw �

61 Wkh whpsrudu| lpsdfw frvw sdudphwhu �

71 Wkh shupdqhw lpsdfw frvw sdudphwhu �

81 Wkh vhfxulwlhv yrodwlolw| �>dqg

91 Wkh wrwdo qxpehu xqlwv wr oltxlgdwh Q

Qrz/ xvlqj htxdwlrqv +4, dqg +5, zh fdq frpsxwh wkh ydoxh xqghu oltxlgdwlrq1
Ehiruh wxuqlqj wr wkh h{dpsohv/ zh qrwh wkdw wkh sdudphwhu � kdv dq lqwhu0

hvwlqj lqwhusuhwdwlrq1 Zulwh

� @ 4@�

dqg fdoo wklv wkh kdoi0olih ri wkh wudgh1 Lw lv d phdvxuh ri wkh oltxlglw| ri dq
dvvhw xqghu oltxlgdwlrq dqg lqwxlwlyho| uhsuhvhqwv wkh wlph0vfdoh iru oltxlgdwlqj
d vhfxulw| lq wkh fdvh zkhuh wkhuh duh qr wlph frqvwudlqwv sodfhg rq wudglqj1
Whfkqlfdoo| lw uhsuhvhqwv wkh dprxqw ri wlph rqh zrxog wdnh wr oltxlgdwh d idfwru
ri h ri wkh vhfxulw| zlwk qr wlph frqvwudlqwv1 Lq wkh qh{w vhfwlrq zh glvsod| d
judsk ri kdoi0olyhv ri vhfxulwlhv iru d furvv0vhfwlrq ri XV vwrfnv1

7 H{dpsohv
Lq wklv vhfwlrq zh surylgh vrph vlpsoh slfwxuhv dqg h{dpsohv looxvwudwlqj wkh
wkh pdlq srlqwv ri rswlpdo h{hfxwlrq dqg ydoxh xqghu oltxlgdwlrq1 Wr vwduw/
zh qrwh wkdw iru hdfk ohyho ri ulvn dyhuvlrq � A 3 wkhuh lv d xqltxh rswlpdo
wudglqj wudmhfwru| Q� wkdw lv rswlpdo/ wkdw lv/ wkdw kdv plqlpdo yduldqfh +wkdw

9



lv/ xqfhuwdlqw|, iru lwv ohyho ri frvw1 Iru d wudmhfwru| Q zh fdq frpsxwh lwv
h{shfwhg ydoxh H^frvwmQ ` dqg lwv yduldqfh Y ^frvwmQ `1 Li zh sorw wkhvh srlqwv
lq wzr glphqvlrqv iru hyhu| srvvleoh wudmhfwru|/ zh zloo hqg xs zlwk d fxuyhg
uhjlrq zkrvh erxqgdu| lv wkh vhw ri rswlpdo wudmhfwrulhv1 Zh fdoo wklv erxqgdu|
wkh h!flhqw iurqwlhu ri rswlpdo h{hfxwlrq1

Zh qrz looxvwudwh wkh hqwluh wkhru| iru wkh vwrfn LEP edvhg rq gdwd iru
Dsulo 63/ 4<<: +gdwd vxssolhg e| LWJ Lqf1,1 Lq wkh iroorzlqj sdjhv wkhuh duh
wzr �jxuhv/ ghslfwlqj uhvshfwlyho| wkh h!flhqw iurqwlhu ri rswlpdo vwudwhjlhv iru
wudglqj 4/333/333 vkduhv ri LEP/ wkuhh wudglqj wudmhfwrulhv zlwk ydu|lqj ghjuhhv
ri ulvn dyhuvlrq +dqg rqh ulvn orylqj wudmhfwru|,/ dqg d glvsod| ri wkh kdoi0olyhv
ri d furvv0vhfwlrq ri XV vwrfnv1 Zkdw iroorzv lv d pruh ghwdlohg ghvfulswlrq ri
hdfk �jxuh=

