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1 Introduction

To solve electromagetic scattering problems in R3, the popular approach is to
combine and couple the finite and boundary elements. Common engineering
practises in coupling the finite and boundary elements usually result in non-
symmetric and non-variational formulations [1, 2]. The symmetric coupling
between finite and boundary elements was first proposed by Costabel [3] in
1987. Since then, quite a few papers being published on the topic of symmetric
couplings. Among them, we list references [4, 5, 6, 7]. In particular, references
[5, 6, 7] dealt with variational formulations for solving electromagnetic wave
radiation and scattering problems. Although the formulations detailed in [5, 6,
7] result in symmetric couplings between finite and boundary elements, they
still suffer the notorious internal resonances. The purpose of this chapter is to
present a variational formulation, which couples finite and boundary elements
through non-conformal meshes. The formulation results in matrix equations
that are symmetric, coercive, and free of internal resonances.

Our plan for this chapter is as follows. Section 2 details the proposed vari-
ational formulation for non-conformal couplings between finite and boundary
elements. In section 3, we show that, through a box computational domain,
the proposed formulation is free of internal resonances and it satisfies the
C.B.S inequality [8]. Moreover, in section 3 we validate the accuracy of the
proposed formulation by a complex scattering problem. A brief conclusion is
provided in section 4.
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2 Formulation

2.1 Boundary Value Problems

This chapter considers the solution of an electromagnetic scattering problem
in R3. A finite computational domain, Ω ⊂ R3, encloses all the scatterers
inside. The exterior region, Ωc = R3/Ω, is then homogeneous and assumed
to be free space. Let E denotes the scattered electric field in the exterior
region Ωc and the total electric field inside Ω. It is then the solution of the
transmission problem [5]:

∇×∇×E− k2E = 0 in Ωc

∇× 1
µr
∇×E− k2εrE = 0 in Ω

[γtE]Γ = γtEinc, [
1
µr

γNE]Γ = γNEinc on Γ (1)

lim
|x|→∞

∇×E× x− ik|x|E = 0

In Eq. 1, k is the wavenumber in free space, the two surface trace operators are
γtE = n×E×n for the tangential components of E on Γ and γNE = ∇×E×n
for the ”magnetic trace” on Γ . The surface unit normal n points from Ω
toward the exterior region Ωc. Finally, [γφ]Γ = γφ|Ω − γφ|Ωc denotes the
jump of a function φ across Γ .

The current formulation starts first by introducing two ”cement” variables
[9], j− and j+, on the boundary Γ . These two cement variables related to the
electric currents on Γ in Ω and Ωc, respectively. Subsequently, the original
transmission problem Eq. 1 can be stated alternatively as:

in Ω

∇× 1
µr
∇×E− k2εrE = 0 (2)

1
µr

γNE = j−

in Ωc

∇×∇×E = 0
lim

|x|→∞
∇×E× x− ik|x|E = 0 (3)

−γNE = j+

Transmission Conditions on Γ

e− − e+ = γtEinc

j− + j+ = γNEinc (4)

However, direct numerical implementation based on the transmission condi-
tions 4 is not desirable since they are closely related to the Dirichlet and
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Neumann mappings, which usually subject the sub-domains to the ”internal
resonances” during the solution process. Taking our que from the domain de-
composition literature, we simply replace 4 by Robin transmission conditions
[9]. Namely,

Robin Transmission Conditions on Γ

−ike− + ηj− = −ike+ − ηj+ − finc (5)
−ike+ + ηj+ = −ike− − ηj− + ginc

where finc = ikγtEinc + γNEinc and ginc = ikγtEinc − γNEinc.

2.2 Galerkin Variational Formulation

From the physical consideration that both the electric and magnetic energies
of the system need be finite, it is transparent to see that the vector field E
in Eq. 1 resides in the product space H (curl;Ω) × Hloc (curl;Ωc) [5]. To
establish the proper spaces of the tangential traces e−, e+ as well as the
cement variables j− and j+, we borrow heavily from [5] the following results:

Theorem 1. The trace mappings γ+
t : Hloc (curl;Ωc) 7→ H−1/2 (curlΓ , Γ+),

γ−t : H (curl;Ω) 7→ H−1/2 (curlΓ , Γ−) are continuous and surjective. More-
over, the traces γ±N furnish continuous mappings: γ+

N : Hloc

(
curl2;Ωc

)
7→

H−1/2 (divΓ , Γ+) and γ−N : H
(
curl2;Ω

)
7→ H−1/2 (divΓ , Γ−).

