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Théorie des groupes/Group Theory

Rationally trivial principal homogeneous spaces, purity and
arithmetic of reductive group schemes over extensions of
two-dimensional local regular rings

Yevsey NisngvicH

Abstract - et X be a regular scheme, G a reductive group scheme over X.  Serre and Grothen-
dieck conjectured that any rationally trivial G-torsor is locaily trivial in the Zariski topology of
X We prove this conjecture when ditn X =2 and G is quasi-split over X,

Expaces homogénes principaux rationnellement triviaux, pureté et arithmétigue des
schémas en groupes réductifs sur les extensions d’anneaux locaux réguliers de
dimension 2
" Résumé — Soit X un schéma régulier, et soit G un schéma en groupes réductlf sur X. Serre et
Grothendieck ont conjectiré que towr Getorseur rationnellement trivial est localement triviad powr i

topologie de Zariski de X. Nous démontrons cette conjecture dans le cas o X est de dimension 2 et
G gquasi déployé.

Version francaise abrégée — Certe Note fait suite & [9], dont on garde ia terminologie et
ies notations. Soient X un schéma noethérien intégre et régulier, K =R (X} le corps des
fonctions rationnelles sur X ¢t G un schéma en groupes réductf sur X. On a Iz suite de
cohomologie de G : N

a.n 1 H! Xz, G) = H! (X, G) = H' (K, G).

ConpecTuse 1.2 (Serre [12), Grothendieck {12), {5]). — La smite (1.1} est exacte.

Lorsque X est de dimension 1, ou local hensélien, et G est un X-groupe semi-simple
arbitraire, cette conjecture a été prouvée dans {9 Dans cette Note on montre gue, lorsque
dim X =2 et (3 est un X-groupe réductif isotrope, la conjecture 1.2 se déduit des conjecrures
de pureté 1.3 et 1.4 énoncées plus bas. On prouve aussi les conjectures 1.3 et 1.2 lorsque G
est quasi dépioyé et X de dimension 2.

Par Ia suite on note R un anneau local régulier noethérien, de dimension 421, m son
idéal maximal et K son corps de fractions. On choisit un élément sem~m? On écrit
Q=Riz"'}, X=8pec R, Y=S8pec . Soient G un R-groupe réductf et G,, le¢ R-groupe
dérivé de G (la partie semi-simple de G). Lorsque Rerang (G, )21, soient P (R} Pensemble
des sous-groupes parzboliques minimaux de G sur R, R, (P} le radical unipotent de Pe 2 (R)
et G"(QQ} e sous-groupe de G(Q) engendré par les sous-groupes R, {P}(Q), pour Pe #(R}.

ConprcTuRe |3 (Pureté). — H(Qy,,, G)=0.

ConjEcTuRe |4 (K -pureté). — Soit R-rang (G )21 er soit P un sous-groupe parabolique
minimal de G sur R. Alers G(Qy=G'(QPQ.

La conjecture 1.3 généralise une conjecture (2) formulée par Quillen pour G=GL, dans
[§1} et prouvée par Gabber pour G=GL., et PGL, en dimenstong3, ¢f. [13]

Note présentée par Jean-Pierre SERRE.
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I Inrropucrion. =~ This Note is 3 continuation of [9] and we shall keep here the
terminology and the notations of {9].

Fet X be an integral regular noetherian scheme, K =R (X} the field of rational functiens
on X, and G a reductive group scheme over X. Consider the following sequence of the
cehomology of G ¢

(1.1) 1= H! (X, G) - H (X, G)~H'(X, G).

Consecrure 1.2 (Serre [12}, Grothendieck [12], [3D. — Seguence (1.1} is exact.

In the cases when X is one-dimensional or a local henselian, and G is an arbitrary
semisimpie X-group, the Conjecture has been proved in {9]. In this Note we show that
when dim X =2 and G is a reducrive isotropic X-group Conjecture 1.2 follows from purity
Conjectures 1.3 and 1.4 formulated below.

Everywhere below R will be a local regular noetherian ring of dimension 421, m the
maximal ideal of R and K the quotient field of R, Choose an element uewm-m? and
denote Q=R [u~"), X =Spec R, G,, the derived R-group of G (the semisimple part of
G). If Rrank(G,) 2 1, let (R) be the set of all minimal parabolic R-subgroups of G
over R, R (P the unipotent radical of Pe# (R}, and G*(Q) the subgroup of G(Q)
generated by ali subgroups R {PY{Q), for Pe#(R).

Conecture 1.3 (Purity), ~ HY(Qg,., G)=0.

CongecTurk 1.4 (K -purity). — If R-rank (G, )21 end P a minimal parabolic subgroup
of G over R, then G{Q)=G"{Q) P(Q).

