SOME EXAMPLES OF NONUNIFORMLY HYPERBOLIC COCYCLES
L.-S. Young!

ABSTRACT. We consider some very simple examples of SL(2,R)-cocycles and
prove that they have positive Lyapunov exponents. These cocycles form an open
set in the C! topology.

Let f : (X,m) O be a measure preserving transformation of a probability
space, and let A : X — SL(2,R). With a slight abuse of language we call A
an SL(2,R)-cocycle over the dynamical system (f,m). Let A\; > Ay denote the
Lyapunov exponents of (f,m; A). We are interested in whether or not (f, m; A)
has nonzero Lyapunov exponents, or equivalently, whether or not A\; > 0 a.e.
Because norms of matrices are sub-multiplicative, the problem of estimating \;
from below is in general a rather difficult one.

This note is an attempt to add to the existing pool of techniques for proving
positive exponents. We consider some very simple cocycles defined over z +—

2N, z € S, or automorphisms of the 2-torus, and give a positive lower bound

for A\;. These examples can be made C” for any r < w. If CY(X,SL(2,R))
denotes the space of C! maps from S! or T? to SL(2,R) endowed with the C!
topology, then our examples fill up an open set in C*(X, SL(2,R)) — although
none of them is uniformly hyperbolic.

This openness part of our assertion should probably be contrasted with a
theorem of Mané [M], in which he proves that away from Anosov components,
the generic C'' area-preserving diffeomorphism of a compact 2-dimensional sur-
face has zero exponents a.e. Since z — Df, is a C? cocycle if f is C!, Mafié’s
methods suggest that in our setting, the set of non-uniformly hyperbolic A’s

form a first category set in C°(X, SL(2,R)).
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Other known examples of nonuniformly hyperbolic cocycles include iid se-
quences of random matrices (see [F]), matrices arising from Schrédinger oper-
ators (see e.g. [S]), examples of Herman [H] (see also [K] and [SS]), derivative
cocycles of systems with invariant cones (see e.g. [W]), and derivative cocycles
of mappings such as the Hénon mappings (see [BC| and [BY]), etc. Our meth-
ods in this paper have some similarity with those in [LY], where we show that

Lyapunov exponents are robust under certain stochastic perturbations.

§1 Description of cocycles and statements of results

Perhaps the simplest dynamical system over which to carry out our construc-
tion is an expanding map of the circle, so let us first discuss that case. We
identify S' =~ R/Z. Let f : S' O be defined by fx = Nz mod 1 where N is a
fixed integer > 2, and let m denote the Lebesgue measure on S*.

We fix A > /N +1, and let 3 = B(A\) be a small positive number to be
specified later. For e > 0 we define a cocycle A, : St — SL(2,R) as follows: Let
J. C S! be an interval, and let ¢, : S' — R/27R be a C! function such that

(1) ¢ = 0 outside of J;;

(2) on J., ¢, increases monotonically from 0 to 27;
and (3) on ¢ '[8,2m — f], L > 1.

Our cocyle A, is then defined to be

where Ry denotes rotation by angle 6.

We claim that for sufficiently small e > 0, (f, m; Ac) has a positive Lyapunov
exponent m-a.e. We further claim that for each sufficiently small €, there is a
neighborhood N of A. in C1(S*,SL(2,R)) s.t. for all B € N, (f,m;B) also

has a positive Lyapunov exponent. These claims will be proved in section 2. It



3

will be clear from our estimates that there is in fact a uniform lower bound for
the positive exponents of all the cocycles in each M.

It remains for us to argue that our cocycles can be chosen to be not uni-
formly hyperbolic. Let us define what “uniformly hyperbolic” means, for this
is not completely standard for non-invertible maps. For A : S — SL(2,R),
write A™(x) = A(f""'x)---A(z), and define s, () := minj, = |A"(x)v| for
n=1,2,... . We say that (f, A) is uniformly hyperbolic if there is C' > 0 and
7€ (0,1) s.t. Vo € S1, s,(z) < O™ Vn € Z7.

We mention two different ways to guarantee that our cocycles in A, are not
uniformly hyperbolic. One is to arrange for B(0) to have a complex eigenvalue
for all B € N.. (Note that 0 € S! is a fixed point of f.) For given A this is
easily done by choosing ¢.(0) sufficiently near 7.