Now we are ready to state the variational formulation which couples the fi-
nite and boundary elements on non-conformal meshes. By non-conformity, we
refer to the fact that the triangulation on Γ− need not be the same as the
triangulation on Γ+. This non-conformity feature admits two major benefits:
(a) Different orders of polynomial approximations can be employed separately
for finite elements and boundary elements. Subsequently, the triangulations
on Γ− and Γ+ would require drastically different spatial resolutions; and,
(b) In the process of goal-oriented adaptive mesh refinements [10], the tri-
angulation on Γ− often become un-necessary fine in certain regions for the
boundary elements. The non-conformal coupling approach allows for a more
uniform triangulation on Γ+ and hence can greatly reduce the computational
burden.

In Ω, the variational formulation for the finite elements can be stated as

Seek E ∈ H (curl;Ω) such that

a (v,E)−
〈
γtv, j−

〉
Γ−

= 0 (6)

∀v ∈ H (curl;Ω)

with a (v,E) =
∫

Ω

[
∇× v · 1

µr
∇×E− k2v · εrE

]
dV and 〈β, λ〉Γ± =

∫
Γ±

(β · λ) dS.
As for the exterior region Ωc, we start with the Stratton-Chu representa-

tion formula [5]
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E (x) = ΨM

(
e+

)
(x)− ΨA

(
j+

)
(x)− 1

k2
∇ΨV

(
∇Γ · j+

)
(x) x /∈ Γ (7)

Here ΨM (·) , ΨA (·), and ΨV (·) are potentials. ΨV is the scalar single layer
potential given by

ΨV (φ) (x) =
∫

Γ+
G (x,y)φ (y) dS (y) x /∈ Γ (8)

with the Helmholtz kernel G (x,y) = exp(ik|x−y|)
4π|x−y| ,x 6= y. ΨA is the vector ver-

sion of the single layer potential; and,ΨM is the vector double layer potential
given by

ΨM (v) (x) =
∫

Γ+

(
∇yG (x,y)× v

)
dS (y) (9)

The variational formulation for the surface traces, e+ and j+, can be ob-
tained using the exterior Calderon projector [5]. We write:

Seek e+ ∈ H−1/2 (curlΓ , Γ+) and j+ ∈ H−1/2 (divΓ , Γ+) such that

〈
λ+, e+

〉
Γ+ =

〈
λ+,

(
1
2
I + C

) (
e+

)〉
Γ+

−
〈
λ+,S

(
j+

)〉
Γ+〈

β+, j+
〉

Γ+ =
〈
β+,N

(
e+

)〉
Γ+ +

〈
β+,

(
1
2
I − B

) (
j+

)〉
Γ+

(10)

∀β+ ∈ H−1/2 (curlΓ , Γ+) and λ+ ∈ H−1/2 (divΓ , Γ+).

where the operators are:

S := γtΨS : H−1/2 (divΓ , Γ ) 7→ H−1/2 (curlΓ , Γ )

B :=
1
2

(
γ−N + γ+

N

)
ΨA : H−1/2 (divΓ , Γ ) 7→ H−1/2 (divΓ , Γ )

C :=
1
2

(
γ−t + γ+

t

)
ΨM : H−1/2 (curlΓ , Γ ) 7→ H−1/2 (curlΓ , Γ ) (11)

N := γNΨM : H−1/2 (curlΓ , Γ ) 7→ H−1/2 (divΓ , Γ )

where ΨS (j) = ΨA (j) + 1
k2∇ΨV (∇Γ · j).