� Iljxuh 4= Wklv �jxuh glvsod|v wkh h!flhqw iurqwlhu iru wudglqj 4/333/333
vkduhv ri LEP ryhu d 8 gd| wlph krul}rq1 Wkhuh duh wkuhh srlqwv rq wkh
iurqwlhu odehohg D/ E dqg F1 Wkh wudmhfwru| fruuhvsrqglqj wr srlqw D
uhsuhvhqwv d yhu| ulvn dyhuvh wudghu/ srlqw E uhsuhvhqwv d prghudwho| ulvn
dyhuvh wudghu dqg srlqw F uhsuhvhqwv ulvn qhxwudo wudghu1

� Iljxuh 5= Wklv �jxuh glvsod|v wkh wudmhfwrulhv uhsuhvhqwhg lq wkh h!0
flhqw iurqwlhu lq �jxuh 41 Wudglqj dorqj wkh wudmhfwrulhv lq wklv �jxuh
uhsuhvhqwv wkuhh gl�huhqw wudglqj vwudwhjlhv1 Qrwlfh wkdw vwudwhj| D/ wkh
yhu| ulvn dyhuvh vwudwhj|/ ghpdqgv yhu| udslg wudglqj/ zkloh vwudwhj| F/
wkh ulvn0qhxwudo vwudwhj|/ wudghv dv vorzo| dv srvvleoh zkloh vwloo frpsohwho|
oltxlgdwlqj zlwklq �yh gd|v1

� Iljxuh 6= Wklv �jxuh vkrzv wkh fkdudfwhulvwlf wlphv iru d vwudwl�hg
vdpsoh ri XV vwrfnv1 Hdfk srlqw lq wkh judsk uhsuhvhqwv d gl�huhqw
XV vwrfn1 Lwv srvlwlrq lv ghwhuplqhg e| lwv whpsrudu| lpsdfw sdudphwhu
+yhuwlfdo d{lv, dqg lwv yrodwlolw| lq grooduv shu gd| +krul}rqwdo dffhvv,1 Wkh
gdvkhg olqhv duh olqhv ri frqvwdqw fkdudfwhulvwlf wlph1 Wzr vwrfnv o|lqj rq
wkh vdph olqh kdyh wkh vdph fkdudfwhulvwlf wlph dqg wkhuhiruh zrxog kdyh
wkh vdph ydoxh xqghu oltxlgdwlrq iru d jlyhq ohyho ri ulvn dyhuvlrq dqg d
jlyhq qxpehu ri vkduhv1 Hdfk dgmdfhqw sdlu ri olqhv gl�huv e| d idfwru ris
431

� Wdeoh 4= Wklv wdeoh glvsod|v wkh ydoxhv xqghu oltxlgdwlrq iru 4/333/333
vkduhv ri LEP zkhuh oltxlgdwlrq zloo wdnh sodfh ryhu d 8 gd| krul}rq1 Wkh
ydoxhv duh ghulyhg iurp wkh wudmhfwrulhv lq �jxuh 51 Qrwh wkdw ghshqglqj
rq wkh ohyho ri ulvn dyhuvlrq wudglqj frvwv gl�hu e| doprvw d idfwru ri ryhu 61
Krzhyhu/ wkh xqfhuwdlqwlhv/ dv phdvxuhg lq vwdqgdug ghyldwlrq ri grooduv/
gl�hu e| d idfwru ri ryhu �yh1 Qrwh dovr wkdw wkh ulvn qhxwudo wudghu kdv
dq h{shfwhg frvw ri oltxlgdwlrq ri '31<6pp zlwk d vwdqgdug ghyldwlrq ri
'41<::pp1 Wkh prghudwho| ulvn dyhuvh wudghu +wudghu E, kdv dq h{shfwhg
frvw ri '41678pp zlwk '4136<pp vwdqgdug ghyldwlrq/ vljql�fdqwo| ohvv
ulvn1 Wklv lv d uhvxow zruwk qrwlqj= ehfdxvh wkh h!flhqw iurqwlhu +�jxuh
4, lv vprrwk dw lwv plqlpxp srlqw/ rqh fdq rewdlq d �uvw rughu uhgxfwlrq
lq ulvn zkloh rqo| sd|lqj d vhfrqg rughu lqfuhdvh lq frvw1