One could also ensure nonuniform hyperbolicity by a global argument. Ob-
serve first that if a cocycle (f, A) is uniformly hyperbolic, then at each x there
is a 1-dimensional subspace E*(x) C R? with the property that z — FE*(x)
is continuous and A(x)E®*(z) = E*(fx). To see this let E?(x) be the 1-d
subspace of R? most contracted by A"(x). Then x +— E3(z) is continuous
and E? converges uniformly to some E° as n — co. (See e.g. Ruelle’s proof
of Oseledec’s Theorem [R]). The invariance of E* follows from the fact that
L(A(x) By (z), EL_(fz)) — 0.

Returning now to our example A, let F. : S'xP! O be the projectivization of
the second coordinate of the map (z,v) — (fz, Ac(z)v). If (f, Ac) is uniformly
hyperbolic, let . be the curve in S* x P! corresponding to x — E*(x), and let

k be the number of times . winds around P!. Since F.(a.) = N - a., it follows

that k 4+ 2 = Nk, which is impossible if NV is chosen > 3.

§2 Proofs of Main Results

We assume in this section that £ > 0 is sufficiently small and is fixed through-
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out, and that B : S — SL(2,R) is sufficiently near A, in the C! metric — how
small € has to be and how near B must be to A. will be determined along the
way. The goal of this section is to show that (f, m; B) has a positive Lyapunov

exponent.

2.1 Preliminaries

We view B as By o R,,_, where By : S — SL(2,R) is defined by

Bo(.ill) = B(.CC) o R—gog(m)~

Let Ag = <E]\ g ) be the constant cocycle over (f,m). Since Ac(z)oR_,_(5) =
)

Ag, By is C' very near Ag.

We fix some notation that will be used throughout. The 1-dimensional pro-
jective space P! is identified with R/7R, with 0 corresponding to the horizon-
tal direction. For v € R?, let ¥ € P! denote the projectivization of v. For

A€ SL(2,R), let A : P! O be the projectivization of A. Note that if DA de-

B B —2
notes the derivative of A, then |[DA(v)| = ('ﬁff') . Define Fg : St x P! O
by

Fp(x,0) = (fz, B(x)d),

and think of Fg = Fyo®. where ®.(z,0) = (z,0+p:(x) mod 7) and Fy(z,0) =
(fx, Bo(x)0). For v € R? or T, )S* x P!, let s(v) denote the slope of v.
Lemma 1. The cocycle (f,By) has an invariant “contractive direction”

E§(z) at every x € S1. More precisely, at every x € S, there is E§(x) € P s.t.

(1) Bo(x)Eg(x) = Eg(fz),
1
(2) if v e R? is s.t. v € E3(x), then |Bo(z)v| ~ X|v|
Moreover, the mapping v — E§(x) is Lipschitz, with Lip const < some pre-

assigned small number vy > 0 if B is C' sufficiently near A..
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Proof. We assume B is sufficiently near Ay that there is a small § > 0
s.t. (2) holds for all v with [0 — Z| < § and Bo(z)(§ — 6, § +6) D (§ —
5, T+0) Ve € St Then Ej(x) := ﬂnzo(Bg(a:))_l(g ) g+ 5). The
Lipschitzness of = + Ej(z) follows from our assumption that A > v/N. More

precisely, since for 6 € (5 —6, Z+0), (z,0) — (fz, Agf) stretches more in the 6-
direction than it does in the z-direction, 3yg > 0 s.t. for v € T(, ) S' x P! with
1s(v)| > 70, |s(DFFov)| > ~o and the component of DF}v in the f-direction
grows exponentially — provided that the second coordinate of Fg(aj, 0) stays
within 0 of § V0 < j < k. Thus if it happens that | E§(x1) — Eg§(z2)| > vo|r1— 22|
for two nearby points x1,xa, |E§(f"x1) — E§(f"x2)| will increase indefinitely
until one of E§(f"x1) or Ej(f"x2) gets outside of the d-neighborhood of 7,

which is impossible. W

2.2 Estimating the Lyapunov exponents of (f,m; B)

Let A\; > Ao denote the Lyapunov exponents of (f,m;B). By Oseledec’s

Theorem,

Ay > nllngo%/glog B(x) (é)'m(dw).

The integrand above will be estimated as follows: For z € S!, let vg(z) =

(é) y On(x) = Ry_(prayvn(x), and v, q1(z) = Bo(f"2)0, (). Let v, = v + v),
and ¥, = 0, + 0,y be the decompositions of v,, and ¥,, with respect to the basis
Ei(frz) @ E5(f"z)*. Let 0, be the P!-coordinate of .