Moreover, the corresponding variational statement for the transmission
conditions described in Eq. 5 is

Seek (e−, e+) ∈ H−1/2 (curlΓ , Γ−)×H−1/2 (curlΓ , Γ+) and(
j−, j+

)
∈ H−1/2 (divΓ , Γ−)×H−1/2 (divΓ , Γ+) such that

〈
λ−, e−

〉
Γ−

+
i

k

〈
λ−, j−

〉
Γ−

=
〈
λ−, e+

〉
Γ−

− i

k

〈
λ−, j+

〉
Γ−

− i

k

〈
λ−, finc

〉
Γ−

−ik
〈
β−, e−

〉
Γ−

+
〈
β−, j−

〉
Γ−

= −ik
〈
β−, e+

〉
Γ−

−
〈
β−, j+

〉
Γ−

−
〈
β−, finc

〉
Γ−

(12)
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λ+, e+

〉
Γ+ +

i

k

〈
λ+, j+

〉
Γ+ =

〈
λ+, e−

〉
Γ+ −

i

k

〈
λ+, j−

〉
Γ+ +

i

k

〈
λ+,ginc

〉
Γ+

−ik
〈
β+, e+

〉
Γ+ +

〈
β+, j+

〉
Γ+ = −ik

〈
β+, e−

〉
Γ+ −

〈
β+, j−

〉
Γ+ +

〈
β+,ginc

〉
Γ+

(13)

∀ (β−, β+) ∈ H−1/2 (curlΓ , Γ−)×H−1/2 (curlΓ , Γ+) and
(λ−, λ+) ∈ H−1/2 (divΓ , Γ−)×H−1/2 (divΓ , Γ+)

Substituting Eq. 10 into Eq. 14 results in〈
λ+,

(
1
2
I + C

) (
e+

)〉
Γ+

−
〈
λ+,S

(
j+

)〉
Γ+ +

i

k

〈
λ+, j+

〉
Γ+

=
〈
λ+, e−

〉
Γ+ −

i

k

〈
λ+, j−

〉
Γ+ +

i

k

〈
λ+,ginc

〉
Γ+

−ik
〈
β+, e+

〉
Γ+ +

〈
β+,N

(
e+

)〉
Γ+ +

〈
β+,

(
1
2
I − B

) (
j+

)〉
Γ+

(14)

= −ik
〈
β+, e−

〉
Γ+ −

〈
β+, j−

〉
Γ+ +

〈
β+,ginc

〉
Γ+

Finally, we state the overall variational formulation for the proposed non-
conformal coupling between finite and boundary elements:

Seek E ∈ H (curl;Ω), j− ∈ H−1/2 (divΓ , Γ−), e+ ∈ H−1/2 (curlΓ , Γ+) , and
j+ ∈ H−1/2 (divΓ , Γ+) such that

a (v,E)− 1
2

〈
γtv, j−

〉
Γ−

− ik

2
〈
γtv, e−

〉
Γ−

+
ik

2
〈
γtv, e+

〉
Γ−

+
1
2

〈
γtv, j+

〉
Γ−

= −1
2

〈
γtv, finc

〉
Γ−

− 1
2

〈
λ−, e−

〉
Γ−

− i

2k

〈
λ−, j−

〉
Γ−

+
1
2

〈
λ+, e+

〉
Γ−

− i

2k

〈
λ−, j+

〉
Γ−

=
i

2k

〈
λ−, finc

〉
Γ−

− ik

2
〈
β+, e+

〉
Γ+ +

1
2

〈
β+,N

(
e+

)〉
Γ+ +

1
2

〈
β+,

(
1
2
I − B

) (
j+

)〉
Γ+

+
ik

2
〈
β+, e−

〉
Γ+ +

1
2

〈
β+, j−

〉
Γ+ =

1
2

〈
β+,ginc

〉
Γ+ (15)

− 1
2

〈
λ+,

(
1
2
I + C

) (
e+

)〉
Γ+

+
1
2

〈
λ+,S

(
j+

)〉
Γ+ −

i

2k

〈
λ+, j+

〉
Γ+

− i

2k

〈
λ+, j−

〉
Γ+ +

1
2

〈
λ+, e−

〉
Γ+ = − i

2k

〈
λ+,ginc

〉
Γ+

∀v ∈ H (curl;Ω), λ− ∈ H−1/2 (divΓ , Γ−), β+ ∈ H−1/2 (curlΓ , Γ+), and
λ+ ∈ H−1/2 (divΓ , Γ+).
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2.3 Matrix Equation for the Nonconformal Coupling Between
Finite and Boundary Elements