Conjecture 1.3 generalizes Conjecture (2) formulated by Quillen for G=Gl,, in [11]
and proved by Gabber for G=GL, and PGL, and X of dimension£3, ¢f. [13}

We prove here Conjectures 1.2 and 1.3 and a weak version of Conjecture 1.4,
sufficient for our purpose, in the case when dim X=2 and G is quasi-split
over X. Moreover, we establish in this case several decompositions of the groups G (Q),
G(K) and related groups, in particular, versions of the Iwasawa and the Bruhat-Steinberg
decompositions for G(K} and G{Q} respectively,

2. LOCALIZATION MAPS AND “LOCAL CLASS SETS”. — let b=uR be the ideal generated
by u in R. Denote by R (resp. R" the completion (resp. henselization) of R with
respect to b, Put Qe=R[u™?, Q*=R*u"*], X"=Spec R* and Y*=Spec Q". Consider
the “local class set” ¢(Q)=G(QG(Q/G(R) and “henselian Jocal class set”
MG =G{QN\G{QYG(RY which have distinguished points corresponding to the
classes G{Q) G{R) and G(Q) G(R" respectively.

ProposiTioN 2.1, — There exists an exact sequence of pointed sets:
2.1.1 1= ¢(G)—HYR,, G) - HYQ,, G)xH(R,, G.

Proof. — First, we establish the henselian analogue (2. 1. 1)* of (2. 1. 1) in which ¢(G)
is replaced by ¢"(G) and G(R) by G{R". (2.1.1}*is proved by comparing the local
cohomology exact seguences for the pairs (X, Y) and (X% ¥" and using the excision
for H3 (X, G) where Z=Spec R/b. Then we show using the Artin approximation that
(2.1.1)* impties (2. 1. 1).

Let m(G) : H'(R,, G) — H'(Q,, G) and m(G®,R) : H!(R,, G) » H'(Q,, G) be
the canonical maps.

COROLLARY 2.2. — Assume that Ker m{G®,R)=0.
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Then the following praperties (1), (2) are equivalent:
(1) ¢ (G)=0;
{2} Ker m{G)=0.

Prorosimion 2.3, — Let M be an R-group of the multiplicative type. Then

(1) the localization maps I{M) and I{{M®y, Q) are injective;

(2) ¢{M)=0, i.e. M{Q)=M{QY M(R), and H{Q,,,, M)=0.

The injectivity of (M} is known [3], [8], and its proof can be extended to I{M&; Q)
(see {1] in the case when M=G,). The vanishing of ¢(M) [resp. H'{Qy,,. M)] follows
from {1} and 2.2 (resp. {rom Coniecture 1.2 for X =S8pec Q proved in [9], and {1}).

3, AN APPROXIMATION PROPERTY OF (+{(Q)). — Beginning from this section and up to
the end of this Note we shall assume that the residue field k=R/m of R is infinite.

Equip } with the b-adic topology as an R-module, where b=uR. This uniquely
determines the structure of a topological group on G({). For a subgroup HcG(Q)
denote by H its closare in G(Q).

ProvosrTioN 3.1, — G{Q) comeains a subgroup N which is open in G{Q) and is
normalized by G(R).

In the case where dim R = 1 and, hence, Q=K is a field, an analogue of Proposition 3.1
for the pair (G{K), G(X)) has been proved by Harder {6} Our proof of 3.1 is based
on similar ideas and uses heavily the results of (4] on the local structure of the
R.scheme &7 of maximal tori of G over local rings.

4, SoME pecomposiTions oF G(Q).

Lemma 4.1, — Let T be an R-torus, P a parabolic subgroup of G over R, and
U=R, (P Then U(QcG(Q, GHQY=CG(Q and T(Q=G(QG(R).

Let R, =Rj be the localization of R with respect to b, K, the field of fractions of R,
b,=uR, Notice that dim R,=1. Denote by R, and K, the b,-adic completions of
R, and X, respectively.

LemMma 4.2. — Let P be a parabolic subgroup of G over R, which is minimal
over K,. Then P(Q)cG(QG(R). _

Lemmas 4. 1, 4.2 are generalizations of one-dimensional results of {9}, and their proofs
follow the same general pattern and use 3.1, 2.3, the local structure of the R-scheme 37
of maximal tori of G [4], and some facts from the Bruhat-Tits theory {2], applied to
G(R,), as key ingredients. Combining 4.1, 4.2 and 5.2 (2) below, we obtain;

LEMMA 4.3, ~ Assume that dim R=2 and that G{Q)=G(Q) P(Q) for a parabolic
R-subgroup P of G minimal over R. Then G{Q}=G{Q)G(R).

Let S be a maximal R-split R-torus of G, ®=%(G) fresp. A=A(G)] the set of all
(resp. all simple) R-roots of G, U, the unipotent root R-subgroup of G corresponding
o ae®, G, the R-subgroup of G generated by all Uy with f=ko, k=41, £2. Let W
be the Weyl R-group of G and w=r, ) Tups- - - Taown e, @ Toduiced decomposition of
weW{Q) into the product of reflections r,., with respect to simple roots
a{w),eA*. Denote by G*(Q) the subgroup of G{Q) generated by all G,(Q), foraeA”.
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THEOREM 4.4, — Assume that dim R=2 and that G has a Borel subgroup B
over R. Denote B,=8Bx;G_ Then, for all acA™:

(1) G {(K)=G,(Q B,(K), and G{K)=G(Q B(K).