By the Bo-invariance of E§ and the fact that both By(f"x)9% and E§(f"+1z)*|]

are roughly horizontal, we have

u 99 o\ AU
|Un—|—1| Z 1—00|B0(f x>vn|'
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This gives

08 .

WMU |

98 s/

= D Nlsin(B, — By(7 )] ol

v

Inductively we obtain

98 " f= : S( pi
onl = (p7)" T st - E5(7°0)
1=0

for all n. Hence

100 n—oomn

A1 >log—)\—|— Tim — /Zlog 10;(z) — E5(f'x)|m(dz).

2.3 Analysis of 6,
To prove A\; > 0 then, we must estimate the average distance of 0,, from Ej,
where 0,, is as defined in the last paragraph. To do that, we divide P! into

zones on which By behaves differently. Let a,b,c be the projectivizations of

(%) , <%) and <i) respectively. Note that Aga = b, Agb =c, DAy(a) ~
A2 (which we assume to be > N), and DAg(b) = 1. We assume that |E§(z) —
Il << la— Z| Vxz € S. Let 3 = B(A) be a very small positive number. (This is
the 0 mentioned at the beginning of section 1.) Let b~ b be s.t. Bo(x)a+ 8 <
b < aVr € S, and let ¢ ~ ¢ be s.t. Bo(z) )b—l—ﬁ < ¢ < b. We require
also that Bo(z) (1t —a) — 8 > 7 — b and Bo(z) (r —b) — 8 > 7 — é&. Let

Z(a) = [a,m —a], Z(b) := [b,7 —b] and Z(c) := [¢, 7 — .

Sometimes it is convenient to work with a lift of Fg. Let Fg = Fyo®, : R? O
be a lift of Fg. Let p: R? — S x P!, p; : R — S! and ps : R — P! be the
natural projections. Let Z(a) = py;'Z(a), Z(b) = py ' Z(b), Z(c) = p; ' Z(c).
For definiteness, assume EF5([0,1] x R) = [0, N] x R. We observe that the

derivative of I}, has the following properties:
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(1) If @ € Z(a) and v € R? has s(v) > 1, then 3((D150)(I’9)v) > s(v). (This is
because By stretches by ~ A? in this region, f stretches by N, and A2 > N).

(2) If @ € Z(b) and s(v) > 1, then 3((D}~7’0)(x,9)v) > s(v). (Reason: By
stretches by 7~ 1 in this region.)

(3) 341 > 0, 71 small and depending on dist(Ag, By), s.t. forall@ ¢ Z(b), |s(v)| <}
= |s((DF0)(m’9)v)| < 71. (These invariant cones are due to the fact that
By contracts or nearly contracts in this region whereas f expands by N).
Observe also that s((D&DE)(Lg)v) = s(v) + ¢L(p1x).
For n=0,1,2,..., we introduce functions 6,, : [0, N"] — R as follows: Start

with 0y () := p.(p1), where ¢.(-) is regarded as increasing monotonically from

0 to 2rr. For n > 1, define 6, by

graph (0,,) = ®. o Fy(graph (6,-1)).
Note that for z € [0, N"], paf,(x) = 0, (p1z), where 6, is as defined in section
2.3.
As we shall see, our analysis rests on the near-monotonicity of 8, as a function
of z. This in turn is a consequence of the monotonicity of z — . (z).
Lemma 2. The following hold for all n:
(1) if 0, € Z(b), then 9= > 1

dx = 267
(2) if bn € Z(c), then Lo > 1

(3) % > —~1 everywhere.

Proof. Let u, be a tangent vector to the graph of 6, and use the notation
D®, 0 DFy (un_1) = up. Assuming that 3 is sufficiently small, (1)-(3) clearly
hold for fy. We now assume that (1)-(3) have been proved for 6,_;. To prove
(1) for 0, consider the following two possibilities:

Case 1. 0,1 € Z(a). Then s(up_1) > & by assumption, and from our

1

discussion above, s(uy) > s(DEytn_1) > s(tn_1) > 5e



Case 2. 0,1 ¢ Z(a). Then in order for 6, to be in Z(b), we must have
| — 7Z| > B. (See the definition of Z(b)). Our condition on . guarantees
that ¢ > 1, so that s(u,) > s(DFytn_1) + 1>1.