In the finite dimensional discretization, we have employed the following ap-
proximations in tetrahedra and on triangles for the variables:

E : second order Nédélec elements of the 1st kind [11] in Ωh

e− : γtE on Γ−h
j− : second order Raviart-Thomas elements [12] on Γ−h
e+ : edge elements on Γ+

h

j+ : first order Raviart-Thomas elements [12] on Γ+
h

Subsequently, the final matrix equation corresponds to the variational formu-
lation 15 is of the form

AII AIΓ 0 0 0

AΓI AΓΓ − ik
2 TΓ−Γ−

1
2DΓ−Γ−

ik
2 TΓ−Γ−

1
2DΓ−Γ+

0 − 1
2Dt

Γ−Γ−
i

2kTΓ−Γ−
1
2Dt

Γ−Γ+ − i
2kTΓ−Γ+

0 ik
2 T t

Γ−Γ+
1
2Dt

Γ−Γ+
1
2Qe − ik

2 TΓ+Γ+
1
2P

0 1
2Dt

Γ−Γ+ − i
2kT t

Γ−Γ+
1
2U (≡ P t) 1

2Qj − i
2kTΓ+Γ+





Eint

e−

j−

e+

j+


=

[
0 finc

e finc
j ginc

e ginc
j

]t
(16)

Note that in Eq. 16, we have partitioned the unknown coefficients of E
into Eint and e− for the interior and surface unknowns, respectively. The
submatrices and their corresponding bilinear forms are summarized below

[
AII AIΓ

AΓI AΓΓ
] : a (v,E) TΓ−Γ− : 〈γtv, e−〉Γ− TΓ+Γ+ : 〈β+, e+〉Γ+

TΓ−Γ+ : 〈γtv, e+〉Γ− DΓ−Γ− :
〈
γtv, j−

〉
Γ−

DΓ−Γ+ :
〈
γtv, j+

〉
Γ−

Qe : 〈β+,N (e+)〉Γ+ Qj :
〈
λ+,S

(
j+

)〉
Γ+ P :

〈
β+,

(
1
2I − B

) (
j+

)〉
Γ+

U :
〈
λ+,

(
1
2I + C

)
(e+)

〉
Γ+

3 Numerical Results

In Figure 1, we show the condition numbers of the final matrix equations re-
sulted from the symmetric couplings based on the Costabel approach [6, 5] and
the new proposed non-conformal coupling for a box computational domain.
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Note that Figure 1(a) and (b) clear indicate that the previous symmetric for-
mulations suffer the notorious internal resonances, whereas the new proposed
approach does not. Moreover, in Figure 1(c), we plot the eigenvalues distribu-
tion of the same matrix (from the proposed method) of the off-diagonal blocks
after applying the block diagonal preconditioner [8]. All the eigenvalues are
within the unit circle, and clearly observe the C.B.S. inequality. In Figure 2,
the bistatic radar cross section (RCS) computed using the proposed method
for a metallic generic battle ship are compared with those obtained by a fast
boundary element code, based on electric field integral equation (EFIE). The
agreement is excellent between the two results and hence validate the accuracy
of the proposed approach.

Fig. 1. Condition numbers and eigenvalue distributions of the coupled finite ele-
ments and boundary elements formulations for a box domain. (a) The symmetric
formulation based on Costabel approach [6, 5]; (b) The currently proposed approach;
and, (c) Eigenvalues distribution of the off-diagonal blocks after preconditioned.
Note that all the eigenvalues are within the unit circle and thus satisfied the C.B.S
inequality [8].

4 Conclusions

This chapter describes a variational formulation for non-conformal couplings
between finite and boundary elements for electromagnetic scattering problems
in R3. Numerical examples demonstrate the proposed DD-FE-BE formula-
tion does not suffer the notorious internal resonances and results in matrix
equations that satisfy the C.B.S. inequality after applying the block diagonal
preconditioner.
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