:



0 1 2 3 4
x 10 12

0

1

2

3

4

x 10 6

E
xp

ec
te

d 
lo

ss
 E

[x
] (

$)

Variance V[x] ($ 2)

C
B

A

Iljxuh 4=

Wdeoh4

Ulvn Dyhuvlrq Ydoxh Frvw Vwg Ghy
Yhu| Ulvn Dyhuvh '48819 '51:69 '31694
Prghudwho| Ulvn Dyhuvh '4891; '41678 '4136<
Ulvn Qhxwudo '48:13: '31<6 '41<::

8 Edfnjurxqg dqg H{whqvlrqv

Wklv sdshu lv edvhg rq vrph uhvxowv lq d odujhu zrun hqwlwohg Rswlpdo H{hfxwlrq
ri Sruwirolr Wudqvdfwlrq e| Urehuw Dopjuhq dqg Qhlo Fkulvv1 Wklv sdshu zdv
ruljlqdoo| vxeplwwhg wr wkh IHQ zhe vlwh Qryhpehu 57/ 4<<: xqghu wkh qdph
Rswlpdo Oltxlgdwlrq1 Lq wkh ixoo zrun zh glvfxvv dw ohqjwk vrph ri wkh udpl�fd0
wlrqv ri wkh dvvxpswlrqv zh pdnh khuhlq frqfhuqlqj dvvhw sulfh pryhphqwv1 Wkh
zrun khuhlq zdv suhvhqwhg lq wkh vhfwlrq �Oltxlglw| Ulvn Lvvxhv� e| Qhlo Fkulvv
dw wkh Zkduwrq Ilqdqfldo Hqjlqhhulqj Urxqg Wdeoh/ Dsulo 4<<<1 Zh wkdqn
LWJ Lqf1 iru vxsso|lqj wkh wudqvdfwlrq frvw gdwd xvhg lq wkh h{dpsohv1 Dovr/
LWJ Lqf1 uhfhqwo| lqwurgxfhg d surgxfw fdoohg DFH +Djhqf| Frvw Hvwlpdwru,
wkdw lv vlplodu wr wkh lghd ri ydoxh xqghu oltxlgdwlrq +exw lv xvhg iru wkh sxusrvh
ri frpsxwlqj h{hfxwlrq frvwv,/ dqg lv edvhg rq wkh lghdv lq Dopjuhq dqg Fkulvv

;
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+4<<<, zlwk vhyhudo h{whqvlrqv1 Hvvhqwldoo|/ DFH frpsxwhv wkh h{shfwhg frvw
ri h{hfxwlqj d edvnhw ri vhfxulwlhv dorqj wkh pxowlyduldwh rswlpdo oltxlgdwlrq
sdwk ghvfulehg e| wkh pxowl0dvvhw yhuvlrq ri rswlpdo h{hfxwlrq1 DFH xvhv d
sursulhwdu| sdudphwul}dwlrq ri wkh whpsrudu| dqg shupdqhqw lpsdfw ixqfwlrqv
wr frpsxwh wudqvdfwlrq frvwv/ dqg dvvxphv wkdw wkh sulfh lpsdfw ixqfwlrqv dqg
yrodwlolwlhv ydu| zlwklq hdfk wudglqj gd| dffruglqj wr wkh idploldu x0vkdsh sdw0
whuq frqfhqwudwlqj juhdwhu oltxlglw| dqg yrodwlolw| mxvw diwhu wkh rshq dqg mxvw
ehiruh wkh forvh1

9 Eleolrjdsk|

Dopjuhq dqg Fkulvv +4<<<,= Rswlpdo H{hfxwlrq ri Sruwirolr Wudqvdfwlrqv/ zrun0
lqj sdshu1
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