{2) There exists a system of representatives Y ,(Q) of B, (KB, (X)r, B (K} in G,(Q},
and the group G(Q} has a Bruhat-Steinberg decomposition

G(Q}'ﬁ U B{Q) Yu {wi (Q) Yu {w}iz {Q) = Yutw)uw, (Q)
we Wi

Proof. — General results in [10] reduce the proof of Theorem 4.4 to the vanishing of

H*(Qg,,, B,) which follows from 2.3 (2).

CorCLLARY 4.5. ~ Aussume that dim R =2 and that G has a Borel subgroup B over
R. Then G(Q =G (Q B(Q.

Prorosimion 4.6. — Let R, G and B be such as in 4.5. Then G{Q)=G(Q) B(Q) and
G(Q=GQG(R). If G, splits over R then G(Q)=GY(Q) B(O).

Proof. — We establish, first, the decompositions of 4.6 for G, and B,=B x;G,, for
a6 A(G) or for e A(G®, R), using the classification of quasi-split simple R-groups of
R-rank 1, and the equality SL,(Q)=SL4(Q) [7. We show then that if G, is simply
connected, B_(Q) = G(Q) and, hence, G,{Q)=G(Q). These facts together with 4.5 and
4.1 imply 4.6. ’

5. SOME PROPERTIES OF PARABOLIC SUBGROUPS OF G. — In sections 5, 6 we shall assume
that dim R =2 and {as in sections 3, 4} that the residue field of R is infinite.

PropostrioN 5.1. — (1} Let P be a parabolic subgroup of G over Q. Then the
“canonical map Ker [{P} - Ker [{G®, Q) is surfective.

{2} If G is quasi-splir over R, then Ker [{G®4 Q) =0, -

Proof. - Statement (1} is true for an arbitrary Dedekind ring D and a reductive
D-group G [8] Statement {2} follows from (1), applied to a Borel R-subgroup of G,
and 2.3 (1) :

Prorosition 5.2 ~ (1) Let P be a parabolic subgroup of G over K,. Then there
exist geG{R,) and a parabolic subgroup ¥ of G over R such that P@z K, =gPg ' In
particular, if G is quasi-split over K., it is quasi-split over R.

(2) Let P be a minimal parabolic subgroup of G over R. Then PRz R, is a minimal
parabolic subgroup of G®. K, over K.

The proof uses the smoothness and the projectivity of the scheme % of parabolic
subgroups of G {4]

6. REDUCTION AND PROOF OF CoMIECTURE 1.2 (dim R=2). — Let K be the field of

fractions of R. Denote R=R/b, K=R,/b,. Since dim R=2, R is a discrete valuation
ring and K is the field of fractions of R.

Prorosrrion 6.1 — Assume that Conjecture 1.3 is true for G, and that G has a
minimal proper parabolic subgroup P over R for which G(Q)=G{Q) P(Q).

Then Conjecture 1.2 is true for (3.

REMARK 6.2. — If Conjecture 1.4 holds for G®, R, then G(Q=G{Q) P(Q) by 4. 1.

Proof. — Notice, first, that since the rings R and f{l are compiete and G is smooth
over R, the natural maps i: H'(R,,, G) » H*(R,, G) and i;: H* (R, ,, ®) - H'(K,, G)
are bijections [4]. It has been proved in [9] that for the discrete valuation rings R and
RI, Ker H{G®, R)=Ker I(G@Rﬁi)m(}. It follows from these facts that the
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map o{G): H'(R,, G} > H*(R, ,, G} has trivial kernel. The map m(G®,R):
H!(R,, G) -~ HYQ,, G) factorizes through the composition HG®.R,)-a(G) and,
hence, also has trivial kernel. Notice, that under the assumptions of 6.1, ¢{G)=0
{prop. 4.3}, and Ker [(G®, Q=0 (Conjecture 1.3 for G). The triviality of
Ker m(G®gR) and c(G) implies that Kerm(G)=0 (prop.2.2). Since
HG)=HG Q4 Q) om{G), we conclude that Ker [{G)=0.

THEOREM 6.3, — Let G be a reductive R-group guasi-split over R.
Then Confecture 1.2 is true for G.

Proof. —~ The assumptions of 6. I for such G are satisfied by 5.1 (2) and 4.6,

The author is grateful to Professors O. Gabber, B. Mazur, 1-P. Seme, R. Swinberg and J. Tits for their
atiention to this work and valuable criticel remarks.

Note remise le 29 décernbrs 1988, acoeptée le 11 mai 1989,
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