The proof of (2) is similar. For 6, € Z(c), if 6,_1 € Z(b), then s(uy) >
$(DFyup—1) > 5= - 553 and if 0,_1 ¢ Z(b), then ¢ > 1 as above.

To prove (3), % > 0if 0,1 € Z(b). If O,_1 ¢ Z(b), use the invariant cone
property of DFy and the fact that s(D®.v) > s(v). W

2.4 Completing the argument

Let a be the image of the curve z — E§(z) in S1 x P!, and let Us(a) :=
{(x,0) : |0 — E5(z)| < 6}. Note that p~ '« is the disjoint union of a countable
number of curves dax, k € Z, so that each @ is C° near § = (k + 1) and
is the graph of a Lipschitz function with Lip constant < some small vy. Let
Us(a) = p~Us().

Lemma 3. 3 C; = C1(N,\) s.t. Y6 > 0 with Us(a) C S* x Z(c), we have

m{z € S*: (f"x,0,(z)) € Us(a)} < Cred

for allm > 0.

Proof. Since the action of Fig : ST x P! = T? (9 with respect to the two usual
generators is given by the matrix (g (1]) , 3Chs.t. ¥n >0, 0,(N™)—0,(0) <
CoN™. Now whenever 9~n crosses a component of Ug(a), it does so monotonically

with derivative > 4—1{&-' So 6, crosses at most CyN"™ components of Us(a). Thus

m{z € St : (f "z, 0,(x)) € Us(a)}

1 - -

= -m{x € [0, N"] : (z,0,(2)) € Us(a)}
1

SWCONng(S(ZLEN) = 015(5. [ |

Lemma 4. For A > 2 and ¢ sufficiently small, 30 = o(\, &) > 0 s.t. Vn € ZT,

98 2
Rl 4 s em .
log 100)\+/log7r|9n(x) ES(fx)|m(dx) > o



Proof. Let 0 = § — ¢, and assume in the following calculation that |E§ — 7
is negligible. Then
2 S n
log —[0y () — Eg(f"x)[m(dx)
{[0n (z)—E5(fra)| <6} &

k=0 k1 S‘|<2ik}
2 0 4
ZZ(log;%H ~012—k-6 by Lemma 3
k>0
== 026.

Also

2 2
/ log —| - | > log —0,
(> T m

which is > log(1 — 21) since Z —§ < 5. For A large, it is clear that log 25\ +

log(1 — %%) > 0. It is easy to check that A > 2 is more than sufficient. W
§3. Nonuniformly hyperbolic cocycles over toral automorphisms

Let T? = R2?/Z? = S! x S be the 2-torus, and consider T' : T2 O induced from
T € SL(2,Z) with eigenvalues u, n~" satisfying 0 < p~' < 1 < p. (Everyone’s
favorite example is (? i)) Let m denote the Lebesgue measure on T?. In
this section we show that cocycles similar to those considered in sections 1 and
2 can be defined over (T',m). Other generalizations are clearly possible, but we
leave them to the reader.

Let (T,m) be as above, and let W*" denote the unstable manifolds of T.
We can fix an orientation on the leaves of W*". Since pu > 0, T preserves this
orientation. (For definiteness, say the eigen-direction of T pointed into the first
quadrant is positively oriented). Here p will play the role of N, so we must
assume that A > \/u+ 1. Let J. C Sl and let . : T? — R/27R be a C!

function such that
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(1) ¢ = 0 outside of J. X St
(2) on J. x S, . increases monotonically from 0 to 27 along the leaves of W;
and

(3) on ¢-t[B, 27 — 3], the directional derivatives of ¢, along the leaves of W* are

> 1
==
(“Along the leaves of W™” means as one moves in the positive direction).
A, is defined as before, and the claim is that for all sufficiently small e, there
is a neighborhood A. of A. in C*(T?,SL(2,R)) s.t. VB € N, (T,m;B) has a
positive Lyapunov exponent. The same methods as before guarantee that these
cocycles are not uniformly hyperbolic.

To prove that (7, m; B) has a positive exponent, we will show that on every

compact piece of W"-leaf W,

1
/lim — log
n—oo N,

where myy denotes Lebesgue measure on W. The proof (including Lemma 3)

Bi(2) (é))mw(dz) )

proceeds mutatis mutandis as in section 2, with % replaced by the directional

derivative of 6, along W™.
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